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1  INTRODUCTION

Abstract

We derive uniform asymptotic expansions for polynomi-
als orthogonal with respect to a class of weight functions
that are real analytic and behave asymptotically like the
Freud weight at infinity. Although the limiting zero distri-
butions are the same as in the Freud cases, the asymptotic
expansions are different due to the fact that the weight func-
tions may have a finite or infinite number of zeros on the
imaginary axis. To resolve the singularities caused by these
zeros, an auxiliary function is introduced in the Riemann—
Hilbert analysis. Asymptotic formulas are established in
several regions covering the whole complex plane. We take
the continuous dual Hahn polynomials as an example to
illustrate our main results. Some numerical verifications are

also given.

KEYWORDS
asymptotic approximation, asymptotic Freud-like weight, continuous dual

Hahn polynomials, Riemann—Hilbert problem

In the study of a multiple zeta values identity {(2, 1) = {(3), where {(sy,s,, -+, §;) is the multiple

zeta value summing the products nl_s

l .

-n " for all n; > ny > -+ > n; > 1, Zudilin considered the

following “biorthogonally looking” polynomial':

Bo(r) = L’ Z (o) (@’ 1) (@ +1),_ (@ —t + k),

n! =0

K\(n— k)! ’
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where @ = ¢%7/3 and the Pochhammer symbol is defined as (), = Hj:é (¢ + j). Zudilin further
showed that By (¢) satisfies the recurrence relation:

[(n+a)’ = P1BY(t) — (n+ D[2n” + 3n(a + 1) + &” + 3a + 1]1B%, (1)

+(n+2*(n+ 1B, (1) =0, n>0,

with initial conditions Bg(t) =1and B‘l’(t) = o2, from which it is obvious that B (1) is a polynomial
in both 7 and «. Indeed, we could express Bj () as

_ 1\
BX(t) = =D S, (3% /4, —t)2,a —1/2,1 —a —n—1/2),
(n!)?
or
B(1) = ﬁs"(_az/‘k t+a/2, 0t +a/2,0’t + a/2),
where

S,(x*;a,b,c) _ —n,a+ix,a—ix
(a+b),(a+0), 302 a+ba+c

1) )]

is the continuous dual Hahn polynomials in the Askey scheme; see [Ref. 2 (9.3.1)]. It is this relation
between multiple zeta values and the continuous dual Hahn polynomials that motivates us to consider
asymptotic properties of Sn(xz; a, b, c) for general a, b, and c.
One of the generating functions, denoted as G(t, x), for the continuous dual Hahn polynomials is
given by [Ref. 2 (9.3.14)]
t>.

Making use of the linear transformation for the hypergeometric function [Ref. 3 (2.9.33)], we rewrite
the generating function as G(¢, x) = g(t, x) + g(t, —x) when 2ix & Z, where
- ,> |

A direct application of Darboux’s method [Ref. 4 (I1.6.18)] gives the following asymptotic expansion
for 2ix & Z,

[Se]

S,(x;a,b, , . .
G(t,x) := Z M,n =(- t)—a+1x2F1 (b +ix,c+ix
= (b+o)n! b+ec

1 — )4 (=2ix)['(b + ¢ b+ix,c+i
et = LoD T TCITOEO (0 e i

I'(b — ix)['(c —ix) 1+ 2ix

(o]
S,(x*1a,b,¢) ~ Y [@, 1 (x:a,b,¢) + @, (-x;a,b,0)], n— oo, )
k=0

where

I'(=2ix)I'(n+ b+ c)I'(n+ a — ix)(b+ ix),(c + ix), (1 —a+ix),
I'(a —ix)I'(b —ix)['(c —ix)(1 + 2ix), (1 —n—a+ix). k!

@ui(x;a,b,c) =

Especially, the leading-term approximation is

na+b+c—ix1—\(n)2r(_2ix) na+b+c+ixl—*(n)21—*(2ix)
I'(a—ix)I'(b—ix)['(c —ix) T(a+ix)I'(b+ix)['(c+ix)

S, (x*;a,b,¢) ~ A3)
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Note that the asymptotic formula is invalid when 2ix € Z, because the function I'(+2ix) has simple
poles at these points. Applying the main results in’ to the recurrence relation of the continuous dual
Hahn polynomials,” we find that, when 2ix € Z, the asymptotic formula includes a log n term which
is different from (3). One of the objectives of this paper is to derive an asymptotic formula, which is
valid uniformly in the neighborhood of the simple poles of I'(2ix).

To achieve this, we make use of the orthogonality relation of continuous dual Hahn polynomials
[Ref. 2 (9.3.2)]:

2
S, (x*;a,b,0)S,,(x* a,b,c)dx = £26,,, 4)

/+°° IT'(a + ix)I'(b + ix)[(c + ix)
0 ‘ ['(2ix)

where fﬁ =2xl(n+a+b)'(n+ b+ c)['(n+c+a)n!, and the three parameters a, b, and ¢ are all
positive except for a possible pair of complex conjugates with positive real parts. By symmetry and
making use of I'(1 + 2ix) = 2ixI"(2ix), we change the interval of integration to the whole real line,

2
[xS,(x*;a,b,0)] - [xS,,(x%; a, b, ©)ldx = (£2/2)5,,,,.

/+°° I'(a + ix)I'(b + ix)['(c + ix)
_ ‘ (1 + 2ix)

[Se]

Thus, we consider the monic polynomial z,(x; a, b, ¢) orthogonal with respect to the weight function

C(a + ix)T'(b + ix)[(c + ix) |
I'(1 + 2ix) ’

w(x;a,b,c)= ’ x € R. 5
In what follows, we omit the parameters a, b, ¢ in the expressions if no is confusion caused. Note that
xS,,(xz) is orthogonal to xSm(xz) for all m # n. Moreover, by symmetry, xSn(xz) is also orthogonal
to x?¥ for all 0 < k < n. So, x.5,(x?) is a constant multiple of 7,,.(x). Because the leading term
of x5,(x?) is (=1)"x>"*1, we then obtain S, (x?) = (=1)"7,,,,(x)/x. A slight analysis of the weight
function shows the following:

(H1) The weight function w(x) is continuous and positive for x € R, and it can be decomposed
as w(z) = A(iz)A(—iz), where A(z) is meromorphic in the complex z-plane and its poles are
located in the half-strip {Re z > 0, —u < Im z < pu} for some u > 0. Moreover, the zeros of A(z)
(if any) are all simple and positive. If A(z) has infinitely many zeros, ordered as 0 < p; < p, <
-, then 1/(py1 — pr) = O(1) as k = oo.

(H2) There exists « € R and § > 0 such that

A<z>=ﬂ(e"”z>§exp{®<z>}<1 +@<i>), o o ©)

|zl

uniformly for arg z € [e, 27 — €], where € > 0 is arbitrarily small. Here, ©(z) is an analytic func-
tion in C\ [0, +o0) and

O(z) + O(-z) = inz, argz e (0,n). @)

(H3) Let a be the same as given in (6). There exists C > 0 such that

‘ 1
w(z)er*

<Clz™ ®)

uniformly for all zin {z € C : |z| > 1,Re z > 0} and bounded away from the zeros of w(z).
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Remark 1. Although the weight function w(z) in (5) is defined only on the real axis, it can be analyt-
ically continued to the complex plane except for its poles. Moreover, because I'(x + iy) = I'(x — iy),
it follows that w(z) satisfies (H1). Using Stirling’s formula for the gamma function, one can show
that w(z) also fulfills (H2). Note that (H2) characterizes the behavior of the weight function w(z) for
z large and bounded away from the imaginary axis. When z is near the imaginary axis, w(z) may
have poles. Note that w(z) = A(iz)A(—iz). Hence, A(z) may have poles near the positive real axis.
As a complement of (H2), we make a further assumption (H3), which, as we shall see later, plays an
important role in the resolution of singularities. To check (H3), we need to use the reflection formula
I'arda -z = Sinz;z) and make use of the fact ;Ei—:g;; ~ zM7™% as z — oo with | arg z| < z. See Sec-
tion 5 for the detailed proofs of these arguments and the explicit expressions of A(iz) and ®(iz) for the
continuous dual Hahn case.

The three conditions (H1)—-(H3) listed above are also satisfied by some other polynomials in the
Askey scheme, such as the continuous Hahn polynomials and the Wilson polynomials. This suggests
us to consider a class of orthogonal polynomials whose weight functions satisfy the above three con-
ditions, and treat the continuous dual Hahn weight in (5) as a special case. Moreover, it is readily seen

from (6) and (7) that
1+(9<L>], X = +00. ©)]

w(x) = p*|x|%e " P

In view of this asymptotic formula, we call a weight function satisfying (H1), (H2), and (H3) as an
asymptotic Freud-like weight. It should be mentioned these weights are analytic at z = 0 with some
simple poles and zeros in the complex plane, while the Freud weight function e~*1*I, x € R is not
analytic at x = 0. Nevertheless, the equilibrium measures for the Freud weight and the asymptotic
Freud-like weight are the same.

To conduct asymptotic analysis of orthogonal polynomials with asymptotic Freud-like weight, we
make use of the Riemann—Hilbert approach first developed by Deift and Zhou® for modified KdV
equations, and further applied to orthogonal polynomials,’!* random matrix theory,!'-!3 and other
integrable systems.!#1® In the previous study on orthogonal polynomials, the weight functions are
usually zero-free in the complex plane. However, as we have seen from the asymptotic formula (3)
for the continuous dual Hahn polynomials, singularities may occur near the zeros of the asymptotic
Freud-like weight. Moreover, after a rescaling x +— nx, these singularities tend to the origin when the
polynomial degree gets large. A similar problem was considered in,!7-!3 where asymptotic behaviors of
Hankel determinant and recurrence coefficients were obtained by introducing an n-dependent contour
separating the zeros and poles of the weight function from the origin. In this paper, we are interested
in developing a uniform asymptotic formula of z,(nz) in an n-independent neighborhood of the ori-
gin. As we shall see later, this uniform result is stronger than the one obtained by the aforementioned
technique. Especially, near the zeros of the weight function, the leading terms in the asymptotic expan-
sions obtained by both techniques coincide, but our new technique provides an additional term of order
O(log n/n*P1) together with an error estimate of order O(1/n?"1) for some p, > 0; thus our new uniform
formula is more accurate.

We should also mention that asymptotic approximations for typical examples of the Freud-like
weights have been derived via difference equation methods, including continuous Hahn polynomials, '
continuous dual Hahn polynomials,? and Wilson polynomials.?! However, in the difference equation
approach, the asymptotic formulas are usually valid only on the real axis. On the other hand, the valid
region of results presented in this paper will cover the whole complex plane.

The rest of this paper is arranged as follows. In Section 2, we provide some preliminary results on
the equilibrium measure and the Szegd function corresponding to the asymprotic Freud-like weight.
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We also introduce an auxiliary function to cancel the singularities caused by the zeros of the weight
function in the Riemann—Hilbert analysis. Then, we state our main results in Section 3. The detailed
Riemann—Hilbert analysis and the proof of the main results are carried out in Section 4. The main
tool is the nonlinear steepest descent approach of Deift and Zhou.® Near the turning points z = =+1,
local parametrices are constructed in terms of the Airy functions in a way similar as that in.>? In a
neighborhood of z = 0, we eliminate the poles in the Riemann—Hilbert problem (RHP) and build a
limit parametrix to approximate the original one. Finally, we apply our main results to the continuous
dual Hahn polynomials in Section 5.

2 | PRELIMINARIES

2.1 | The equilibrium measure and related functions

For the potential V' (x) = x|x| with x € R, we consider the energy minimization problem associated
with the external field Q(x) = x|x|/2, with the notation used in.>®> A simple calculation shows that the
equilibrium measure is
1 1—x2
du) = s, Y = ~log A e L1 (10)
z X

see Ref. 23 Chapter IV, Theorem 5.1. Note that the equilibrium measure has a logarithmic singularity
at x = 0. The corresponding g-function is

1
g(2) = / log(z — x)d u(x)

1

(11
/2_ .
=—izlog<z—1+l)+log<z+ \/22—1>+é,
z

for z € C\(—o0, 1], where | = -2 —21log?2 is the Lagrange multiplier. The branches™ of log z and
(z = 1)* (with @ & N) are chosen such that arg z € (—z, z) and arg(z + 1) € (—x, n).
It is easy to calculate that

) _ (\/22—1+i> . <1+i\/<—z>2—1>
gz)=—-ilog| ——— | =—ilog| ——

z i(—2)

for +Im z > 0. Next, we define

d(z) = /Z (—g'(s)+ %)ds:izlog(#) —log <z+ Vz2 - 1) +%Z, (12)
1

*Throughout the paper, the branches of log z and z* (with a & N) are chosen such that arg z € (—x, 7). Especially, VzZ — 1=
z+DV2z-D"2 s analytic in C\[—1, 1] such that V/z2 — 1 ~ z as z — co. For +Imz > 0, we have —z = ¢¥"z and
V(=2)? = \eF2inz2 = ¢¥i7 7z = —z_ Similarly, we note that

Ve 1=z = D=z + D = VeR2ir(z+ D)z - ) = -Vz2 - 1,
Vi-2=\1-2)z+ 1) =VeFr(z— )z +1) =FiVz2 -1,

Vi—- (=22 =5iV(22 - 1=5iVz2 - 1.




6 | LONG ET AL.

for z € C\(—o0, 1], and

~ i/ (—z)2 —
@(z) 1= P(—z) =izlog (M> +log <—z — V(=22 - 1>,

for z € C\[-1, 00).
It follows from (11), (12), and (13) that

—ixlog <’i’— 'xl_xz> +log (x +iV1 - xz) + é,

—ixlog <1i— W) —log (—x +iy1- (—x)2> +ir+1, x€(-1,0)

xe 0,1
gi(-x) =

and

ixlog<li xl_x2>—log<xii\/1—x2>, x e (0,1)
d)i(x) = \/—2
ixlog <%> + log <—x +iy/1— (—x)z), x € (-1,0).
Hence, we have
b, (x)=—¢_(x) ==, (—x) = d_(-x)
for all x € (0, 1). A combination of (14), (15), and (16) yields that

P(2)+g(z)=U+7z2)/2, z € C\(—o0, 1],

$(2) +g(2) = (I - n2)/2 % i, +Imz > 0.
The last two equations also lead to

d(z) — P(z) = w2z F 7i, +Imz > 0.

13)

(14)

5)

16)

a7

(18)

19)

Some other properties of g(z), ¢(z), and ¢(z) are stated in the following lemma, which can be derived

by the above arguments; see also Ref. 22 Prop. 3.6.

Lemma 1.

(gl) As z = o0, e8Pz =14 O(|z|7).
2ir, x < -1,

2 — —
(82) g (x)—g_(x) {_2¢+(x), -1l<x<1.

—2¢(x), x < -1,
(83) g.(x)+g_(x)—nz|x|—1=10, -1<x<1,
=2¢(x), x>1.

(¢pl) As z > 0,

d(z) = izlog(2/z) + iz —ir /2 + O(|z]?), Imz > 0.

(20)
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(¢p2) The local behavior of ¢(z) as z — 1 and ¢(z) as z — —1 is given as follows:

2V2

$(2) = = (z—l)%+(9(|z—1|2), z -1
43(z)=27\/§(—z—1)3+(9(|z+1|2), z——1. 1)

($p3) ¢P(ix) = —log|x| xix|x|/2+ O) as x > +o0.
2.2 | The Szegd function
We consider the so-called Szegd function D(z, n), which satisfies the following RHP:

(D1) D(z,n)is analytic in C\[—1, 1] and has at most weak (i.e. integrable) singularities at +1;
(D2) D, (x,n)D_(x,n) = w(nx)e" X for x € (-1, 1);
(D3) 0 < D(c0,n) < 0.

The explicit solution of this RHP is given by

2 _ 1
D(z,n)::exp{ V2 1/ log winx) + nxlx| _dx } zeC\[-1,1]. 22)
27 _1 Vi_ 2 Z—X

Lemma 2. The Szegd function D(z,n) and its limit value D(co, n) both depend on n and

(i) as n — oo, the following two approximations
D(z,1) = h(anz)e™3 PeEHVE-DES! (1 + (9(%)) +Imz >0, 23)
hold uniformly for all z € C\R, where h(z) is defined by
h(z) = A(iz) exp {-O(iz)}, (24)

with ©(z) being the regular part of ©(z); namely, Oy(z) is an analytic function in C\[0, +o0)
with at most a weak singularity at z = 0 and it satisfies

{@0(2) +0y(-2) = wiz, argze (0,7) 05)

0(2) — ©y(2) = 0(%) as z — o.

Moreover, (23) is also valid for the upper and lower edges of the real axis in the sense of taking
limits from upper and lower sides, respectively.

(i) D(co,n) =273 pn2 <1 +(9<£)) as n - oo.

Remark 2. Because (6) is only the asymptotic expansion of A(z) for large z, the choice of ®(z) is not
unique and ©(z) may have a (nonintegrable) singularity at z = 0. In Lemma 2, we set ©((z) to be the
regular part of ®(z). Especially, if ©(z) is integrable near z = 0, then ©(z) = O(z).
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The proof of Lemma 2 is left to Appendix A. Using the definition of A(z) in (24) and the asymptotic
behavior of A(z) in (6), we find that, when n — o0 and z bounded away from the origin, the two
approximations in (23) are asymptotically equal to each other, and

D(z,n) = f(nz)2 (z + \/z2—1)—%(1+c9<1)). (26)
n
Combining the asymptotic behavior of A(iz) in (6), the symmetry condition (7) and Lemma 2, we
conclude the following corollary, which will be used later.
Corollary 1. Asn — oo withnz > 1

2 —a
M=(z+\/z2—1) (1+o(1)) @7

w(nz)erz

holds uniformly for arg z € [—% +e€, % — €], where € > 0 is given in (H2).

2.3 | Resolution of singularities

Note that the poles of 1/w(z) on the imaginary axis correspond to the zeros of A(z) and A(—z) on
the real line. Denote by 0 < p; < p, < -+ < pg the zeros of A(z), where K = oo if A(z) has infinitely
many zeros. From (19), it is evident that

D(z, n)z 2219(2) _ D(z, n)z ezmﬁ(z)

Wz, = =
(z,n) w(nz)e" = w(nz)e "7z

(28)

for all Im z # 0. Moreover, from (19), it can be further derived that W, (x,n) = W_(x, n) for all x €
(=00, =1) U (1,+00). This implies that W (z, n) is analytic in C\[—1, 1] except for the simple poles
{ip;/n,k =+1,+2,..- ,+K} on the imaginary axis, where p_, = —p, for k > 1. To cancel the pole
singularities of W (z, n) in the Riemann—Hilbert analysis, we introduce

K . .
r r —1 Fi
Q(z,n):=2[ e ] 2y = ik = TP (29)
slz—z z—z n n
where
r.. = Res W(z,n) = lD(z n)?e?"s0)  Res L ). (30)
+k Z=Zp ’ n £k n==ipy \ w(mn)e™

Lemma 3. For any fixed n, Q(z, n) is well defined for any z € C\{z;, k = +1,+2, ---} and

Q(z,n)=0<L> as n— o 31

nzpl

uniformly for all z satisfying inf{|nz +ip,|,k =1,2,---} > d, where d > 0 is fixed but arbitrar-
ily small.

Although O(z,n) and W (z, n) both have poles lying on the imaginary axis, W (z,n) — Q(z, n) is
analytic in C\ (—o0, 1]. Moreover, we have the following lemma.

Lemma 4. Let

Q§={£§|Imz|SM; + —9$mgz$i%+0},
n

TR
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where 0 satisfies € < 6 < % M is any positive constant, ¢ # p;,k = 1,2, -+ fixed. Then, W (z,n) —
0O(z, n) is analytic for z € Q;’ v, and

W(z,n)—Q(z,n)=(9<%>, zEQ;UQg, 32)
n
asn — co.

When z lies in a o(%) neighborhood of z,; = %, the nearest two poles of W (z,n), W(z,n) —

0O(z, n) is also uniformly small. However, the error bound should be modified when p; < %
Lemma 5. For any n, the two limit values limz_,ip+1/n(W(z, n) — Q(z, n)) = BF both exist. Moreover,

if p; < %, we have

ih(xip,)* 1
gt o &P logn o 1N 33)
" W (xip))erTiPt p2p n2p

The proof of Lemmas 3, 4, and 5 are left to Appendices B, C, and D, respectively.

3 | MAIN RESULTS

Using the Riemann—Hilbert analysis, we obtain the uniform asymptotics of polynomials orthogonal
with respect to w(z) satisfying the three assumptions (H1)—(H3). As illustrated in Figure 1, we divide
the complex plane into several regions. All the curves in Figure 1 are allowed to make slight deforma-
tions. To make our results concise, we do not list the asymptotics in Qﬁn and U s, which can be derived
from the results in Q7 and Uy, respectively. This is due to the fact that the weight function is even on
R, and the polynomials satisfy the symmetry relation z,(z) = (—1)"z,(—z).

For convenience, we denote

a+l a
y, =27 T et (34)
and
¢ =min{1/2,p,}. 35)

When z lies outside the neighborhood of the origin, we have the following results.

Qout

Qout

FIGURE 1 Regions for uniform asymptotic approximations of z,(z)
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Theorem 1. Let ¢(z) be defined in (12). As n — oo, we have

(i) forz € Q,,,

nz_ [ &L
yne 5 n¢(Z) (Z+ 22 _ 1) ; 1
- 1+0 ;

i — e (36)
B(nz)2 (22— 1)3 n
(ii) forz € Q!
= L T
ﬂ,,(nz):Lzalend)(Z)g(z'HVl zl)2 <1+0<%>>
bnz)> (1-22)3 ! 37)
4 b IV —2)T <1 +(9<i>>]
(1 _ Zz)% nZC
where (2) is analytic on C\((=00, 01U [1,+00)) with §(x) = ..(x) for all x € (0, 1);
(iii) for z € Uy
_ 2\/;;/,,9% cos [D{TH arccos z] 1 .
z,(nz) = P { . C4A1(C)<1 + (9(,,7)) .

atl

_Mg‘ﬁAi’(C)<l+O<ﬁ>>};

(z2-13

2
where § = [%n(l)(z)]5 is a conformal mapping near z = 1.

Remark 3. The formula (37) can be written in terms of trigonometric functions, which implies that the
polynomials ,(nx) have zeros in ;. Indeed, all zeros of z,(nx) locate in the interval [—1, 1]. See the
limiting zero distribution d y in (10).

Note that, in the above three formulas, there is a common factor emz[_z ﬁ(nz)fg, which, according
to (H1) and (H2), is asymptotically equal to w(nz)‘l/ 2 when n is large. It is usual that such a factor
appears in asymptotic expansions of orthogonal polynomials; for example, see Ref. 9 Theorem 2.2.

As discussed in the previous section, due to the zeros of the weight function on the imaginary axis,
some special considerations need to be taken when z is in the neighborhood of the origin. When z € Q,,
we have the following result.

Theorem 2. Let y,, c and Q(z,n) be given in (34), (35), and (29). respectively. Then, as n — oo, we
have

7, (nz) =7y,

(Dl(z,n)<1+(9<%>>+(<I)2(z,n)—d>3(z,n)Q(z,n))<1+0<%>>] (39)
n=¢ n=¢

uniformly for z € Qg U Qa, where ®(z, n), ®,(z, n), and Pz(z, n) are defined by

O (24 V1
D(z.n) /32— 1yi

®,(z,n) = , zE Qg v, (40)
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nl 1
D(z,n)e" D=3 T2C) 7 4 \/22 — 1)73

D,(z,n) = + : z € Qg 41
winz)es V2(z2 - 1)3
and
g% ir A2~ 1) 3
Oyzm=pe— THEANVEZD P ze 0, “2)

e e -

and g(z), $(z), and D(z, n) are given in (11), (12), and (22), respectively.

Remark 4. Both ®,(z,n) and Q(z, n) possess poles at the zeros of w(nz) in QF; see (29) and (41).
Nevertheless, according to Lemma 4, the difference @,(z, n) — ®3(z, n)0(z, n) = ®z(z,n)[W(z,n) —
O(z,n)] is indeed analytic in Qo+ and Qa.

By (H1), the poles of w(nz) are all in the strip {|Im z| > 0, —u < Re(nz) < u} for some u > 0. At
these poles, we have ®,(z, n) = 0, while ®@,(z, n) and P3(z, n) are nonzero and of the same order as
n — oo. Due to Lemma 3, we obtain

n 1
SEOT (242 1)
Tn
DEm [z~ 1y

; (43)

n,(nz) ~

when 1/w(nz) =0and z € Qg U €. This implies that the poles of w(nz) do not play a significant
role in the asymptotic properties of the polynomials.

Remark 5. Let us take a look at how the asymptotic expansions change from one region to another.
When z is on the real axis, ®;(z, n) and ®,(z, n) are of the same order, while ®5(z, n)Q(z, n) is asymp-
totically smaller than @,(z, n) and ®,(z,n); see Lemma 3. Actually, ®5(z, n)Q(z, n) is of the same
order of ®(z, n) + ®,(z, n) only when z is close to the zeros of the weight function. Therefore, when
z moves to €,,, the expansion (39) becomes (37). When z moves from the real axis to the upper half
plane, ®,(z, n) — ®3(z, n)Q(z, n) is asymptotically smaller than ®@,(z, n); see Lemma 4. Then, when z
moves to Q ,;, the expansion (39) reduces to (36). A similar phenomenon happens when z moves from
the real axis to the lower half plane.

Remark 6. One may follow the ideas in'”!3 to introduce an n-dependent contour separating the zeros
of w(z) from the origin and then obtain asymptotic formulas of z,(nz) near the origin. However, that
formula is weaker and less accurate than (39). For instance, when z is close to the zeros of w(z), the
technique in'”-'8 only gives the leading term y,® (z, 1), while our formula includes an additional term
7, Po(z, n) — @3(2,n)0(z, )] = y,P;3(z, n)[W(z,n) — O(z,n)], which, according to Lemma 5, (40)
and (42), is of order |®(z, n)| - O(log n/n?"1) under the condition that pp <1/2.

The asymptotics in Theorems 1 and 2 are for x,(nz), the orthogonal polynomials with scaled vari-
able. For the nonscaled case 7,(z), the corresponding asymptotics can be obtained from Theorem 2 by
letting z — f This is summarized in the following corollary.

Corollary 2. Let y, and h(z) be defined in (34) and (24), and 0 < ¢ < 0 < % Then, as n — oo, we
have for fixed z that,
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(i) if|Imz| < p; or |argz| < g — ¢, then
nmi

eT—iz-{-izlog% 1 e—%’”+iz—izlog§ 1
ﬂn(Z)=}/n —M<1+(9<7>>+—”<1+0<7>) s (44)
h(z)e” 2 h h(—z)e 2 n

especially, for all £x > 0,

1
7, (x) = 2y,w(x)" 2 cos [ix ¥ xlog = F L arg h(ix)] +0 € ; (45)
2n 2 n2c
(ii) if |[Imz| > p, and |arg z + §| < 0, then

e"—'”—iz+izlog z—izlogn—izlog?2 1 1
7, (z) =7, — 1+0<Tc> , ifImz> pq, (46)

h(z)e 2 n= /|

e—%’”ﬁz—izlog z+izlogn+izlog?2 1 1
m,(z) =7y, — 1+(9<7> , ifImz < —py; @7

h(-z2)e 2 L n= /|

(iii) ifz=1ip,y and |py | > %, then (46) and (47) also hold;

(iv) ifz=ip,  and |p,| < %, then

7,(2) =7, (48)

ei%’”iizﬂzlogﬁ(l-i_ ih(iip1)2 logn+(9< 1 >>

h(+z)e‘§ w'(xipy)et™P1 p2p n’p1

Remark 7. Tt should be noted that if A(z) has no zero, the function Q(z, n) is regarded as a zero function

!
and ¢ = 5

4 | RH ANALYSIS AND PROOF OF THE MAIN RESULTS

In this section, the nonlinear steepest descent method for RHPs is applied to derive the uniform asymp-
totics of the monic orthogonal polynomial z,(z) with respect to a weight function w(z) on R. which
satisfies the three assumptions (H1), (H2) and (H3). Because some of the analyses are similar to those
of the Freud weight, we omit some details in the proof and refer the readers to.?

The analysis starts from the following RHP for a 2 X 2 matrix valued function Y (z):

(Y1) Y(z)is analytic in C\R;
1 w(x)
0 1

(Y3) Y(2) = (1 +(9<§>) <Z(: z9"> as 7 — oo.

(Y2) Y. (x) =Y_(x) ( > for any x € R;
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By the well-known theorem of Fokas, Its, and Kitaev,2* the unique solution of the above RHP is
given by

t t
B ﬂ-n(z) 2711 '/R & (11/(;( )
Y(z) = - 5 TT,_ 1(I)w(t) @)
—277:lfn_171',,_1(z) "ﬂ 1 /[R T

where 7,(z) = z" + --- denotes the n-th monic orthogonal polynomial with respect to the measure
w(x)dx on R, and Z,, > 0 denotes the leading coefficient of the n-th orthonormal polynomial p,(z) =
¢,7,(2).

4.1 | The scaling and normalization, Y (z) —» U(z) — T(z)
The first transformation Y (z) — U(z) is a scaling transformation. Define U(z) = n™"?3Y (nz), where

6y = ((1) _01> Then, U (z) satisfies the following RHP:

(U1l) U(z) is analytic in C\R;

mmmm=meL@”

W3) U@ =(1+0(%)) <i) z(_)”) as z — oo.

To normalize condition (U3) in the RHP for U, we introduce the second transformation, U(z) —
T'(z), as follows,

> for any x € R;

1
T(z) = D(oo, n)—03e—2n63 U(Z)e_n(g(z)_§)63D(Z, n)°s, e C\R,

where g(z), D(z, n), and D(oo, n) are defined in Section 2. Then, according to (16) and Lemma 1 and
the fact D_ (x,n)D_(x,n) = w(nx)e"**! for all x € (=1, 1), we see that T(z) satisfies the following
RHP:

(T1) T(z)is analytic in C\R;

(T2)
( +(x n) 2n¢ (x) 1
D_(x, n)
0,1
0 D) 2o | x € (0, 1),
+(X n)
+(x n) 2n(/)+(x) 1
D_(x, n)
s _190 )
0 Dem g o[ ¥ EHO
To(0) =T (x); 1 N (50)
: W (n) x> 1
0 1
1
: W (x.m) x < -1
0 1

\

(T3) T(z) = I+0<§> as 7 — co.
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Qnut

FIGURE 2 The jump contour X

4.2 | The steepest descent factorization, T'(z) — S(z)

Because the jump matrix of T'(z) on (—1, 1) is rapid oscillatory, the steepest descent factorization is
needed. Define

T(2), z€Q
1 0
T(z) , zelull
S(z) =3 —Wi(z,n) 1 (51)
1 0
T(z) , zelllulv,
Wi(z,n) 1

\

where W (z, n) is defined in (28), L II, I, IV, and €, are regions described in Figure 2. Then, S(z)
satisfies the following RHP.

(S1) S(z)is analytic in C\Xg, where Xy = Ui:l Z
(S2) S(z) has the following jump conditions on X g

1 0
N ZEZIUE3UE4UZ6,
Wiz,n) 1
0 1
N zZ e 22 U 25,
-1 0
S.(2) = S_(z)3 L (52)

wem |l ;e .,
0 1
1=

(zm) R z € Xg;

0 1

(S3) S(z) = I+(9<§> as z — .



LONG ET AL. | 15

4.3 | The parametrix for the outer region

According to (27) and the facts that Re ¢(z) < 0 (Re ¢(z) < 0) on 21,23 (24,%Z6) and Re ¢(z) >
0 (Re ¢(z) > 0) on g (£7), we know that the jump matrices in (52) tend to the identity matrix as
n — oo when z € C\[—1, 1]. Hence, we expect that, in the outer region ,,,, the asymptotic behaviors
of S(z) can be approximated by a matrix valued function N (z) which satisfies the following RHP:

(N1) N(z)is analytic in C\[—1, 1] and only has weak singularities at +1;

(N2) Forany x € (—=1,1), N, (x) = N_(x) <—01 (1)>

(N3) N(z)=1+ (9(%) as z — .
According to Ref. 25 Prop. 5.2, the solution of the above RHP is given by

a(z) + a2~ a(z) — a(z)”!

N = M) 2 2 A (53)
Ny, Ny a(z) —a(z)™'  a(z)+az)”!
—2i
/4
where a(z) = 2;31/4.

4.4 | A local parametrix near z = 0

According to (52), the jump matrices of S(z) on X, X5, 24, ¢ do not uniformly tend to identity when
z — 0. Moreover, the function W (z, n) may have infinitely many poles on the imaginary axis. which
accumulate at the origin as n — co. Hence, to derive the uniform asymptotic behavior of the RHP for
S'(z), we introduce a new function Q(z, n)—see (29)—to eliminate the residues of the poles of W (z, n)
and construct a local parametrix near z = 0. By a careful analysis, we find that it is not necessary to
construct the exact parametrix using special functions, instead an asymptotic parametrix would serve
the purpose.

Denote Q( = {|z| < p} and let U, be a neighborhood of €, where p > 0 is any fixed constant.
Moreover, we divide €2 into six regions s j=1,...,6, whose boundaries are denoted by I j and
Zj; see Figure 3.

Set

z € Qqp;

1 0
W(z,n)—Q(z,n) 1)’

1
Q(Z n) 1), ZEQO] UQ(B;

PO(z) = (1 (54)
(o0 1)

N(z)

N € Qyy U Qs
(2) o) z 04 U £206

N(z2)

1 0
) , z € Q5.
—Wi(z,n)+Q0(z,n) 1
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FIGURE 3 The jump contour X, for P¥(z)

Then, P¥)(z) is analytic in Up\Z, and satisfies the following jump conditions,

PO(2) = PO(2)]

-

1 0
, ifz€ (2, UZ3U%,UZg) nU,,
Wiz,n) 1
—0(z,n) 1

—1+0(z,n? —=0(z,n)

(35)

, ifze (Z,UZs) U,

where Zp = (Ujé.=1 Fj) U (U?=1(Zj N £,)). Although the jump of S(z) on (£, UZ5) N, cannot
be completely canceled by the parametrix P)(z), it can be rigorously proved that S(z) can be
approximated by P)(z) as n — oo uniformly for z € €,,. Indeed, when z € X, the jump matrix of

S(z)PO(z)~Lis

1 0 0 1 1 0\/0 -1
v ) oo G0
QO(z,n) 1 -1 0/\0(z,n) 1 1 0

< 1 —Q(z,n)> »
= N_(2) N_(2)~".

O(z,n) 1-0(z,n)

It follows from Lemma 3 and (53) that

J0=1+(9<L>, n— oo (56)
n2P1
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uniformly for all z € X,. Furthermore, by Lemmas 3 and 4, we immediately have

PON(z) ™ =1+ 0<L> (57)
nzl’l
as n — oo uniformly for z € 9Q, = U,6-:1 r;.

4.5 | The local parametrix near z = +1

Note that the jump matrix for .S(z) does not uniformly tend to the identity as n» — co whenz € 2, k =
1,3,4,6 and near +1. This implies that S(z) N (z)~! does not uniformly tend to the identity in any
neighborhood of +1. Hence, we need to construct two local parametrices near +1, respectively. For the
sake of convenience, we denote a small but fixed neighborhood {z; |z — 1| < 6} of z =1 by Uj, and
the corresponding neighborhood of z = —1 by Uj.

First, we introduce a parametrix P()(z) near z = 1 by the following RHP:

(P1) PW(z) is analytic in the Us, \Z, where &, > &;
®2) PV(z) = PD(2)J((2) on Us N =, where

1 0
N 1fZEU§ﬁ(Z] U23)7
Wi(z,n) 1
0 1
Jpa)(z) =3 s ifzeUsNnZ,, (58)
-1 0
1
Wz 5 ifze U5 n Zg.
0 1

(P3) On9Qy, PV(2)N(z) ' =T+0O(m ") asn - co.

o

(D — D(zn? -2 _
Set P'V(z) = P(z)( ) 2 ,then P (z) = P_(z)Jp(z) on Uy N X, where

w(nz)e®=
1 0
R 1fz€U50(21U23),
e2nd(z)
0 1
Jp(z) =1 , ifzeU;n3,, (59)
-1 0
1 e 2n9(2)
, ifz€U;sN .

0 1




18|

LONG ET AL.

. 2
Denote @ = ¢27/3 and ¢ = (%ngb(z))?. We follow the arguments in Ref. 22 Sec.

E,(2)¥({)e"?973, where

E,(z) = N(Z)(

and

Ai(f)
Ai'(©)
Ai(f)
Ai'()
Ai(f)
Ai' ()
Ai(f)
Ai'(©)

W(O) =1

@? Al (0?)

Al (0?)

Ai(w?¢)

Ai(@%¢)

—w? Ai(@%¢)
—Ai'(@?)
—w? Ai(@*¢)

Ai'(@?)

D(z, n)?
w(nz)e™=

)i

5 to obtain P(z) =

Lemma 6. The function E,(z) given in (60) is an analytic function in U, and

PODNGE@) ' =T4+00m™") as n> «

uniformly for all z € 0Usj.

‘( ) _1)54"* (60)
—i —i
if arg¢ € (0,%”),
. ifargC e (%"ﬂ)
(61)
, if arg¢ € (—7[ —2{)
if arg¢ € (—%”,0).
(62)

Proof. First, we show that E, (z) is analytic in Uj. In fact, from its definition in (60), E,(z) is analytic

in Uz \ (-0, 1

(En)+(Z) = N+(Z) <

= N_(Z)<

= (E) ()¢ *" <

w(nz)e"=

D_(z,n)?

], and for z € (0, 1)

w(nz)e*

+(z,n)2> Ve
) (
(w(nz)e””>_673<0 1)(
X P —
D_(z,n)? -1 0
1 -1\"'/o
—i =i —

i

als

(

-1
_1> _5%_%"3( ' ‘1>
—l - —l

(63)

w(nz)e

mmaNg (1 =1\ 1,
— ¢
D+(z,n)2> i i)

1 -1 C%UB.

1 o)\=i —i)"

3 2 1
Recalling that ¢(z) ~ 2—\/5(2 —1)2asz— 1(see(21)inLemma 1)and ¢ = (§n¢(z))3, we have Cﬁ =

lC_ for z € (0, 1). Substltutlng this mto (63), we immediately get (E,,) +(z)
In addition, N (z), 4’4”3 =0((z-1)" 4) asz — 1,then E,(z) =

that z = 1 is a removable singularity of E,(z).

(E,)_(z) for z € (0,1).

O(z-1)" 2) Therefore, we conclude
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0

S Cout

FIGURE 4 The reduced jump contour X, for R(z)

Now we show that P(V(z)N(z)™! = T + O(n~") as n — oo uniformly for all z € 0U;. According to
Ref. 22 Lemma 5.12, it is readily seen that

_ nrz J? _ w(nz)enﬂz % 3
POEIN(z 1=NZ<M> I+0m! <—> N(z)~. 64
(z)N(z) (z) DGz [ (n™ )] D) (z) (64)
This implies (62) by noting that N(z)(%)% = O(1) uniformly for z € oU;. [

Because ¢(z) = ¢(—z) and W (z, n) is an even function (see (28)), the parametrix PED(z) in (75
can be constructed by the symmetry relation PED(z) = PD(=2).

4.6 | The final transformation, S(z) - R(z)

In the final transformation, we define

Sz) PV ()1, zeU;\Z,

Sz)PV(z)7!, zeU;\Z,
R(z) =1 (65)
S()PO(2)7!,  zeQ)\Z,

S(z)N(z)~ !, zeC\(Us;uU;UQyUE),

where 2 = Ui: | Zk; see Figure 3. Then, R(z) satisfies the following RHP:

(R1) R(z)is analytic in C\Z g, where 2y is the reduced jump contour of R(z) described in Figure 4.
To avoid the abuse of notations, we denote X, = (X, U Zs) N ().
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(R2) R, (z) = R_(z)JR(z), where

JR(Z) =3

-

N(z)

PO()N(2)7!,

PED(2)N(2)7!,

1

PO()N(z)™!

1

W(z,n) N(Z)_l
1
1

W (z,n) N(Z)_l
1

(R3) R(z) = I+0(§) as 7 — oo,

Lemma 7. As n — oo, there exists o > 0 such that

I+0<%>,

Jr(2) = I+(9<

n2P1

L

z € 0U; U aU;,

6
), ZE(UFk>UZO,
k=1

0
N(z)™,
W(zn) 1

zZ e ()U(;,

z e 0(75,

z e (El UE3UZ4U26)\(U5UI75),

6
yAS Fk’
k=1
zZ€ X,

z € 3,\U;,

z e ZS\U5'

1 +(9(n|a|e_6”), z e (21 U23 U24 U 26 U 27 UZS)\(U5 U [75 UQ()),

where ¢ = min{ % p1} as given previously.

Proof. Note that N(z) is independent of n. In view of (56), (57), and (62), it is left to show that

Jr(z) = I + Onl*le=om),

z€ (Z]UZ3UZ,UZgUE, UZg)\(Us ulsUuQy).

(66)

(67)

(68)

From the definition of ¢(z) (resp. ¢(z)) in (12) (resp. in (13)), and its asymptotic behavior near z =
I(resp. z = —1) in (21), it is readily seen that Re ¢»(z) < O (resp. Re ¢(z) < 0) on X, 25 (resp. 2y, Xg)
and Re ¢(z) > 0 (resp. Re ¢(z) > 0) on Xg (resp. 24). Meanwhile, according to (27) and the definition
of W(z,n) in (28), there exists ¢ > 0 such that as n - o

W(z,n) =

1 wnz)e™

D(z, n)282”¢(z)

w(nz)e™n=

W(zn) "~ D(z,n)2endx)

which immediately implies (68).

= O(nlale_”"),

— @(nlale—zm),

z€ (Z,UZ3UZ,UZ)\(U; uT5UQy),

z e (27 UZg)\(U& U[j& UQO),
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Note from (12) and (13) that ¢(x) = ¢(—x) ~ 7x/2 as x — +co. Hence, the Stieltjes transform of
Jr(z) is integrable on X and Xg. By’ and (67), we have

R(z)=I+(9<L>, as n— oo, (69)
n2c’
uniformly for all z € C\Zg, where ¢ = min{%,pl }.

4.7 | Proof of the main results

The main idea to prove the main theorems is tracing back the transformationsY - U - T — S — R
and making use of the fact z,,(nz) = Y| (nz).

Proof of Theorem 1. For z € Q,,, by tracing back the transformations, it can be seen that

out
nl 1
Y(nz) = n"%e2% D(c0, n)” R(z) N (z) D(z, n) 3" =307

Because R(z) =1 + (9(%), we have
n

_y _ n" D(co0, n) N, e"¢? {+0 1 0
7,(nz) =Y (nz) = Diz.n) + ﬁ , h— . (70)

Substituting (26) into (70), noting (17), and observing that

D(oo,n):Z_%ﬁn%<l+(9<%>> (71
n C
and
Nll:%((z—l)%+(z+1)%>=(z+\/22—1])%, )
z+Di  (z-D? V222 - 1)1
we get (36).

Forz € Q! and Imz > 0, we have in a similar way that

1 0

D(Z’n)ZEanﬁ(z)
w(nz)e"rz

nl 1
Y (nz) = n"e2° D(c0,n)% R(z)N(z) D(z,n) 3873073

Taking the (1,1) entry of Y (nz), we obtain

"D , ng(z) D(z, 2 2n¢(z)
7r,,(nz)=%[N”<l+(9<%>>+N,2%<1+0<n—;c>>]. (73)

Hence, (37) follows by substituting (17), (26), (27), (71), and (72) into (73) and noting the fact that

1 ((z—l)i B (z+1)i> _ i+ V212

2= 5 1 1
2\G+1i (z-1s V222 - 1)

(74)
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For z € Q{n and Im z < 0, a sign in the formula (73) is changed, which becomes

D ’ ne(z) D , 2 ,2n¢(z)
BB (1 s0( L)) P 1o 1))

Hence, (37) also holds in this case because (N;;), = —(N,)_ and (N,), = (N)_.
When z € Us, tracing back the transformations again, we have

l i
Y (nz) = n"%e2"% D R(z) PD(2) D(z, n)_"3e"(g_5)63

nrz —1
=n”"}eé"‘%DwR(z)N(z)(W(’ZZ)Q ) Ve e‘@(- ><:§63

| i 2 i Nz -3
X Ai(6) Al(@¢) e—%ﬁzenqﬁ(z)@ w(nz)e ’ D(z n)—rr3e"(g(2)—%)ff3
A(C) @?Ai(@0?¢) D(z,n)? |

Because R(z) =1 + (9( ) as n — oo, we obtain

n,(nz) =Y (nz)

"D n(@(2)+5(2)) 2
_ \V/Tn" D(co, ne {gl[Nu_,M 12]Ai(c:)<1+(9< i >> (75)

D(z,n) w(nz)e"r=
_ D(Z l’l) . 1
_C [N11+1W 12]A1(C)<1+0<n7>> .
Substituting the explicit formulas of ¢(z), g(z), N, Ni,, givenin (12), (11), (72), (74), and the asymp-
totic behaviors of D(z, n), wl()yfj)z?«iz stated in (26), (27), into (75), we obtain (38). [ |

Proof of Theorem 2. When z € QF,

1 0

Y(nz) = n”"3e%‘y3D(oo, n)%3 R(z)N(z)(
W(z,n)—Q(z,n) 1

)D(z n)_"3e”(‘g(z)_é)‘73 .

Hence, in this case

n ng(z)
7, (nz) = o e D(];"z;”r)lj - [N“(l +(9(n§6>>

+ Nu(M — 0z, n)) (1 +O<%))]

(76)

w(nz)erz

Recall the definitions of ®,(z, n), ®,(z, n), P;(z,n) in (40), (41), (42), and N,;, Ny, in (72), (74).
Then, we immediately get (39) by substituting (71) into (76). Similarly, when z € Qa, we have

n ng(z)
rz) = LI [y (140( L)

—N12<M - Q(z,n)> (1 + 0(%))]

w(nz)erz

(77)
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We recall the definitions of ®,(z, n), ®,(z, n), ®3(z, n) in (40), (41), (42), and N, Ny, in (72), (74)
again. A combination of (71) and (77) also yields (39). [ |

Proof of Corollary 2. As mentioned above, the function ®,(z, n) — ®;(z, n)O(z, n) is analytic in Qar

Moreover, according to Lemma 4, we see that ®,(z, n) — ®5(z, n)Q(z, n) is asymptotically smaller than

®,(z,n) in Qg and Qa Hence, we obtain (46) and (47) by replacing z by ﬁ in (39), and noting the

definitions of g(z), ¢(z) in (11), (12), respectively, and the asymptotic behavior of D(z, n) in (23).
When |nz| < p; orargz € [—% +e, % — €], according to Lemma 3, we have

1 . T n py—d
O(z,n) = O — | uniformly for z € {arg(iz) € [—— +e, - - e] } U4 z| £
n2p1 2 2 n

with arbitrary small d > 0. This implies that ®5(z, n)Q(z, n) is smaller than ®@,(z, n) + ®,(z, n) in this
case. Particularly, replacing z by 5 with fixed z satisfying | Im z| < p, orargz € [-7 +¢,5 —¢]and
noting (23), we get (44). Note that D (x,n) = D_(x, n) for all x € (-1, 1). Putting z = % in (23), and
then taking the limit n — oo, we obtain that |A(x)| = |h(—x)| for all x € R. Hence, (45) is a direct
implication of (44) by noting that arg h(—x) = —arg h(x) for all x € R.

Finally, we note that if nz — ip,; and p; > % (46) and (47) still hold by choosing 1/2 < & < p; in
Lemma 4. However, if nz — ip,; and p; < %, in view of Lemma 5, we only obtain (48). [ |

S | THE CONTINUOUS DUAL HAHN POLYNOMIALS

Returning back to the special weight function in (5), we will derive the uniform asymptotic behavior
of the continuous dual Hahn polynomials in the whole plane. In this special case,

A(z)=T(a— 2)['(b—2)['(c — 2)/T(1 — 2z) (78)

whose zeros are p, = k/2 with k = 1,2, .... Hence, applying Stirling’s approximation, we can obtain
that § = \/57[, a=2(a+b+c)—4andB(iz) =iz —izlog(—iz) + 2izlog 2 in (6). It follows that A(z)
in (24) is given by

IN'a—-iz)I'(b—iz)I'(c —iz)

h(z) = T —2i2) exp{—iz +izlog(—iz) — 2izlog2}. (79)

It is readily seen that |A(x)| = |h(—x)| for all x € R because the parameters a, b, ¢ are positive except
for a possible pair of complex conjugates with positive real parts. Now we check that the weight func-
tion in (5) fulfills (H3). When | arg z + §| > ¢, this can be immediately derived from (H2). However,
attention should be paid when z is near the imaginary axis. One should use the reflection formula
I'zrd -z = Siz;z and the ratio asymptotics of the gamma functions (see Ref. 26 (5.11.13)). We
only need to check it when Im z > 0 and the case when Im z < 0 is similar. When Im z > 0, A(iz) # 0
and

1 sin[z(a+iz)]sin[z(b +iz)]sin[x(c +iz)]l(1 —a—iz)I'(1 —b—iz)[' (1 —c —iz)
w(z) A(iz)n2T(=2iz) sin[27iz] ’

By Ref. 26, (5.11.13), it is easy to see that (H3) holds for the above weight function. Therefore, sub-
stituting (79) into the results in Theorems 1, 2, and Corollary 2, one can obtain the asymptotics of the
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a=1.1,b=2.3,c=0.4, n=20 a=1.1,b=2.3,c=0.4, n= 80

a=1.1,b=2.3,c=0.4, n=320 a=1.1,b=2.3,c=0.4, n=1280
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-150
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FIGURE 5 Comparisons of the exact values and the asymptotic approximations of F,(x). The blue curves
represent the asymptotic values of 7,(x) and the red ones are the exact values

continuous dual Hahn polynomials. For example, when x € R is fixed, substituting (79) into (45) and
noting that Sn(xz) =" ”2%1()6)’ we get

2¥2p41 COS (x logn + arg A(ix) — %)
x\/ w(x)

where y, and A(z) are given in (34) and (78), respectively. Similarly, when z is on the imaginary axis,
we apply Theorem 2 to get the corresponding asymptotic behavior.

To compare our asymptotic results with the exact values, we recall the three-term recurrence
relation” for the continuous dual Hahn polynomials. Set S, (x?; a, b, ¢) = (=1)"K,,F,,(x) with

n+1 n+a+b n+b+c n+c+a
_ZZWF(T>F< 2 >F< 2 )F( 2 )

RN

S (x%) =

<1+0<%)), n— o, (80)

K

Then, F,(x) satisfies

K
P () = L [x* = 2n* — (2a +2b +2¢ — Dn — ab — be — ac|F,(x) — F,_(x) 81)

n+1

with the initial conditions Fp(x) = 1 and | (x) = %(ﬂ — ab — bc — ac). Hence, we can compute the
1

exact values of F,(x) via the above recurrence relation. Figures 5 and 6 show the comparisons of the

exact values and the asymptotic approximations of 7, (x) on the real and imaginary axes, respectively.
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a=1.1,b=2.3,c=0.4, n=20

a=1.1,b=2.3,c=0.4, n=80

a=1.1,b=2.3,c=0.4, n=320 + a=1.1,b=2.8,c=0.4, n=1280
3500 T T T T T T T T T T T T T T
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2500
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FIGURE 6 Comparisons of the exact values and the asymptotic approximations of 7, (ix). The blue curves
represent the asymptotic values of 7, (ix) and the red ones are the exact values
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APPENDIX A: PROOF OF LEMMA 2

For any fixed n, set
d(z,n) = D(z,n)/h(xnz), =Imz>0. (A.1)

Recalling that D(z, n) is analytic in C\[-1,1] and D, (x,n)D_(x,n) = w(nx)e"”|x|, x € (-1,1), and
using the definitions of A(z) in (24) and ©(z) in (25), we see that d(z, n) is analytic in C\R, and

d+(x5 n)d—(-x, n) = e”|X|+®O(iX)+®0(_iX) = 1, DS (_190) U (O’ l), (A 2)
d, (x,n)h(nx) = d_(x, n)h(—nx), x € (—oo0,—1)U (1, +00). ’
Because ©,(z) has at most a weak singularity at 0, the function
- log d(z,
d(zm) = 22420 (A3)
72 -1

is integrable near 0, and d, (x,n) — d_(x,n) = 0 for all x € (—1,0) U (0, 1). Hence, d(z, n) is analytic
in C\ ((—=o0, =17 U [1, +0)) and

log h(—nx) — log h(nx)

d (x,n)—d_(x,n) =+ +x> 1. (A.4)

x2 -1

Meanwhile, because lim,_,, D(z,n) = D(oo,n) # 0, we see that d(z,n) = O(Z_%) as z — oo by
using the definition of A(nz) in (24) and (25) and the asymptotic behavior of A(inz) in (6). Hence,
lim d(z,n) = 0. According to the Plemelj formula, we get

Z— 00

-1 o
- log h(nt) — log h(—nt log h(—nt) — log h(nt
d(z,n):sz og h(nt) Og(n)dHL. og h(—nt) — log (n)dt. AS)
—o A2 —1(t-2) 27i Jy V2 = 1(t - 2)
Making use of (24), (25), and (6) again, we see that
log h(nt) — log h(—nt) = x“—’”(l + o(i)), Int| - oo (A.6)
2 nt

uniformly for arg(+t) € [—% +e, % — €], where ¢ > 0 is given in (H2). Hence, the two integrals in
(A.5) are both integrable.
Now, we claim that as n — oo,

_2 Vz2—1)4 2%
Z °g("\+/2_z =3 (1+0<%)), +Imz> 0 (A7)
z=—1

which holds uniformly for all z € C\R, or by taking limits to the real axis from the upper and lower
half plane, respectively. In fact, it suffices to show that

\J2_1 ro logh(—nt)—log h(nt) + &
A=V 2 dt=(9(1>, - 0o (A.8)
2mi 1 V2 —1(t - 2)

d(z,n) =




28 | LONG ET AL.

uniformly for all z. When z is away from [1, 4+00), this can be directly obtained by (A.6). When z —
[1,+00), without loss of generality, we assume z € {| arg(z — %)| < % —e}. Let C be the two radials

{|arg(z — %)l = % — ¢}. Then, by the Cauchy theorem,

\/— og h(—nt) am’
/ M T2 e 1<log h(=nz) — log h(nz) + %)
V1-£2@1-2)
Substituting (A.6) into (A.9), we get (A.8). A combination of (A.7), (A.3), and (A.1) immediately leads

to (23).
Finally, letting z — oo in (23) and making use of the asymptotic behavior of A(inz) in (6), we obtain

2iA =

(A.9)

D(co,n) = 2_%ﬂn%(1 + (9(’11)) as n — oo. This completes the proof of Lemma 2.

APPENDIX B: PROOF OF LEMMA 3

If K < o0, Q(z, n)is obviously well-definedin C\ {z;, k = +1,+2, ... }.If K = oo, we need to show
that the two series in (29) are both convergent. In view of (H1), 1/(p;; — p) = O(1) as k = oo. This
means the distance between two consecutive zeros of w(z) is bounded below by a positive constant.
Moreover, it can be derived that 1/p, = O(1/k) as k — oo. Let C;, be a small circle around p, that
contains only one zero of w() inside it. Then, (H3) implies

Res ; =
n=ipy \ w(n)e™

For any fixed n and any z € C\{z, k = +1,+2, ... },

n| < C|pel™" (B.1)

c, wine™

< Mrgl < M|D(zgy, )P ke P

Fk>

Res 1 =0 !
N=ipzx w(n)e’”’l k2n+a

as k — oo, where M > 0 is independent of k. This approximation can be shown by combining (¢3)
of Lemma 1 and (B.1). Consequently, for all n > —otl , the two series in (29) are convergent. Hence,
0O(z,n) is well defined in C\{z;, k = 1,2,---}.

Now we begin to prove (31). If inf {|nz + +ip, |, k =1,2,... } > d, we have

Res I

n=ip; \ w(n)e™

n 1 2nReg(z_y) 2 2nRe((z_g)—p(z_1)) 1
r_i|+ e D(z_ k Res .
el Z| (z_p)l%e Res <w(n)e,m>

k=2
According to (¢p1) of Lemma 1, we know that nRe ¢p(z, ) = —p; logn(1 + o(1)) asn — oo, thenr, | =
zp (1 +o(1)) as n — oo.
Now, we claim that for any k > 2,

Z_Z+k

106z, ] < 21| + e Redten Z | D(zy) P2 R0
k=2

(B.2)

|D(Z )|2 2nRe(Pp(z)—P(z41)) — (9(1)’ n = oo. (BS)

Res ;
n==ipy \ w(n)e

Set u=|af +1 If |nzy ;| < u and fulfills the assumptions in this lemma, then D(z,,) and

Res,__; 1’+k(w e m,) are both bounded. Meanwhile, from the definition of ¢(z) in (12), we see that
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Re ¢(+ix), regarded as functions of x, are both negative and monotonically decreasing when x €
(0, +00). Hence, Re ¢p(z,;) < Rep(z, 1) <0, k = 2,3, ---. It implies that (B.3) holds in this case. For
|nz, .| > p, according to Lemma 2 and the definition of A(nz) in (24), (25), and the asymptotic behav-
ior of A(z) in (6), we know that

D(z,;) < Cn> (B.4)

for some constant C > 0. Meanwhile, from (B.1), we know that

Res 1
n=ip, \ w(n)e*

And, in this case, e>"¢(z)=21¢(+1) = @(n~2#*1). Hence, combining (B.4) and (B.5), we get (B.3).
Finally, making use of (B.3) and the fact that the two series in (B.2) are convergent, we obtain the
desired estimate in (31). This completes the proof of Lemma 3.

<Cpel™ = C|nz, |7 (B.5)

APPENDIX C: PROOF OF LEMMA 4

We only need to prove (32) for z € Q, and the proof for z € Q, is similar. To this end, we choose
a suitable constant d’ > 0 such that the line

Fd/:{llmz|=M+d’; %—93argz§%+0}

crosses the imaginary axis in the middle of two poles of W (z, n) on the positive imaginary axis. This
ensures that, on this line, inf {|nz —ip;| k=1,2,---, 00} > d for some constant d > 0.
With a little abuse of notations, we also denote

Q+={£§|Imz|sﬂ+d’; z—¢9$argz$£+6}
0 n 2 2

for the moment. Define

H(z) = L W(s,n) — QO(s,n) ds

, z€C\oQ/.
2ri ()Q;- S—2Z z \ 0

Applying the Cauchy theorem, we know that H(z) is analytic in C\&Qg and

H(z)= W (z,n) — Q(z, n), z€E Q;;
0, zeC\Q).

Hence, to obtain (32), it is sufficient to show that as n - o
W(z,n)—Q(z,n):(?(%), z € dﬂg. (C.1)
n2e

To this end, we split 69; into three parts. First, when z € 09; and |nIm z| = ¢, we note from (20)
that

< Cln—2n|1mz| < g (C.2)

2ng(z)
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Moreover, |£;§—;Ziiz| and Q(z, n) are both bounded because 7z is bounded on this curve. This implies
(C.1) in this case. Second, when z € OQ; and arg z = % + 6, thanks to (23) and (27), we still have the
D(z,n)2

boundedness of | |. Moreover, (C.2) also holds in this case. Hence, we get (C.1) again. Finally,

w(nz)etnrz
on the arc I' s, combining the results of Lemmas 2, 3, and (H3), and making use of the facts that e2nd(2)
and e>"?(?) are exponentially small on the right and left half of I’ 4> we also have W(z,n) — O(z,n) =
Om *)asn — oo and for z € | 7N

APPENDIX D: PROOF OF LEMMA 5

For any n, from the definition of W (z, n) and Q(z, n) in (28) and (29), we see that W (z,n) — Q(z, n)
is analytic in the upper and the lower half planes. This obviously implies that lim (W (z,n) —
Q(z, n)) both exist.

To prove (33), we only need to consider the case of B”+. The case of B is similar. Set # = nz.
According to the definition of W (z, n) and Q(z, n) again, we first have

z—ipyy/n

B = lim (W(zn) —Qzn)= lim XE2)=m | p
z—ipy/n n—ip; n—ipy
which can be further derived as
D(z,n)*(n —i —ip,)e? P2 dD
B+ - lim (z,n)"(n pl)ieznqa(z) + lim (n—ipp) 2D(z, n) (z,n)
n—ip; w(n)e™ dn n—ipy w(n)e™n
(D.1)
(n—ipy)
+ lim |D(z,m2e2@ L L) 4 E
nilgl[ (z.1) dn \ w(n)er "
where
[s+]
nr —k nrk

||M8

—ip_ k &~ ipy —ip

By (30) and (B.3), it is easily seen that nr), = (D(%) as n — oo for all k = +2,+3, ... Meanwhile,
we proved that nr_; = (9(nz+,]) as n — oo in a previous argument. A combination of these facts yields

E, = (9(,,2%1) asn — oo.
dD(z,n)
n=ipy - dy
(n—ipy)
w(n)er’

1(4};1(:7;5 }”)7 ( (”( ;p ,1[2,) are also bounded at # = ip;. Combining these facts and (¢p1) in Lemma 1, we

find that the second and the third limits in (D.1) are both (9(n2+71) asn — oo.

From Lemma 2, we know that D(z,n) and lim are both bounded as n — 0. Because

n=ip;isa simple zero of w(n), we find that as a function of #, is analytic at # = ip;. Hence,

Attention should be paid to the value of dinez"‘i’(z) at y = ip,, which is not of order (9('12+,1) but

logn
O( o ) as n — oo, because

A 200(2) _ 92190 4PE) _ 5 nipiz) 46(2)
dn dn dz
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and % = —ilogz + O(1) as z — 0; see (12) for the definition of ¢(z). Based on the above arguments,
we get

iD(i’% , n)2e2naipy/m

BT = _ logn+ O L ., n— oo.
n w/(ipl)empl n2pi

From (23) and (20), one can further obtain D(i’%, n) = h(ip;))(1 + (9(%)) and e2r®Ur1/n = nz%l(l +

(9(%)), respectively, as n — co. A combination of the above arguments yields (33).



