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Abstract

In this paper, we consider the weak limit of the normalized measure for Askey—Wilson
polynomials when the parameter g approaches — 1 from the right. We use two different
methods to prove that the weak limit is a discrete measure with two mass points that
are symmetric about the origin. The weights on these two mass points are, however,
not always the same. We also calculate the weak limit of the g-ultraspherical measure
when g approaches a complex root of unity.
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1 Introduction

Given two infinite sequences «, € R and §, > 0, we consider the following second-
order linear difference equation:

Y1 (X) = (x — ap)yn(x) — Bpyn—1(x), n>1, (1.1
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which has two linearly independent solutions {p,(x)} and {p};(x)} with initial condi-
tions

pox) =1, pi(x)=x—ag, pyx)=0, pix)=1 (1.2)

It is readily seen that p, (x) and p;: (x) are monic polynomials in x with degrees n and
n — 1, respectively. Moreover, applying the difference equation (1.1) recursively gives
us

Pr1 () pa(x) = pp1 () py(x) = B ... B (1.3)

By the spectral theorem for orthogonal polynomials [20, Theorem 2.5.2], { p, (x)}72
are orthogonal polynomials with respect to some probability measure du(x) on R.
Moreover, for any N € N, all the zeros of py (x) are real and simple. We denote them
as zy, ..., zy. It follows from Christoffel-Darboux formula [20, Theorem 2.2.2], [28,
Theorem 3.2.2] that

Zpk(zr)Pk(Zs) Py @) PN-1(2r)

- 8}" S
BiB2 . BiBz...Bn-1

which, in view of (1.3), is the same as

& e peopy @)

— BB Pipy@) o

Here, §, s denotes the Kronecker delta function which equals one when r = s and zero
when r # s. Define two N x N matrices A and B as A,j = pj_1(z,) Py (zr)/ Py (zr)
and Bj; = p;j_1(zs)/(B1...Bj—1). The above equation is equivalent to AB = I,
where [ is the identity matrix. It then follows from BA = I that

N ) *

Z pj(zr)Pk(Zr)l;N(Zr) =5, for 0<j k<N—1.
1 BiBr-. Bipy(zr)

This implies that the polynomials py(x) withk =0, ..., N — 1 are orthogonal with

respect to the discrete measure

Y i)
dun(x) = ) 8 =2,
N r

r=I1

where §(x) is the Dirac delta measure at 0, noting that (x) and §, ; share the same
symbol é but have different meanings. It is readily seen from the above formula that

/ duy ) Py 04
R

z—x  pN@)’
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From continuous to discrete: weak limit...

for z € C such that py(z) # 0. If du(x) is compactly supported, we let N — oo in
the above equation and obtain Markov’s theorem; see [20, Theorem 2.6.2]. Note that
p}"v (zr)/ p;\, (zr) 1s also the Gaussian quadrature coefficient; namely, if f € Poy_1(x)
is any polynomial of degree no more than 2N — 1, then the Gaussian quadrature
formula is exact:

N
_ p;kv(zr) _/
/R fodp(x) =" ooy @0 = [ @),

r=1
Since p}, (z) and py (z) are monic polynomials with degree N — 1 and N, respectively,
we have fR dupy (x) = 1. Moreover, the interlacing property of the zeros of py (z) and
pn—1(z) implies that py—1 (z/) ply (zr) > 0.By (1.3), py (z-) pn—1(zr) = B1 ... Bn—1
is also positive. Hence, d i (x) is a discrete probability measure, and the orthogonality
can be written as follows:

pr,-(x)pk(x)duN(x)=ﬂ1ﬂ2...ﬁj3,-,k, for j,k=0,1,....,N—1. (1.5)

Now, we assume that the coefficients «;, and 8, in (1.1) depend continuously on a
parameter ¢ such that «,,(¢) € Rand B,(¢q) > Oforalln > Oand g € (¢, d). Assume
that the limits of o, (¢) and B, (¢) as g tend to ¢ from the right exist, and there exists
N > lsuchthat 8y(c) = 0and B, (c) > Oforalln =0, ..., N—1. We note that there
are many cases in the literature when f,, becomes zero for some n and certain related
choices of the parameters. This leads to the so-called isochronous systems [13]. Many
related papers are [8—12, 1416, 22]. There is a major difference between the limiting
measure and the measure for the so-called —1-polynomials in the literature [18, 29,
30]. For example, it was assumed in [30] that the other parameters also vary along
with ¢ so that the recurrence coefficients g, (—1) remain positive for all n > 0; see
[30, (2.22)]. However, in our assumption, the recurrence coefficients g, (—1) vanish
for some finite n, and hence, the three-term recurrence relation is degenerate.

One motivation of the present paper comes from an investigation of the continuous
g-Hermite polynomials H,(x|¢g), 0 < g < 1, which are orthogonal with respect to
the following weight:

(q’ €2i6, e—2i9; q)oo
271 —x2

with x = cos@; see [20, (13.1.11)—(13.1.12)]. They satisfy a three-term recurrence
relation as follows:

wy(x|q) = x €[-1,1] (1.6)

Hyt1(x | q) = 2xHy(x |q) — (1 — ") Hy—1(x | ); 1.7

see [20, (13.1.1)]. Note that H,(x | g) = (2x)" + lower-order terms. Comparing the
above formula with (1.1), the recurrence coefficients are given by

n

l—gq

an(q) =0, Bu(q) = )
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Both coefficients are continuous foralln > Oand g € (—1, 1), and S2(—1) = 0.

In the literature, Szablowski [27] observed that the density function wgy (x | ¢) in
(1.6) is unimodal and looks like a normal distribution when ¢ > 0. He also observed
that it becomes bimodal if —1 < g < go, where ggp ~ —0.107 is the largest real root
of the equation

o0
Z(zk F1)2gFkD2 — .
k=0

This interesting work was followed by Deng and Yang [17] who accurately graphed
wg (x| g) when ¢ is close to —1. Based on numerical results, they conjectured that,
as g — —1, wy (x| ¢) tends to a sum of two discrete masses at ++/2/2 with weights
1/2 at each point.

In this paper, we will show that Deng and Yang’s conjecture is true. In fact, we
will prove a theorem for a large class of orthogonal polynomials. This class includes
the Askey—Wilson polynomials p, (x; t | g), which are considered as the most general
orthogonal polynomials in the g-Askey scheme.

The rest of the paper is organized as follows. In Sect.2, we prove our main result
under a general assumption on the recurrence coefficients «,(g) and B,(g). We
establish a similar result for the Askey—Wilson polynomials in Sect.3. Since these
polynomials satisfy some explicit identities, a different approach will be presented.
Then, as special cases of the Askey—Wilson polynomials, more examples in the g-
Askey scheme are considered in Sect. 4, including a complex case in Sect. 5. We finish
the paper with a discussion in Sect. 6. Throughout this paper, we follow the notation
and terminology in the books [4, 19, 20], as well as the Askey scheme [23].

2 The main theorem
Theorem 2.1 Let «,(q) with n > 0 and B,(q) with n > 1 be continuous functions of
q € [c, d) such that a,(q) € R and 8,(q) > 0 for all q € (c,d). Let p,(x|q) and
Pi(x|q) be monic polynomials satisfying the following second-order linear difference
equation:

Yn+1(xlg) = [x — an(@)1yn(x1q) — Bn(q) yn—1(x|q) 2.1
with initial conditions

polxlg) = 1, pi(xlg) = x —ao(q), pi(xlg) =0, pi(xlg) = 1.

Assume that for each q € (c,d), du(x|q) is a compactly supported and normalized

positive measure for p,(x|q); i.e., there exists a compact interval S C R independent
of q such that

/Spj(XIq)du(XIq) =40, J=0.1,....
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From continuous to discrete: weak limit...

If there exists N > 1 such that By(c) = 0 and B,(c) > O foralln =1,...,N — 1,
then, as g — c*, the measure dju(x|q) converges weakly to a discrete probability
measure duy (x|c); namely, for any continuous function f € C(S), we have

J (@ (©)py (zr (o))

, (22
Py (zr(0)le) @2

N
lim | fodu(xlg) = /S fdun(xle) =)

|
= Js r=1

where z1(c), ..., zn(c) are zeros of py(x|c).

Proof Letz1(q),...,zn(g) € S be the zeros of py(x|g). By (1.5), we have

/SPJ(XIC)Pk(xIC)dMN(XIC)=ﬂ1(0)ﬂ2(6)--~ﬁj(6)3j,k for 0<j.k=N-1

Under the assumption By (c) = 0, we obtain from the recurrence relation (2.1) that

PN+1(zr(0)|c) = (z7(c) — an) pn(zr(c)|c) = 0. This gives us p;(z,(c)|c) = O for
all j > N. Consequently, we have

/pj(xlc)duN(x|c) =40, forall j > 0.
S

Recall our assumption that duu(x|g) is the normalized measure for the orthogonal
polynomials p;(x|g) such that fs pi(xlg)du(xlqg) = ;0 for all j > 0. As this
integral is actually g-independent, we may compare it with the above formula and put
it in the following form:

lim+fpj(x|q)du(XIq) =/pj(x|0)du1v(x|c), forall j > 0.
q—ct Js S

Next, let us expand x” in terms of py(x|q) as follows:

X = k() pr(xlg).

k=0

Note that the above coefficients A, x(g) are (finite) multiple sums of products of the
aj(q)Bj+1(q) with 0 < j < n. It is obvious that A, k(q) — Api(c) as g — ¢,

which gives us
/xndu(xlq) = Mn,0(q) = Anolc) = /x"duN(XIC)
s s

as ¢ — ¢T. On account of the above limit relation, for any polynomial P, (x), there
exists gz > ¢ such that

<é&

‘ fs Py)dp(xlg) — /S Po(r)dpn (x1c)
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for all ¢ € (c, g.). Note that we have assumed that the measures du(x|g) have
uniform compact support S. By Weierstrass approximation theorem, given any ¢ >
0 and a continuous function f(x) on S, there exists a polynomial P,(x) such that
|f(x) — Py(x)| < eforall x € S. Since

‘ fs FeOdulxlg) — /S Po(0)dpu(x1q)

< max|f(x) — Py(x)| / du(xlg) =¢
xes Ky

forall ¢ € (c,d), and

‘/;f(X)dMN(XIC)—/SPn(X)dMN(XIC)

< max|f(x) — Py(x)] / dun(xlc) = e,
xes Ky
we have

< 3¢

’ /S FEO)duxlq) — /S FEOduy (o)

for all ¢ € (c, g). This implies that
tim_ [ f@dutri) = [ ey io
g—ctJs N

for any continuous function f (x), which finishes the proof of the theorem. O
Remark2.2 If N = 2 in Theorem 2.1, we have p}(x|c) = x — a1 (c) and pr(x|c) =
[x —a1(c)][x —ao(c)]— Bi1(c). Then, the measure d o (x|c) in (2.2) is given explicitly

as follows:

dpaxley = KO =ANO fo ey + B9 TNO hs ey,
z1(c) — z22(c) 22(c) — z1(c)

where z1(c) + z2(c) = a1(c) + ag(c) and z1(c)z2(c) = ay(c)ap(c) — Bi(c).
In the following sections, we will study the Askey—Wilson polynomials and their
special cases as concrete examples.
3 The Askey-Wilson polynomials
Listed at the top of the g-Askey scheme, the Askey—Wilson polynomials p,(x; t|g)

are considered as the most general g-orthogonal polynomials. With x = cos 6 and the
parameter t = (¢, 12, 13, 14), they are defined as follows:

i6

. _ .-n . 1 nztaqg" e e
pn(xstlq) = 17" (12, 1113, 11143 @) 43 (" AR e e

q,q); (3.1
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From continuous to discrete: weak limit...

see [20, (15.2.5)]. One may rewrite it in a form as follows:

n

pn(x;t]q) . Z (tleigv t26i6§ Q)k(t?:e_iea t4e_i6§ Dn—k i (=200
(g, tit2, 3143 @) (g, t112; @)k (q. 13145 @ n—k '

k=0
see [20, (15.2.8)]. When max |#;| < 1,i =1, ..., 4, they satisfy the following orthog-
onality relation:
1
flpm(x;th)pn(x;th)w(x,th)dx

(@ Dntitatstaq" s 1 (it On
1<j<k<4

= Sm.ns (3.2)
(111213145 q)2n "
where the weight function is given by
w(x,t|q)
(. e q)o [ (it @)oo
_ 1<j<k<4 1 (.3)
2m/1 — x2 '

4
(tan3ts; Qoo [ (1j€1 1671 @)oo
j=1

with x = cos8; see [20, (15.2.4)]. Note that, we have normalized the above weight
function such that

1
/ wx,t]g)dx = 1.
-1

For the Askey—Wilson polynomials with different parameters
a=(ai,az,a3,a4) and b= (b1, by, b3, bs),

it is well known that they satisfy the following connection relation (cf. [20, Theorem
16.4.2]):

pn(x;blgq)
Pi(x; a19)(q; @)n(b1b2b3bag" ™ "; )i (b1ba, by, b3ba; @n
=0 @ Dn—k(q, a1a2a3a4g* =15 q)i (b1b4, byby, b3by; DrgrrP

>

J.1=0

(" =", bibab3bag" K71 agbag®; ) ji(arasg®. arasg®, azasg®; @)1 (bsjas: @) jq7 !

(b1bag® . babag®. b3bag*: @) j11(q: @) j(q: @)i(asbagk, ayazazasq®:; q)i(as/bs)!
3.4
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Due to the relations among the Askey—Wilson polynomials and the other polynomials
in the Askey scheme, it is possible to choose some special parameters b and replace
the right-hand side of the above formula with other ones. In other words, certain
polynomials in the Askey scheme can be expanded in terms of the Askey—Wilson
polynomials p,(x; a|q) with general parameter a, where the coefficients are given
explicitly. Indeed, we have the following result for the Chebyshev polynomials.

Lemma 3.1 Let

i 1)6
Un(x) = —Sm[(snin—; ) ], X =cosf,

be the Chebyshev polynomials of the second kind. Then, we have

Un ) = i Pe(x alg)(q: n(q" " (=472, 6%, 4% q)n
! = @ Dn(@: Dn—k(q. arazazasg ' r(=g3%, 3%, g% gt (—g)n
K g —aag s @) ji(araagt, avasg, azasg®; @i(—q/ass 9) g7t

XZ (q

2 GO =g @) j41(05. @) (65 i (—asg" T avarazasgs @i (—as /)
(3.5)

Proof The g-ultraspherical polynomials C,, (x; B | ¢) are special cases of the Askey—
Wilson polynomials (cf. [20, (15.2.15)]):

_A. 2. .2
pus /B —VB VBa, —/Ba19) = L ’3’(22{1;‘3’5 XRNNIPY

Note that U, (x) = C,(x; q | ¢q) (cf. [20, (13.2.14)]). Then, we have from the above
formula:

U, () = Pn(X; /4, —ﬁ,q,—qlq)'

3.6
(@™ q)n ©.6)

Therefore, by choosing by = ,/q, b = —./q, b3 = q and by = —¢g, we obtain (3.5)
from (3.4) and (3.6). O

Next, we integrate both sides of (3.5) with respect to the normalized Askey—Wilson
weight (3.3). Due to the orthogonality relation (3.2), all terms vanish on the right-hand
side except for the term when k = 0. This gives us
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1/2g
/ Upn(Agx)w(rgx,a|g)rgdx
/3y

(@ 4 (—=q%: @n
(=)"(q"2; @)n
y Z (g~ ",q”+2;q)j+z(ala4,aza4,a3a4'q)z( q/as, —q"'ay; q) jq’ !
(@3 4% j+1(—q%; @) j+1(q; @) j(q; @i(arazazas; q)1(—as/q)!
(3.7)

1
=/tmwamwM=

j,1=0

where A, is a continuous function of ¢ in a small interval [-1, —1+o]withA_; =1
and0 < A, < 1forg € (—1, —1+0). A typical example is 1, = /(1 — ¢)/2. Next,
we will compute the limit of the above formula as ¢ — —1. To facilitate our future
computations, let us list a few useful relations as follows:

n k+1
q" i ~ 2k (Z)Lk“ 1+l if n is even, (3.8)
T
1
@ ~ 2 ( sz 1+ th, ifnisodd,  (3.9)
15
3 k
(—¢% @ ~2* (5> 1+t (3.10)
EY

as ¢ — —1. Then, we establish the following lemmas.

Lemma 3.2 For any integer n > 0, we have

(@ ¢ (—q% Dn
g—>=1 (=q)"(q"*% @n

=n+1 (3.11)

Proof Obviously, (¢%; ¢%), — 2" and (—q)" — 1asq — —1. When n = 2m is
even, we have from (3.8) and (3.10)

4% Dn _ 2"G/Dn(1 + )" DmB/2D)m 2 n+1

@2 2+ Dp(L4+g)"  (Dp(m+ 1), 27(D, 27

as ¢ — —1. Similarly, when n = 2m + 1 is odd, we have from (3.10)

(g% "G/ +9" _ Dnt1G/Dn _ @y _nt]
@ 20+ 0n+ " Ounin+2)n 27D 2

as g — —1. A simple calculation gives (3.11). O

Lemma 3.3 Denote

. (1 —a4)(1 — l/af) B— (1—a a4)(l —a2 )(1 —a3 )
4 4a4(1 a a2a3ai)
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We have

lim (a1a4, araq, azas; )1(—q/as, —q'ay; q) jq7 "

g—-—1 (q%; q?) jri(ararazas; q)1(—as/q)!

Al Bk, j=2i,1=2k,

_ - (1—a121‘111)((11_—;12;24[1)3("114_),13544) Ain, ] = 2i, [ =2k + la
—(U=a)Col/as) pi gk j=2i+1,0=2k,
(1—ajas)(1—azras)(1—azas)(1+as)(1—1/as) +i pk . A _

1 425144(1%]52;3:44) 2 Y A'BY, j=2i+1,1=2k+1.
(3.12)
Proof The proof is based on the repeated uses of
, (1 =2, j=2i,
lim (c;q); = o . )
g——1 1= A —-0¢), j=2i+1,
for c? # 1. O
Lemma 3.4 Ifn = 2m is even, we have
— +2. . (=m)ir(m+1)i4k P TR T
fim 44" Eppamie == g
a—=1(=q* @) j+1(q: )@ |0 otherwise.
Ifn =2m + 1 is odd, we have
i G@".q""% )0 j=2i4+1,1=2k+1,
= ) &m); 2)i+k :
o—>=1(=a% @)1 ) (@ | GGt otherwise,
(3.14)

wherei = |j/2] and k = |1/2].
Proof For convenience, let us denote

n

G q"q) 4

Cii= .
P (g% 9)j11(q: ) (g3 )

We first consider the case when n = 2m is even. From (3.8)—(3.10), we have

Cii=0 <(1 i q)L(j+l+1)/2J+L(j+l+1)/2J—L(j+1)/2J—Lj/2J—L1/2J) s g — —1

’

which implies that C; ; — 0 if either j or [ is odd. When both j = 2i and [ = 2k are
even, we obtain

o P Emi (4@ 22 4 D (4 ™ (m)irm + D
P DG 2) (14 PR (1, (1 ) 2K (D +@F — 3/ (Di (D
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as ¢ — —1. Then, we obtain (3.13).
Next, we consider the case when n = 2m + 1 is odd. Again, from (3.8)—(3.10), we
have

Cii=0 ((1 n q)L(j+l)/2J+L(j+l)/2J—L(j+l)/2J—Lj/2J—Ll/2J), as g — —1,

which implies that C;; — 0 if both j and [ are odd. There are three cases to be
considered. (i) When j = 2i and [ = 2k, we obtain

oo P Emi (4 @ 22 4+ 2 (A4 ™ ()i + i
P32y (L + ) HR22 (1, (1+ ) 22K (D (L + F — B/Dix (D (D

(ii)) When j = 2i and [ = 2k + 1, we have

22i+2k+1(_m)i+k(1 +q)i+k22i+2k+l(m +2)i4x (1 +q)i+k
22241 (3/2); 41 (1 4 q) 422 (1); (1 4 q)' 22+ (D1 + 9)*
_ (=m)igr(m 4+ 2)iqk

B/ (i (D

(iii)) When j = 2i + 1 and [ = 2k, we obtain

Cji~

22i+2k+1(_m)i+k(1 +q)i+k22i+2k+l(m +2)i+k(1 +q)i+k
2221 (3/2); 4 (1 4 q) HR22+1(1); (1 + ¢)' 22K (D) (1 + 9)*
_ (=m)igk(m +2)4k
B/ ik (Di (D

Cji~

Finally, the above four formulas give us (3.14). O

With the above lemmas, we are ready to evaluate the limit of (3.7) as ¢ — —1.
When n = 2m is even, a combination of (3.7), (3.11), (3.12), and (3.13) yields

1/aq
lim U (A gx)w(hgx,ay, az, a3, as | q)rydx

g——1 —1/2y

] (=m)ipk(m + Digk ;¢
= (Q2m+ 1)i;() (3/2)i+x(1)i (D) oo

(—m)g(m + 1) s
(2m+l)Z TR (A + B)'. (3.15)

Note that, the series on the right-hand side is indeed the polynomial Uy, itself. To see
it, from (18.7.4) and (18.7.13) in [24], we have

11
2* 2)(2)62 -1
Uam(x) = 2m + 1) )

PP
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where P,,(O"/S ) (x) is the Jacobi polynomials. From the series representation of Pn(“”3 ) (x)
in [24, Eq.(18.5.7)], we have from the above formula

S+ 1) ,
Unpy (x) = (2m+1)Z( g;z()m(:; s (1 = 2. (3.16)

By setting

—JI—A—-B= 2—2a a2“3a4+2, 1“ 21<l<,<k<4a2 2-“13

41 — a1a2a3a4)

’

(3.17)
we have from (3.15) and (3.16)
1/
lim Uoim (A gx)w(Agx, a1, az, az, as | q)hgdx = Uzp (xo). (3.18)
a==1J-1/5,
Here, xg > 0 because 1 — afaja3aj > 0 and
4
Zajz- - Z aizajz-a,% = (a% + a%)(l - a%af) + (a% + ai)(l - a%a%) >0
j=1 I1<i<j<k<4

for all ay, az, a3, as € (—1, 1). Similarly, when n = 2m + 1 is odd, it follows from
(3.7), (3.11), (3.12) and (3.14) that

/3
lim Usms1(AgX)w(hgx, ai, az, as, as | q)igdx
a==1J-1/,

) (=m)igk(m + vk i«
_Qm+2ﬁ%%; (3/2) (i (D

2L (—m)s(m + 2)s

= 2m+2)yo (A + B)*. (3.19)
g (3/2)s(1)s

where

(I —a1a))(1 —azaq)(d —azas) (1 —ag)(1 —1/as)
2a4(1 — ajarazay) 2

yo:=1-

4
_ Zj:l aj — Zl§i<j<k§4 a;ajag

(3.20)
2(1 — a1azazay)
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Again, the right-hand side of (3.19) is also the polynomial U, 4. Similar to the
derivation of (3.16), we have from (18.5.7), (18.7.4), and (18.7.14) in [24] that

2 (—m)g(m +2)s -
Uyn+1(x) = 2m 4+ 2)x — (1 —x7)". 3.21)
§ (3/2)5(1);

Then, the above formula and (3.19) yield

1/2q

. Yo
lim Usn1 (g X)w(kgx, ar, az, az, as | g)rgdx = %U2m+1(x0)' (3.22)

qg—>—1
—1/3,

Since U, is an even function when 7 is even, and is an odd function when # is odd.
One can unify (3.18) and (3.22) as the following single equation:

1/4q

lim Un(hgx)w(rgx, ay, az, a3, as | q)Agdx

qg—>—1
—1/ng

X0+YOU( )+x0 yo
2x0

U, (—xp). (3.23)

Finally, the above result gives us a theorem for the Askey—Wilson weight as follows.

Theorem 3.5 Given a = (ay,a»,as,as) with ay,ap,as,as € (—1,1), and let
w(x, a|q) be the weight function of the Askey—Wilson polynomials defined in (3.3).
Let xo and yqy be the constants defined in (3.17) and (3.20), respectively. Then, we
have

. 1/xq X0 + Yo
lim fOgx)whgx, alg)rgdx = ——— f(x0) + 2 f( X0),
==l 175,
(3.24)
forany f € C[—1, 1].
Proof For simplicity, let us denote
1/2g
Jy(h) == / h(hgx)w(rgx, ay, az, az, as | q)isdx,
—1/hq
X0 + Yo X0 — Yo
Q(h) = > h(xo) + h(—xo),
X0

for any h € C[—1, 1]. By Weierstrass approximation theorem, for any ¢ > 0, there
exist an integer N > 0 and a polynomial Py (x) of degree N, such that |f(x) —
Py(x)| < e forall x € [—1, 1]. This gives us |Q(f) — Q(Pn)| < € for any f €
C[—1, 1]. Note that Py canbe expressed as a linear combination of Uy, ..., Uy . Itthen
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follows from (3.23) that there exists go € (—1, 1) such that |J,(Py) — Q(Pn)| < €
for all ¢ € (-1, qo). Since w(x, ay,az,az,as|q) > 0 for all x € (—1,1) and
g € (—1,1), we have |J,;(f) — J;(Pny)| < e for all ¢ € (—1,1). By triangular
inequalities, we obtain

g (f) = QNI = 1Jg(f) — Jg(PN)| + [Jg(PN) — Q(Pn)| + [Q(Pn) — Q(f)] < 3¢

for all ¢ € (—1, go). This completes the proof. O

Corollary 3.6 Given a = (ay, ap, a3, as) with ay,az,a3,as € (—1,1), and let
w(x, a|q) be the weight function of the Askey—Wilson polynomials defined in (3.3).
We have

+
w(hgx,a|q)dx— 02 0T 05 (x — xg) + 2

— 205 (x + xo),
2x0

as q — —1%, where xo and yo are the constants defined in (3.17) and (3.20), respec-
tively. From here onwards, the notation “— " represents the convergence of the measure

in a weak sense.

Proof For any f € C[—1, 1], we can extend it to a continuous and bounded function
on the whole real line by defining f(x) = f(—1) forx < —1 and f(x) = f(1) for
x > 1.Since A; — land f(x) — f(Agx) — Oasqg — —1, we have

1 1
/ fOwgx,alg)dx —/ SOgx)wgx,alg)rsdx — 0
—1 —1

as ¢ — —1. Moreover, the integrals of | f (A;x)w(Ayx, a|q)| on the shrinking inter-
vals [-1/A4, —1]and [1, 1/A,] also vanish as ¢ — —1. Hence, we obtain from (3.24)
that

20 f(=x0).

11m / fwhgx,alg)dx =

This completes the proof. O

Remark 3.7 Given ay, ap, a3z, as € (—1, 1), the monic Askey—Wilson polynomials
satisfy the second-order linear difference equation:

Pn+1(x1q) =[x — Bu(q)/21pn(x1q) — An—1(@)Cn(q) pn—1(x|q),
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where
A — 1-— a1a2a3a4q”_1
" (1 - ajmazasg? N (1 — ajaxazasq®)’
_ (1 —61”)1—115,-4(54(1 —ajakq"_])
" (- aimazasg® (1 — ajaazasg® )’
4
1 A a,C
B, =a; + — ——nl_[(l—alajq")— 1 z -
ar - ar [l —aajqg" ")

see [20, (15.2.10)—(15.2.13)]. Itisreadily seen that Co (—1) = 0, whichimpliesc = —1
and N = 2 in Theorem 2.1. A further calculation gives «g(—1) = yg, @1(—1) = —yo,
and B1(—1) = xg - yg, where x( and yg are defined in (3.17) and (3.20), respectively.
Then, a direct application of Theorem 2.1 and Remark 2.2 also gives (3.24). We also
remark that £x( are the zeros of second-order Askey—Wilson polynomials p> (x| —1);
see [26, (2.6)]. Note that the definitions of the Askey—Wilson polynomials are slightly
different in the present paper and [26]. Namely, we have p,(x|q) = C, P,(2x) for
certain constant C,, and the Askey—Wilson polynomial P, (x) defined in [26, (1.9)].

4 Some special cases

Since the Askey—Wilson polynomials are the most general orthogonal polynomials in
the g-Askey scheme, they can be reduced to other polynomials by choosing certain
parameters t in their definition in (3.1).

4.1 The Al-Salam-hihara polynomials

The Al-Salam—Chihara polynomials were first introduced in [3]. They appeared in
a characterization theorem describing all orthogonal polynomials satisfying a certain
convolution property. Al-Salam and Chihara identified the recurrence relation satisfied
by their polynomials and derived a generating function. The weight function was
found in [6], and later they were identified as special Askey—Wilson polynomials
in [7]. Indeed, by setting 13 = 4 = 0 in (3.1), the Al-Salam—Chihara polynomials
0, (x; t1, 2] q) is defined as follows:

— - i -
On(x;t1, 21 q) =t " (t1t2; @n 302 <q n’t}.ez;,’éle |

q,q>. 4.1

When |#1], 2| < 1, they satisfy the following orthogonality relation:

1
/ On(x;st1,1q)0n(x; 11, | Qwx, t, 1 | @)dx = (g5 @) (1125 @) nSm,n,
—1
4.2)
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where the weight function is given by

(q,€%%,¢7%% 1112; @)oo

21— x2(t1€'?, 11e70, 1el? e % q) oo

with x = cos 0; see [20, (15.1.1)-(15.1.2)].
By choosing 13 = #4 = 0 in Theorem 3.5, we have the following result for the
Al-Salam—Chihara weight.

wx, 11,121q) = 4.3)

Theorem 4.1 Givenaj,a; € (—1, 1), let w(x, ay, az | q) be the weight function of the
Al-Salam—Chihara polynomials defined in (4.3). Then, we have

. 1/xq X0 + Yo X0 — Yo
lim fgw(rgx, ar, az | @Q)rgdx = ——— f(x0) + ——— f(—x0),
qg——1 —I/Aq 2)6() 2X0

forany f € C[—1, 1], where

2 2
\/2+a1+a2 a) +ap

xozf and yy = 5

Moreover,

x0+}’08(x_x0)+x0_)’0

whgx,ay, a dx—
(Agx,a1,a2|q) 0 70

8(x + xo),
asq — —1.

4.2 The continuous g-Hermite polynomials

If we further set #{ = f, = 0 in (4.3), it gives us the weight function for the contin-
uous g-Hermite polynomials in (1.6). Then, the continuous g-Hermite polynomials
H, (x| g) satisfy the following orthogonality relation:

1
/1 Hi (x| @) Ho (x| @) wiz (x 1 @) dx = (@3 @) S

By using our Theorem 3.5 and choosing the parameters a; = a, = a3 = a4 = 0,
one immediately sees that Deng and Yang’s conjecture [17] is true. More precisely,
we have the following theorem.

Theorem 4.2 Let wy (x | q) be the weight function of the continuous q-Hermite poly-
nomials defined in (1.6). Then, for any f € C[—1, 1], we have

' 1/ N 1 NG
qlirlll Y f()\qx)wH()\qx | Q))\qu = Ef (7) + if (—7> .
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Moreover,

1 2 2
wh (Agx | q)dx—> <S(x - %_) +8(x + %_)) :

asq — —1.

4.3 The continuous g-ultraspherical polynomials

Next, we consider the continuous g-ultraspherical polynomials. Their weight function
is given by

(q, €%, e7%9 B2 @)oo

w(x,Blqg) = 27T = x2(B, 4B, B0, Be=21%; q) s

, 4.4)

with x = cos@; see [20, (13.2.4)—(13.2.5)]. When |B]| < 1, the continuous g-
ultraspherical polynomials C, (x; B | g) satisfy the following orthogonality relation:

S  (45)

/1 BE@n (1= P)
_ (@ @n (1 —pgm) ™"

lCm(X; Blo)Cn(x: Blg)w(x, Blg)dx =

Comparing with the weight function for the Askey—Wilson polynomials in (3.3), one
obtains the weight function (4.4) by choosing

t1=\/,1§, l‘2=—\/,E, t3=\/cﬁ and t4=—\/cﬁ

in (3.3). One may expect analogous results also hold when we take the above special
parameters in Theorem 3.5. Indeed, figures similar to those of the g-Hermite weight
wg (x| g) in (1.6) can be plotted; see Fig. 1. One may compare the graphs below with
those in [17, Fig. 1] and [27, Fig. 1].

Note that the above observation only holds formally. Anindependent proofis needed
because some of the parameters 71, 17, 13, t4 may be imaginary when 8 or ¢ becomes
negative. Then, we have the following result.

Theorem 4.3 Given 8 € (—1, 1), let w(x, B | q) be the weight function of the contin-
uous q-ultraspherical polynomials defined in (4.4). Then, we have

. 1/2q 1 (V2) 1 V2
q1—1>IEI —1/2g JOqrywex, Blg)rgdx = zf (7) + Ef <_7) ’

forany f € C[—1, 1]. Moreover,

—-) +4( —2)
—2+x+2

w(Agx, B Iq)dx—\% (8(x V2 V2 ) ,
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asq — —1.

Proof Similar to (3.4), let us first recall the following connection relation for the g-
ultraspherical polynomials:

/2] ok . . n—2k

B (/B k(s @On—k(1 — Bg" ™)
Cn(x; = Cn—2k (x; ;
AT D S 7P INeT Y T s Pl

see [20, (13.3.1)]. Note that U, (x) = C,(x; q | g) (cf. [20, (13.2.14)]). Then, we have
from the above formula by letting y = ¢:

(n/2] Lk . ) . o
Un) = Y BX(q/B; D (q: @n—i(1 — Bg" )

(@ Di(qB; @n—k(1 = B)

Cook(x; Blg).  (4.6)
k=0

By the orthogonality (4.4) and Co(x; B |q) = 1, we have

1/3q 0 n=2m+1
Upgx)wrgx, Bl@rgdx =1 T 4.7)
/*Wq e ! P B"(q/B; Dm/aB; )m, n=2m.
When n = 2m, we have
1/2g
lim Uy (hg)w(hgx, Bl @rgdx = (- = U, (v/2/2).
a=>=1J-13,

When n = 2m + 1, we have

/3
lim Upn(hgx)w(hgx, Blg)igdx = 0.
a==1J-1/,

Coupling the above two equations gives

1/ 1 2\ 1 2
lim Un(hg0)w(hgx, Bl @)qdx = —Un<£) + -U,1< - £).
a==1J_1/2, 2 2 2 2

The remaining proof of Theorem 4.3 follows from a similar argument as in the proof
of Theorem 3.5, where the Weierstrass approximation theorem is used. O

Remark 4.4 The above theorem suggests us Theorem 3.5 remain valid when the param-
eters ay, a, az, a4 occur in pairs of complex conjugates. Without loss of generality,
we assume that either a; = ap or both a; and a» are real, and either a3 = a4 or both
a3 and a4 are real. We further assume that |a;| < 1, |az| < 1, |a3] < 1, |ag] < 1. It
suffices to prove that x¢ defined in (3.17) is positive and yy defined in (3.20) is real.
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To achieve this, we rewrite | — A — B = C/D, where D := 4(1 — a%a%a%af) > 0,
and

4
C :=2—2dla3a3a} + Za? - Z aiza?a,%
j=1 I<i<j<k<4
=(+aH(1+aH1 -ddad)+ (1 +a>H(1 +aDH(1 —atad) > 0.

This proves that xo = /C/D > 0. It is obvious from (3.20) that yg € R.

5 The complex case

In this section, we consider the case when ¢ — wy, where w; = 2mi/k with k =
3,4, .... Again, we assume the recurrence coefficients §,, (wy) vanish for some finite n,
which differs from the sieved polynomials considered in [2]. Let us take the continuous
g-ultraspherical polynomials C,, (x; B | ¢) as an example. Note that (4.6) and (4.7) still
hold when g is complex. Then, we obtain

1
lim 1 Us () w(x, B | q)dx = B" (wi/B; wi)m/ (@i B; 0k)m

q—> 0k J_

and

1
lim U1 ()w(x, B g)dx = 0.
1

q—= w0k J_

The above formulas imply

. ! B+DV3+3D)B+2V3) (/3
1 Un B dx = Un A
iy [ O Bl = e B+ D 2
2 .
2382 4+ 3+ 3i U, 0)
3W3+D(B2+ B+ 1)
B+ D((V3+3i)B +23) V3
+ U\ =5 -
6(v3+i)(B2+ B+ 1) 2

It is interesting to note that the mass points are located at 0 and :izﬁ, which are
independent of the parameter . The mass points are indeed

2j—1
cos u , j=1,... k.
2k

@ Springer



D. Daietal.

We may continue to obtain

1 _ _
im [ Upows, B1q)dx = cl(m[vn (zTﬁ> ‘U, (—z—ﬁ)}
-1

q—> w4 2

2442 2442
oo () (5
2 2
for certain coefficients C1 2(8).

The monic continuous g-ultraspherical polynomials are given as follows:

. _ (g5 @n et & q™", B @k _2i6 k
Palx: Blg) = Zrm s Calas Bla) = 7 kzo—(q ey renCEILON

where x = cos6. Let n > 1. As ¢ approaches w, = ¢>™//" from the interior of the
unit disk, we have ¢” — 1 and

(qinv ﬁ; Q)k
(q.9'7"/B: @k

for all 1 < k < n. Thus, only the first and the last terms in the summation remain. It
then follows that

ein@ )
TRURS e 20y = 2171 cog(nh) = 21 7T, (),

pn(x; Blon) =

where T,,(x) are the Chebyshev polynomials of the first kind. In particular, the zeros
of pn(x; Blwy) are

(r—1/2 )
X, = COS ), r=1,...,n.

n

Note that we have fixed 8 and then let ¢ — wj,, while in [2], it was assumed that
B = (q/wy)™" and before taking the limit ¢ — w,. The difference equation for

Pa(x) = pa(x: Blg) is
(1 —g")(1 = B*g")
41— Bq" (1 = ")

Xpn(X) = put1(x) + Pn—1(x).

Let pji(x) = p;i(x; Blg) be another linearly independent solution of the above equation

with initial values p;(x) = 0 and pj(x) = 1. According to the argument in Sect. 1,
the g-ultraspherical measure approaches the discrete measure

Z pn (xr7 ﬁ'wn)

P Blan)
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as g — w, = e*™1/" Recall that p,(x; Blw,) = 2'7"T,(x). We have py(x; Blon) =

21="51 5in(n@) / sin(0), and particularly,

2 nsin((r —1/2)1)  (=D)""'n

/ . fr—
pn(-xr7 Blwp) = m = 1 —xrz.

When g = 0, the g-ultraspherical measure reduces to the g-Hermite measure. We
will show later in Lemma 5.1 that p(x; Olw,) = n(e'?/2)" 1S, (—w,e % wy),
where S,_1 is the Stieltjes-Wigert polynomial of degree n — 1. Consequently, the
limit of g-Hermite measure as ¢ — w,, is a discrete measure with mass points x, =

cos[mw(r —1/2)/n] forr =1, ..., n, and the weight at x, is

Puxri Olwn) (=D sin[z(r — 1/2)/n]e T VDO=DIG, (o
P (xr; 0lewy)
1 — g—im@r=1/n

= fan(—wi/zﬂwn).

3/2—r
n

|wn)

Lemma 5.1 Let p;i(x) = p;i(x; Olg) be the solution of the difference equation

n

x 1-4"

T4

with initial conditions p(*)‘(x) = 0and py(x) = 1. For any n > 1, we have

(@5 Dn = 4
Pi(x: 0lg) = 50> g 101 (x: M lg).
k=

on—1
Especially, when q = w, = ¢*™/", we obtain
. nel?="D it
P, (cos8; 0lwy,) = Zn—_lsn—l(—wne "5 wy),

where S,_1 is the Stieltjes-Wigert polynomial of degree n — 1.

Proof Define the generating function

Fr.r) > D (x)t" t > pax)t"
X, 1) = = .
=@ 1—q = (@@

We have from the difference equation that

i Xp;lk(x)tn _ li p:+1(x)t"+1(1 _ qn+l) P pn l(x)tn

el (g @n o (G5 Dn+1 (q 9n-1

5.1)

(5.2)

1
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which gives the functional equation for the generating function
1 t
xF(x,t) = ;[F(x, t)—F(x,tq)] — 1+ ZF(x, t).
The above equation can be rewritten as follows:

(1 —xt +12/4)F(x,1) = F(x,tq) + 1.

Set x = cos 6 and

G(x,1)
(tei?/2,1e719/2; q)oo

F(x,t) =

It follows that
G(x,0) = G(x,1q) +1(1qe"’ /2,1q¢" /2; ¢)ox.
Iterating the above equation and making use of G (x, 0) = 0, we have
e . .
Gx,0) =Y 14" (14" /2, 14" ¢ /2; ¢) e,
k=1
which yields

00 tqk_l
Flx.1) = . . .
(. 1) ;(Ie’(’/lte—’@ﬂ;q)k

Because of the g-binomial theorem, we can expand

k.
Flx. 1) —thk 12 (4" 9); oD g, l%zﬁZM(w*ie/z)’.

q:9); (q: 9N

k=1 /0’ 1=0

Consequently,

* (q dn k—1 (q Cl)j(q qn—1—j i0(n—1-2j)
P =Tt Z Z @D Dy

@
T oon—l

qu‘lcn_l(x; a"1q), n=1.
k=1
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This proves (5.1). Now, let us consider the case when g — @, = ¢*™/". By g-binomial

theorem, we have

@ n Y a7 " a)r(d"; 9)s

k=1

k-1 i 4!+ i Dm A
- @ q)",;q Z @an Z @ O

= Z Z @G D s @ @Dn
[=0 m=0 (q Q)l(q Q)m ]_ql+l+m

Assume r + s = n — 1. Each term, except for / = r and m = s, in the above double
sum vanishes as ¢ — w,. Consequently, the limit of the above double sum is

s
lim G ") (@5 q)s r(1+r)+s(1+5)(q @n—

a—on (g5 9)r(q; Qs
lim (_1)r—&-sq—r(r+1)/2—s(s—&-l)/2+r(1+r)—&-s(1+s)(q;q)n_1

q—>wp

_ (—1)"_lnw,(,r2+r+52+s)/2,

where in the last step, we have made use of the equality (wy; wy),—1 = n. Note that
n are the distinct roots of z” — 1 = 0. We have

wh withk=1,...,
Zn 1 n—1
. - k
fl2) = H(z w =7 Zz.
k=0
Especially, (w,; wy)n—1 = f(1) = n. Summarizing the above arguments, we obtain
1, =1 (P4j+n—1—-)2+n—1-)))/2
lim pf(x) = ( l)n ”Zw pl0(=1-2))
g—wp " =0 (wn,wn) (Wn; Wy)p—1— —j
D 1n .
_ ¢ 23 I D20 5 (20 )
nel@(n 1) .
= —2}1—1 Snfl(_wne 219; w”)’

which proves (5.2).

6 Conclusion and discussion

In this paper, we have used two different approaches to derive the weak limit of the
Askey—Wilson measure as g tends to —1 from the right. We proved that the limiting
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Fig. 1 Plots of the g-ultraspherical measure w(igx, B |q) in (4.4) with Ay = /1 — g and B = 0.5. In the
first row, ¢ is negative and increases from —0.9 to —0.1 with a step size 0.2. While in the second row, ¢ is
positive and increases from 0.1 to 0.9 with a step size 0.2

measure is discrete, and it has exactly two mass points that are symmetric about the ori-
gin. As special cases, our results can be applied to the Al-Salam-Chihara polynomials,
the continuous g-Hermite polynomials, and the continuous g-ultraspherical polyno-
mials. Especially, we proved a conjecture made by Deng and Yang [17] who observed
from the numerical graph that the weak limit of g-Hermite measure as ¢ — —1 is the
sum of two discrete masses with equal weight at +-4/2/2. For the complex case when ¢
approaches a root of unity w, = e27in withn = 3. 4, .. ., we also calculated the weak
limit of the g-ultraspherical measure which is a discrete measure with n mass points
cos[(r—1/2)m/n]forr =1, 2, ..., n.For the special case of g-Hermite polynomials,
we also expressed the weights explicitly in terms of the Stieltjes-Wigert polynomials.

Another interesting phenomenon observed from the numerical simulation is that
the shape of the orthogonality measure for the g-orthogonal polynomials changes
from unimodal to bimodal as g decreases from 1 to —1. Taken the g-ultraspherical
measure in (4.4) as an example, we observe from Fig. 1 that there exists a critical value
g* € (0.1, 0.2) such that the measure is unimodal when g € (¢*, 1) and bimodel when
q € (—1, g*). Here, we have chosen 8 = 0.5. It is worth investigating how the critical
value g* depends on the parameter S.

There are cases where the moments do no not determine the measure uniquely. These
moment problems are called indeterminate; see [1, 25]. The best-known example is the
g~ '-Hermite polynomials of Askey [5] and Ismail and Masson [21]. We know many
measures for the g ~!-Hermite polynomials including the N-extremal measures which
make the polynomials complete in their weighted L spaces. The coefficient of p,_1 in
the monic form of the recurrence relation contains the factor ¢ =" which becomes neg-
ative as soon as g turns negative. This makes the limit as ¢ — —1 different from those
studied in the present paper. In particular, the N -extremal measures will not converge to
a probability measure as ¢ — —1. However, we expect the limit may still contain two
mass points where the signed weights add to one. We will explore this in future work.

Acknowledgements We are grateful to the anonymous referees for their careful reading and constructive
suggestions.
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