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ABSTRACT. In this paper, we derive an explicit formula for the bivariate La-
grange basis polynomials of a general set of checkerboard nodes. This for-
mula generalizes existing results of bivariate Lagrange basis polynomials at
the Padua nodes, Chebyshev nodes, Morrow-Patterson nodes, and Geronimus
nodes. We also construct a subspace spanned by linearly independent bivariate
vanishing polynomials that vanish at the checkerboard nodes and prove the
uniqueness of the set of bivariate Lagrange basis polynomials in the quotient
space defined as the space of bivariate polynomials with a certain degree over
the subspace of bivariate vanishing polynomials.

1. INTRODUCTION

Given g > 1 > -+ > @, and Yo > y1 > -+ > Ynt+os Where n and o are
nonnegative integers, we define a rectangular set of nodes:
(1.1) S={(zr,yu): 0<r<n, 0<u<n+o},

which consists of (n + 1)(n + o + 1) distinct points in R%?. The set S can be
divided into two checkerboard sets Sy and S; such that (x,,y,) € Sy if and only
if r + u is even while (z,,y,) € S if and only if r + u is odd. Our objective is to
develop existence and uniqueness theory of bivariate Lagrange basis polynomials
for the checkerboard set S, with 7 = 0 or 7 = 1. The special case 0 = 0 was
considered in [6]. The special case ¢ = 1 was studied in [BL[7]. If 0 = 1, z, =
cos(rm/n) and y, = cos[ur/(n + 1)], then S; is the set of Padua points and the
corresponding set of bivariate Lagrange basis polynomials is unique in P, (z,y);
see [2L3]. In [9], Xu derived bivariate Lagrange basis polynomials when o = 0 and
xp = yr = cos[(2k — 1) /(2n)] are zeros of Chebyshev polynomial of first kind Ty,;
see also [IH]. The checkerboard nodes S; also generalize the Morrow-Patterson
nodes [§] and Geronimus nodes [5]. In [7], a recursive formula of bivariate Lagrange
basis polynomials for all integers ¢ > 1 was defined, where the case 0 = 1 was
proven and the other cases ¢ > 2 were proposed as conjectures. In this paper,
we will prove these conjectures by deriving an equivalent and explicit formula of
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bivariate Lagrange basis polynomials for any nonnegative integer o. This formula
generalizes the aforementioned results of bivariate Lagrange basis polynomials at
the Padua nodes, Chebyshev nodes, Morrow-Patterson nodes and Geronimus nodes.
Moreover, we will prove that the set of bivariate Lagrange basis polynomials is
unique in a certain quotient space of bivariate polynomials.

Let P4(z,y) be the linear space of bivariate polynomials of degree no more than
d, which can be generated by the monomials 27y* with j + k < d. Tt is easily seen
that the dimension of Py(x,y) is (d+1)(d+2)/2. If fi(z,y), -, fm(z,y) are lin-
early independent polynomials in Py(x, y), namely, ¢1 f1(x,y)+- - +cpfar(z,y) =0
for all (z,y) € R? implies ¢; = --- = cpy = 0, then we can define the quotient space
Pa(z,y)/{fi(z,y), -, fam(z,y)} in the sense that two polynomials in this quotient
space are identical if and only if their difference can be expressed as a linear combi-
nation of fi(z,y), -, fm(x,y). Clearly, the dimension of Py(x,y)/{f1(z,y), -,
fu(z,y)}is (d+1)(d+2)/2 — M.

Given a set of nodes (z1,y1), -, (¥n,yn) € R?, we say {L1(x,y), -, Ln(7,y)}
with each L;(z,y) € Pqy(x,y) is a set of bivariate Lagrange basis polynomials if
Li(zg,ye) =0for 1 < j# k < N and Li(ak,yx) =1 for 1 <k < N. For conve-
nience, we also define the bivariate vanishing polynomial as a bivariate polynomial
f(z,y) € Py(z,y) that vanishes at all of the given nodes; namely, f(zx,yx) = 0 for
all1 < k< N.

The rest of this paper is organized as follows. In Section 2, we state some pre-
liminary results on one-to-one map between a sequence of univariate nodes and a
sequence of difference equations. We also give a necessary and sufficient condition
for the uniqueness of bivariate Lagrange basis polynomials. In Section [3, we con-
struct the bivariate Lagrange basis polynomials for S; with general ¢. In Section
[, we prove the uniqueness of the bivariate Lagrange basis polynomials for S, in a
certain quotient space of bivariate polynomials.

2. PRELIMINARY RESULTS

We first rephrase the results in [6] Lemma 2] and [7| Theorem A.1 & Lemma
A 2] as Lemma 211

Lemma 2.1. Given any xo > x1 > -+ > x,, there exists a sequence of orthogonal
polynomials {pi(z)}_, determined by two sequences {ax}}—y and {by}y—) such
that po(x) = 1, p1(x) = agx + by, and

(2.1) Pry1(z) + pr-1(z) = (axz + bi)pr (),

for1 <k <n-—1, and the following properties hold.
(1) (Positivity) ar, > 0 for all0 <k <n—1.
(2) (Reflection) ap = an—g and by = by for all1 <k <n-—1.
(3) (Alternation) py—r(z;) = (=1)7pr(z;) for all 0 < j,k < n.

It is natural to ask whether the map from the set of distinct nodes X = {1 }}_,
to the set of coefficients (A, B) = {(ax, b)}}_, satisfying the positivity and reflec-
tion conditions is invertible and unique. It is easy to show that the alternation
condition implies the invertibility of the map. When n is odd, the dimension of
(A, B) is n + 1, which suggests that the map might be unique. However, when n
is even, the dimension of (A4, B) becomes n + 2, which indicates that there is one
more degree of freedom in (A4, B). We shall prove that this additional degree of
freedom can be removed by a normalization condition ag = 1.
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Theorem 2.2. Given any sequences {ak}z;é and {bk}z;é satisfying the positivity
and reflection conditions, namely, ar > 0 for all0 < k <n—1 and ax — ap_g =
by —bp_k =0 for all 1 <k <n—1, there exists a unique set of nodes rog > x1 >
o+ >z, satisfying the alternation condition pn_(z;) = (—=1)7pk(z;) for all 0 <
J. k < n, where {pp()}}_, is the sequence of orthogonal polynomials determined
by the difference equation pri1(x) + pr—1(z) = (arx + br)pr(z) for 1 <k <n -1
with initial conditions po(x) =1 and p1(x) = agz + bo.

Proof. When n = 2m — 1 is odd, we denote by u; > -+ > u,, the zeros of p,,(z)
and v7 > vy > -+ > v,_1 the zeros of p,,_1(x). By alternation property of
zeros of orthogonal polynomials, we have u; > v1 > ug > vy > -+ > vy 1 >
Um- Since both p,,(z) and p,,—1(x) have positive leading coefficients, the dif-
ference function p,,(z) — pm—1(z) has at least one zero at each of the intervals
(u1,00), (u2,v1), -, (Um, vm—1) because the difference takes opposite signs when
the variable x approaches the two ends of each interval. Similarly, the sum func-
tion pp,(z) + pm—1(x) has at least one zero at each of the intervals (vy,uy), -,
(Um—1, Um—1), (—00,um). Thus, we can order the zeros of p,,(x) — pm—1(z) and
P (%) + pm—1(x) as zg > x1 > -+ > x,, such that p,,(x;) — (—1)7py_1(x;) = 0 for
all 0 < j < n. Actually, we have zg > uy > 1 > vy > X9 > 09 > -+ > U1 >
Tp_1 > Upm > Zn. It then follows from the difference equation and the reflection
condition that p,_x(z;) = (—1)py(z;) for all 0 < j,k < n.

When n = 2m is even, the zeros of p,,(z) divide the real line into m+1 intervals,
each of which contains at least one zero of pp1(z) — pm—1(x), thanks to the
alternation property of orthogonal polynomials. Hence, we can order the zeros of
Pm(z) and pry1(z) — pm—1(x) as xo > 1 > - -+ > x,, such that p,,(x;) = 0 for all
oddj=1,3,--- ,n—1and pyy1(z;) = pm—1(z;) foralleven j =0,2,--- ,n. It then
follows from the difference equation and the reflection condition that p,_x(z;) =
(—1)py(z;) for all 0 < j, k < n. This completes the proof. O

Theorem 2.3. Given any xg > x1 > -+ > Ty, if there are two sets of orthogonal
polynomials {py(x)}7_, and {pr(x)}}_,, which are determined by two sets of coef-
ficients (A, B) = {(ax, bx)}?—s and (A, B) = {(ay, br) "o, such that the difference
equation and three properties (positivity, reflection and alternation) in Lemma 2.1]
are satisfied, then we have the following results depending on whether n is odd or
even.
(1) Ifn is odd, then ay = ay, andl;k =bg for0<k<n-1.
(2) If n is even, then there exists a positive constant v such that ap/ar =
lN)k/bk = v for even k = 0,2,--- ,n and ap/ar = bk/l;k = for odd k =
1,3, ,n—1.

Proof. When n = 2m — 1 is odd, it follows from the alternation condition that
the zeros of p,,(z) + pm—1(x) and P, () + Prm—1(x) are the same while the zeros of
P () —DPm—1(x) and Py, () —Pm—1(x) are the same. The positivity condition implies
that there exist two positive constants v; and 72 such that p,,(x) + ppm—1(z) =
M[Pm (x) + Pm—1(2)] and Py () — Prm—1(x) = Y2[Pm(z) — pm—1(x)]. Comparing the
leading coefficients yields 71 = 72. A simple combination of these two equations
then gives P, () = Y1pm () and pp—1(x) = M1Pm—1(x). In view of the difference
equations ﬁm(z) + f)m—2(fp) = (am—lz + bm—l)f)m—l(m) and Pm(iE) + pm—Q(l') =
(am—12 + bym—1)Pm—1(x), we obtain Gm—1 = Gm—1, bpn—1 = bym—1 and pp_2(x) =
Y1Pm—2(x). Repeating this argument implies a; = a and l;k =b,for0 <k <m-—1.
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Moreover, pg(z) = y1po(z), which yields 3 = 1. The reflection condition then gives
dk:ak andgk:bk fOI‘OSkSn—l.

When n = 2m is even, it follows from the alternation condition that the zeros of
Pm(2) and Py, (z) are the same while the zeros of py,1(2) —pm—1(x) and Pp41(x) —
Pm—1(x) are the same. The positivity condition implies that there exist two pos-
itive constants y; and v such that p,,(z) = y1pm(x) and Pry1(x) — Prm—1(x) =
Y2[Pm+1() —Dm—1(x)]. On account of the difference equations p,,41(x)+pm—1(z) =
(&mx + bm)ﬁm(aj) ELIld pm+1(ac) —|—pm_1(l‘) = (amx + bm)pm(x)7 we obtain y2a,;, =
Ylm;s Y2bm = Y1bm, and prmi1(2) + Pm-1(z) = Y2[Pm+1(x) + pm-1(z)]. Con-
sequently, pmi1(x) = Yopmt1(z) and Pm-1(z) = Y2pm—1(x). It then follows
from the difference equations p,(z) + pm—2(x) = (@m-12 + Bm,l)ﬁm,l(x) and
Pm () + Pm—2(x) = (@m-12 + byp—1)Pm—1(z) that yiam—1 = Y28m—1, V1bm-1 =
Yobm—1 and Pp—_2(x) = Y1Pm—2(x). Repeating this argument gives

Vim—j = Y2lm—js Nbm—j = V2bm—js Prm—i(T) = Yapm—;(z)

for odd j < m, and

V2m—j = Ym—j, V2bm—j = Nbm—j, Pr—j(T) = NPm—;(2)
for even j < m. Since po(x) = po(x) = 1, either 3 =1 (when m is even) or v, =1
(when m is odd). We denote 7 = 9 if m is even and 7 = =7 if m is odd. It then
follows that
Goj = Yazj, ba; = Yb2j, Poj(x) = po;(®),

for 7=0,---,m, and

Ya2j4+1 = U241, 752j+1 = bgjr1, P2j+1(x) = yp2j(),

for 5 =0, -+ ,m — 1. This completes the proof. |

For the univariate case, the set of Lagrange basis polynomials for any set of
distinct points exists and is uniquely determined because the corresponding Van-
dermonde matrix is invertible. Theorem 2.4 gives criteria for uniqueness of bivariate
Lagrange basis polynomials.

Theorem 2.4. Given any distinct points (x1,91), -, (xn,yn) € R? and any
positive integer d such that (d + 1)(d + 2)/2 > N, there exist at least M = (d +
1)(d + 2)/2 — N linear independent bivariate vanishing polynomials, denoted by

fl(l'vy)a"' 7fM(x,y); mn Pd(x;y)' Let

]_ xq e x% U1 T1Y1 . x?ilyl - y‘li
(2.2) V= Do : : :

be the bivariate Vandermonde matriz of dimension N by (d + 1)(d + 2)/2. The
following statements are equivalent.

(i) There exists a unique set of bivariate Lagrange interpolation polynomials in

the quotient space Pa(x,y)/{f1(x,y), -, far(z,y)}.
(ii) There exists a set of bivariate Lagrange interpolation polynomials in P4(x,y).

(iii) Any bivariate vanishing polynomial in Pa(x,y) can be expressed as a linear

combination of fi(x,y), -, fu(x,y).
(iv) The rank of V is N.
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Proof. The coefficients of any bivariate vanishing polynomial in Py(z,y) corre-
spond a vector z € RE@FTD(E@+2)/2 gatisfying Vz = 0. The existence of f; (z,y), -,
fa(z,y) follows from the fact that the rank of V' is no more than N. Moreover,
we have (iii) < (iv). Any set of bivariate Lagrange interpolation polynomials in
P,(z,y) can be represented by the matrix L of dimension (d + 1)(d + 2)/2 by N
such that VL is the identity matrix in RV*Y. Hence, (ii) < (iv). It is obvious
that (i) = (ii). Finally, coupling (ii) and (iii) gives (i). The proof is complete. O

3. EXISTENCE OF BIVARIATE LAGRANGE BASIS POLYNOMIALS

Given g > 1 > - > z, and yo > y1 > -+ > Ypyo where n and o are
nonnegative integers, we define two sets of checkerboard nodes

(3.1) So={(zr,yu): 0<r<n, 0<u<n+o, r+ueven},
(3.2) S1={(zr,yu): 0<r<n, 0<u<n+o, r+uodd},

which consist of Ny and Ny nodes, respectively. It is easily seen that Ng+ Ny = (n+
1)(n4+o0+1). Moreover, we have Ng—N; = 1 and N; = [(n+1)(n+o+1)+1]/2—7
if both n and o are even, while Ny = Ny = (n+1)(n+o+1)/2 if either n or o is odd.
We need to find a set of bivariate Lagrange basis polynomials for S, with 7 = 0
or 7 = 1. According to Lemma .]] there exist orthogonal polynomials {p;(z)}}_,

and {qx(y)}72g such that po(x) = 1, p1(x) = aox +bo, qo(y) = 1, q1(x) = coy + do,
and

(3.3) pj+1(x) +pj—1(x) = (a;z + bj)p;(z), 1 <j<n-—1,

(3.4) G1(y) + ar—1(y) = (ey + di)ar(y), 1 <k <n+o—1,
where a; >0for0<j<n—1,andc; >0for 0 <k <n+o—1, and
(3.5) a; = 0p—j,bj =bp_;, 1 <j<n—1,

(3.6) Ck = Cnto—ky Ak = dnto—k, L <k <n+o—1,

(3.7) Puos (@) = (=1)7p(@), 0 < jyr <,

(3.8) Gn+o—k(Yu) = (=1)"ak(yu), 0 < kyu <n+o.

For any (z,,y,) € S; and (zs,y,) € S, where 7 is either 0 or 1, it is easily seen
that » + u + s 4+ v is even. Hence, we have from the above two equations
(3.9  pi(@)pi(zs) @ (Yu) @ (Yo) = Pr—j(@r)Pn—i(%s)Gnto—k (Yu) Gnto—1(Yo),

for all 0 < 5,4 < nand 0 < k,I < n+ 0. Moreover, we have the following
Christoffel-Darboux formulas:

(3.10) (7 — x5) Z a;p; (xr)pj () = pir1(z,)pi(xs) — pi(2r)piri(Ts),
=0
l
(3.11) (Y = v0) D crar (W) ar(yo) = @1 (W)@ (vo) — @y @i (vo),
k=0

for0<i<n—land0<[<n+oc—1. Given any integers 0 < <oc—-1,0<s<n
and 0 < v < n+ o, we define the bivariate polynomial

n—1 n—j+9
(312)  Ks(z,y;za,m0) = > a;pj(@)pi(zs) Y crau(y)ar(yn) € Prys(z,y).
=0 k=0
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It is readily seen from (B.9) and (BII) that

(yu - yv)Ké(‘Tra Yu; Ts, yv)

n

|
_

a;p;j (xr)pj (:L‘S) [Qn*j+5+1 (yu)qn*jth? (yv) —qn—j+6 (yU)qnfjJréJrl (yv)]

3w
[l
(]

ajPn—j(Tr)Pn—j (%)@ +0—6-1(Yu)Gito—(Yo) = Gito—6(Yu)Tj+o—6-1(Yv)]

<
I
o

IV

An—;Pj (xr)pj (1'8) [anjﬂrft?fl (yu)Qn*jJrafé (Vo)

Jj=1

- Qn—j+a—6(yu)Qn—j+a—6—1(yv)}7

and

(yu - yv)Kaféfl(xr, Yus Ts, yv)

n—1

= a0 )i (@) [an—sro—s(Wu)tn—jro—s-1(yv)
5=0

—Adn—j4+o—-56-1 (yu)anjJrafé (yv)] .
Adding the above two equations and making use of [B.A]), B0) and BII) yield

(Yu = Y) [ K5 (@1, Yus Ts, Yo) + Ko—5-1(Tr, Yus Ts, Y]
=aoPn(Tr)Pn(25) [0 —5-1(Yu)do—6(Yo) = Go—5(Yu)do—6-1(Yo)]

+ aopo ()P0 (Ts)[@nto—6(Yu)nto—6-1(Yo) = dnto—6-1(Yu)@nro—s(Yo)]
=aoPn(Tr)Pn(25)[Go—5-1(Yu)do—6(Yv) = Go—5(Yu)do—5-1(yo)]

+ aopn (@) ()95 (Yu) @511 (o) — @541 (Yu) g5 (Yo)]
o—0—1 5

= — (Yu — Yo)aoPn (@)Pn ()] Y chqu(u)ar o) + Y cran(yu)a(yo)),
k=0 =0

which can be written as

(3.13) (Yu — Yo)[Ks(@r, Yu; Ts, Yo) + Ko—5-1(Tr, Yu; s, Yo ) + J (s Yu; Ts, Yo )] = 0,
where

0—6—1 6

(3.14)  J(z,y; Ts, Yo) = aoPn(z)pn(xs) Z crqr(y Qk(yu)-f—zclc%(y)%(yv)]-
k=0 k=0

Interchanging the double sum in ([BI2) gives another expression

n+é min{n—1,n+5—k}
Ks(z,y; 6, y0) = ZCka )qi (y0) > a;p;(x)p; ().
=0
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It is readily seen from [B.0), (3.9) and (BI0) that

(xr - ZES)K(;(QST, Yu; Ts, y'u)
n+4§
= Z ke (Yu) @k (Yo) [Pr—k 541 (Tr)Pn—1k46(Ts) — Pnrrs(Tr)Pr—kts41(7s)]
k=146
§
+ Z Ckdk (yu)Qk (yv)[pn (xr)pn—l(xs) - pn—l(mr)pn(ms)]
k=0
=:A5 + Bs,

where
As
n+9
= Y Coto ko kWu)dnro—kYo)Pr-s-1(2)Pr—s(25) = Dr—s(@r)Pr—5-1(2;)]
k=1+6
nt+o—06—1
= Z quk(yu)qk(y'u)Lpnkaraf&fl(xr)pn7k+af6(xs)
k=o—46
- Pn—k+o—5($r)Pn—k+o—5—1 (:Es)]
= - Aa—5—1a
and
5

Bé = Z Ckdn—k+o (yu)qnkara (yv)[Po (xr)pl (xs) — D1 (:Er)pO(xs)]
k=0
&

= — (2 =) Y Cktn—kto(Yu)dn—kto(Yo)aopo(,)po(zs)
k=0
1

=— (2 — 23) Y crqr(Yu) @ (Y0) 60Pn ()P (25).-
k=0

Hence,

(@ = 25) [Ks(Tr, Yu; T, Yo) + Ko—s—1(Tr, Yu; s, Yo )| = Bs + Bo—s-1.
Recall the definition of J in (B14]), we obtain
(3.15) (2 —25)[Ks(Tr, Yus Tsy Yo ) + Ko —5-1(Tr, Yus Ts, Yo) + T (@0, Yu; Ts, y0)] = 0.
Finally, we choose 6 = |o/2] and define the bivariate polynomial
Gh(@, Y w5, y0) = Ko (2,45 06, y0) + Koms1(2, 45 T, 50) + J (2,43 25, 90)

1 n—j+4 n—j4+o—6—1

=3 api@pi (@) D ewae@an(o D ek (W)ar(yy)]
k=0 k=0

n

<
I
o

o—06—1 6

(3.16) +aopa(@)pn(@) Y erar(@)ar(ve) + D crar(y)an(yo)].
k=0 k=0

It is obvious that G¢ € P, s5(z,y) and G7 (s, Yu; s, Y») > 0. Coupling BI3)) and
BIH) gives GS (2, Yu; xs, Yo) = 0 if either x, # x4 or y,, # y,. We summarize our
results in Theorem Bl
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Theorem 3.1. Given any xg > x1 > -+ > xp and Yo > y1 > -+ > Ynto where
n and o are nonnegative integers. Let S; with either T = 0 or 7 = 1 be defined
in BI) or B2). Set 6 = |o/2]. There exists a set of bivariate Lagrange basis
polynomials in Ppy5(x,y) for Sy which can be defined as

(3.17) L(@,y; 25, y0) = GH (@, Y3 Ts, Yo) | G (Ts, Yo' Ts, Yo,
for each (zs,y,) € S, where G is defined in (B16).
Now, we are ready to prove [7, Conjecture 3: (?Z(x,y;xs,yv)/éfl(xs, Yo Tsy Yp)

is a set of bivariate Lagrange basis polynomials in P, |,/2|(2,y), where G7, is
recursively defined as

~ Kn,1 +10 c=1
3.18 GZ =< . [ ’
(3.18) " {Ggwr};’m/g, o> 2,
with
- 1
Kn— T,Y;Ts,Yv) = a Tr)Ci—j5qi— i—j\Yv
1w,y Yo) = GOHOCOHongO Jp] p] ) i J(y)q J(y)
—1n—j—
(3.19) a;p;j(2)p;(@r)erar(y) g (o),
aoH()C()H J=0 k=0 7 ! Y
and
L (2, y; 25, yo) - |:a0pn( )P () arqi(y)ai(yo)
aoHocoHO
(3.20) +Za]pg )P (Tr)enti—iGnri—i (Y)Gnri—i (o) | -

Here, Hy and Ho are any given positive numbers, which are canceled in the ratio
G”(x y,xs,yv)/G (Ts,Yv; Ts,Yp). In other words, the set of bivariate Lagrange
basis polynomials is independent of the choices of the positive numbers Hy and H,.
In [7, Theorem 5], it was chosen that Hy = u(R) and Hy = fi(R), where u and
i are the measures of orthogonality for the polynomials p; and g, respectively.
However, if we multiply Hy and p by any positive number, and multiply Hy and /i
by another positive number, the statement in [7, Theorem 5] is still valid because
an equation does not change if we multiply both sides by the same positive number.
Here, without loss of generality, we may choose Hy = 1/ag and Hy = 1/co. It is
easily seen that the fraction 1/(agHocoHo) in the definitions 3IJ) and B20) is
simplified to be 1.

Proposition 3.2. Given any xog > x1 > -+ > 2, and yo > y1 > -+ > Ynto where
n and o are nonnegative integers. Let G, G and T'% be defined in (316), BIS)
and B20), respectively. We have

(3.21) G,y w5, y0) — G N @, yi s, o) = T (@, 524, 0),
foro >2, and

(3.22) G5 (2,55 T, U0) = 2G5 (2, Y5 25, Yo,

foro > 1.
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Proof. If 0 = 26 + 1 is odd with 6 > 1, we obtain from BI6) and 0 —§ —1 =4
that

GZ(.%, Y; Ts, yv) - GZ_I(xa Y;Ts, yv)
n—1
=2 4D (2)Pj(Ts)en—jodn—j+6(Y)n—j+5(Yo) + aopn(@)pn(s)csq5(y)ds (yo)-
§=0
If o = 26 is even with § > 1, the above equation also holds. Hence, (32I)) follows

from (B:20). Next, we note from BI9), @I8), BI9) and B20) that
—ln—j
G (2, Y %5, y0) Z Z a;p;(@)p;j (zr)crar (Y)ar(Yo) + aopn(@)pn(zr)co
=0 k=0

i( YiTss Yo)/2-

This proves [322) with ¢ = 1. A simple induction argument together with (B21])
gives B:22) for all o > 1. O

Coupling Theorem Bl and [B:22]) proves [7, Conjecture 3].

4. UNIQUENESS OF BIVARIATE LAGRANGE BASIS POLYNOMIALS

We use the same notations as in the previous section. To prove that the set of
bivariate Lagrange basis polynomials constructed in (I7) is unique in a certain
quotient space of P, is(z,y), we only need to find M = (n+d+ 1)(n+ 9 +
2)/2— N linearly independent bivariate vanishing polynomials in P, s(x, y), where
6 = |o/2] and N, is the number of nodes in S; with 7 = 0 or 7 = 1. In other
words, we shall construct a linear subspace @ of bivariate vanishing polynomials
in Pp4s5(z,y) with dimension M and then apply Theorem 24 First, we introduce
the linear subspace of bivariate vanishing polynomials:

(4.1) V =span{(z — x0) - -- (x — z,)a?y", >0, k>0, j+k<5—1}

It is obvious that V' is a subspace of P, s(z,y) with dimension 6(6 + 1)/2. Fur-
thermore, we have Lemma [£.1]

Lemma 4.1. Given 7 = 0 or 1. Ifn = 2m — 1 is odd, then the polynomials
(xr — 20) -+ (x — mp)2?y® with j,k > 0 and j +k < § — 1 and the polynomials
Pr—1(2) @6 () — (=) p1(2)gnrs—1(y) with 0 <1 <m —1 are linearly independent.
If n = 2m is even, then the polynomials (x — x¢)--- (v — z,)z/y* with 5,k > 0
and j + k< & — 1 and the polynomials po—1(x)qs5(s) — (~1)"pi(x)gng—1(y) with
0<I<m—1+ 7 are linearly independent.

Proof. We only consider the case when n = 2m — 1 is odd. The case when n = 2m
is even can be proved in a similar manner. Assume that

Z aj,k(x—xo)---(a:—xn)a:jyk

j>o0, k:>0,j+k7<5—1

+sz[pn (@)arrs(y) — (=1)7pu(@)an4s-1(y)] = 0

for all (z,y) € Rz. We will prove that the coefficients a; ; and b; vanish. First, for
any j > 1 and k > 0 with j + & < § — 1, the coefficient of 2"*7y* on the left-hand
side vanishes, which implies that a;, =0 for j > 1 and k > 0 with j + %k < — 1.
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Secondly, the coefficient of z™y° on the left-hand side vanishes, which implies that
bo = 0. Thirdly, for any 0 < k < § — 1, the coefficient of z"y* on the left-hand
side vanishes, which implies that agy = 0 for 0 < £k < § — 1. Finally, for any

l=1,---,m — 1, the coefficient of z"'y'*9 on the left-hand side vanishes, which
together with a successive argument implies that by =0 for [ =1,--- ,m — 1. This
completes the proof. O

We shall consider the following three cases respectively.
Case 1. 0 =260 + 1 is odd.
We have Ny = Ny = (n+1)(n+0+1)/2 and

o i)+ d+2) (ntDnto+l)  6(@F+1)
2 2 2

for either 7 =0 or 7 = 1. We simply set

(4.2) Q=V.

Case II. 0 =26 is even and n = 2m — 1 is odd.
We have Ny =Ny = (n+1)(n+o0+1)/2 and

I (n+5+1)2(n+5—|—2) ~ (n+1)(¢;+a+1) :5(5;1) -

for either 7 = 0 or 7 = 1. Note from B and (BJ) that

Pr—j(Tr)q+6(Yu) = (_1)T+upj (@) qnts—3(Yu) = (=1)"pj (%) qnr5—5 (Yu),
for any (x,,y.) € Sr. We define

(4.3)  Q=V +span{p,—;j(z)qj+s(y) — (=1)"pj(z)qn+s—5(y), 0 <j <m—1},

which, in view of Lemma [£.] is a subspace of bivariate vanishing polyno-
mials in P, y5(x,y) with dimension M = 6(6 +1)/2 +m.
Case 111. o = 2§ is even and n = 2m is even.
We have N, = [(n+ 1)(n+ 0o+ 1)+ 1]/2 — 7 and

po PHIED+5+2)  (tDito++1

2 2
5(6+1)
= 5 +m+T

for 7 =0,1. We define
(4.4) Q =V +span{p,—;(z)qj+s(y) — (=1)"pj(x)qn+s-j(y), 0<j<m—1+7},

which, in view of Lemma [£.]] is a subspace of bivariate vanishing polyno-
mials in P, y5(x,y) with dimension M = 6(6 +1)/2 4+ m + 7.

On account of Theorem 2.4] we have the following uniqueness property of bivariate
Lagrange basis polynomials for S, with 7 =0 or 7 = 1.

Theorem 4.2. Given any g > x1 > -+ > Ty and Yo > Y1 > -+ > Yntoe Where
n and o are nonnegative integers. Let S; with either 7 = 0 or 7 = 1 be defined
in BI) or B2). Set § = |o/2]. The set of bivariate Lagrange basis polynomials
for S; defined in [BIT) is unique in the quotient space P, 1s(x,y)/Q, where Q is
defined in [@2)-@Q) depending on odd-even properties of o and n.
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