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1. Introduction
In his lost notebook [18, p. 57], Ramanujan wrote

zq2n—1

N 4 e TT
Aal2) ‘_;::O(q;q)n( ) nl;[l ! 1=y | (L.1)

and gave explicit values for y; for 1 < j < 4. Andrews [1] interpreted (1.1) as a Weierstrass factor product
representation and that the n-th zero has the asymptotic series ¢*~2"[1 — Z]Oil y;¢’"]. This agrees with

Hayman’s results about asymptotic expansion for the zeros of entire functions of the form ZZOZO anq”2 2"
with a,, bounded for all n; see [7]. Andrews proved the result only in the special case 0 < ¢ < 1/2. Al-Salam
and Ismail proved that the zeros of A,(z) are real and simple and interlace with the zeros of A,(gz); see
[12] for references. Ismail and C. Zhang [15] proved that if z,,n = 1,2,---, denote the zeros of A,4(z) in

ascending order, then ¢*"~!

zp is analytic in ¢"; namely, the asymptotic series 1 — 3727, y;¢’™ is actually
convergent, where ¢ is allowed to be in the interval (0,1). They also investigated the structure of the

coefficients and showed that the coefficients are in a polynomial ring with three generators involving two
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transcendental functions in ¢, and the coefficients in the polynomial are rational functions of ¢. The function
A, (z) also appeared in the Rogers-Ramanujan identities, which actually give infinite product representations
for Ay(—1) and A4(—q). The Garrett-Ismail-Stanton generalization of the Rogers-Ramanujan identities
expresses A,(—¢™) as a linear combination of A,(—1) and A,(—q) with coefficients being rational functions
of ¢; see [5].

Ismail [11] pointed out that the Plancherel-Rotach asymptotics of the ¢~!-Hermite polynomials, the
Stieltjes—Wigert polynomials and the ¢g-Laguerre polynomials involve the function A,(z) and the asymptotics
of the k-th largest zero of any of these polynomials involve the k-th zero of A,(z). In other words, Ay(z)
plays the role like the Airy function in the asymptotics of the Hermite and Laguerre polynomials; see [12]
and [19]. Recently, the Plancherel-Rotach asymptotics of the Al-Salam—Chihara polynomials were studied
n [13], which led to a two-parameter function

© n —w)" (g) k npn—k
F(w,A,B;q):ZZ( )" AT (1.2)

i (G D@ Dn—k

The same function appeared again in our work [3] where we established Plancherel-Rotach asymptotics for
a class of orthogonal polynomials satisfying recurrence relations whose coefficients are polynomials in ¢~ ™.
This two-parameter function turned out to be similar in nature to a scaled form of the g-exponential function
introduced by Ismail and R. Zhang [16].

The rest of the paper is arranged as follows. In Section 2, we study some elementary properties of the new
function F(w, A, B; ¢). In Section 3, we prove a mild generalization of the Garrett-Ismail-Stanton m-version
of the Rogers-Ramanujan identities obtained in [5]. In our result, the Schur polynomials are also polynomials
in ¢ but their definition involves a double sum. Garrett [4] studied the very interesting combinatorics of the
Garrett-Ismail-Stanton formula in terms of partitions. We expect our results will lead to a more elaborate
combinatorial theory. Section 4 is devoted to a study of the zeros of F(w, A, B;q) when B/A = ¢'/>tk
with £ = 0,+1,£2,---. It turns out that the n-th zero is an analytic function of ¢”, which generalizes the
results for the zeros of A,(z) given in [15]. On the other hand, our generalization involves a positive integer
parameter m and the structure of the j-th Taylor coefficient of the expansion of the n-th zero depends on
the residue of 7 modulo m. In other words, there is certain sieving process involved. Finally, an integral

equation for F(—w,e™%, e';q) is given in Section 5

2. Elementary properties of F'(w, A, B;q)

We first introduce the polynomials of two variables A and B:

n(A,Biq) = [ } AFB"=F — (AB)"2H, (cos 8| q), (2.1)
k=0 q

where %Y = B/A and

n

H,(cosf|q) :ZH in—2k)0 (2.2)

are the Rogers-Szegd polynomials or the ¢g-Hermite polynomials; see [12]. Here,

n (4 Q)n
= k=0,1,2,--,n
M ¢ (@GOG Dn—k
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is the g-binomial coefficient; see the notations and terminology about g-series and relate functions in Andrews
et al. [2], Gasper and Rahman [6]. It is readily seen from (1.2) and (2.1) that F(w, A, B;q) is a generating
function of u, (A4, B;q):

© (2) —w)"
F(w,A, B;q) = Z ¢ (-w) un(4, B;q). (2.3)

—= (G Dn
Actually, we have another generating function (see [17, (1.14.1)])

> tm 1
un (A, B;q = , |At| <1, |Bt] <1, 2.4
nz_% ( ) (¢:0)n (AL, Bt;q)so 44 1Bl 24

from which we observe that u,, (A, B; q) has a single-term closed form if and only if B = —A, or B = Ag*'/2.

1/2

In the former case the generating function becomes 1/(A4%t?; ¢?)+, and in the case B = Aq'/? the generating

function turns out to be 1/(At; ¢*/2).. Therefore, we have
U2n+1(A, _A7 q) = 07 u2n(A7 _A; Q) = %Aznv

GDn yn
un(A, Aq?;q) = Wl‘l = un(Aq'/?, As q). (2.5)

The above formulas are known because they are essentially the evaluations of the g-Hermite polynomial
H,(z|q) at x = 0 and x = (¢'/% + ¢~ /?)/2, respectively. From (2.3) and the above formulas, one can see
that F(w, A, —A;q) and F(w, A, Aq'/?; ) are indeed the g-Airy functions:

AZw?

q

Aw
F(U}, A, *A, q) = Aq2 ( ) y F(U}, A, Aq1/27 q) = Aq1/2 <q1/2) . (26)

When B = Aq—**+1/2 for k € Ny, we have the following representation.

Theorem 2.1. With u, (A, B;q) defined in (2.1), we have, for k € Ny,

min{k,n} : (J)
_ " —kn k —1)7q\2
un (A, Ag k+1/2;Q) = (g9)nA"q F Z [} ﬁ (2.7)
=0 W\ @7a " )n—j

Proof. From (2.4), it is clear that, for any [¢| < |¢¥/A],

- - " 1 (Atg™%; q)x
A A k+1/2. _ — )
,;)u”( o ’q)(q;q)n (At, Atq=F1/2,q) 0 (Atq™F, Atq=F+1/2;q) 0o
(Atg % q)x

(Atg%;q"?)oe
Recalling formulas (1.9.8) and (1.14.1) in [17], we get

k o0
B k (j)_. ) 1 (At)mqimk
k. _ 3)—dk(_ J S — -~ *
(Atq™";q)r = E {.Lq (—At)! and (Atq—F;q'/2) ‘ (¢/2;q1/2),,

m=

Then, the above two formulas give us the desired result. O
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In the following proposition, we give a recurrence relation satisfied by u, (A, B;q).
Proposition 2.2. With u, (A, B;q) defined in (2.1), we have
(A+ B)un(A, B; q) = uny1(A, B;q) + AB(1 — ¢")un—1(4, B; q). (2.8)

Proof. From the definition of u, (A, B;¢) in (2.1), we get

Ms

n+1
Bun(A,B;q) Un+1 A B: q I: :| Aan+1flc . Z {n—i— 1:| AanJrlfk
q

k
k=0

n+ _
1— n+l1—k 1
- (1‘1—n+1 _ 1) [”‘]L‘ } Ak gnti—k
k=0 —a q

»—AO

As the coefficient vanishes when k = 0, we change the index from k to k + 1 and obtain
Buy, (A, B;q) — un+1(A, B; q) Zq" |: ] Ak+1pgn—k
=0 q

This gives us
- n
(A+ B)un(A,B;q) — uns1(A, Big) =Y _(1—¢"F) M AkF1pn=k,
k=0 q

Since the term vanishes when k = n, we extract the factor AB(1 — ¢™) out of the above summation and
obtain (2.8). O

From the above proposition, we get a functional relation among F(w, A, B;q), F(qw, A, B;q) and
F(q*w, A, By q).

Proposition 2.3. We have
{1 —(A+ B)U}} F(quw, A, B;q) = F(w, A, B;q) + ABqu’F(q°w, A, B; q). (2.9)

Proof. The equation (2.3) can be considered as a Taylor expansion of F'(w, A, B;q) near w = 0. Let us
consider the coefficients of w™ for the function [1 —(A+ B)w] F(qw, A, B;q) — F(w, A, B; q), which can be

simplified as

") (=1t

(@ )n [(A + Blun(A, B q) = un41(A, B; q)] :

Moreover, the coefficients of w™ for the last term ABquw?F(q?w, A, B;q) in (2.9) is given by

(") (—1)n-1
. (qé) ,)1 ¢*" Vu,_1(A, By q) =

n+1

q( 2 )(71)n+1

ABgq
(¢ 0)n

AB(1 - q")un-1(4, B; q).

Using the recurrence relation of u, (A4, B;q) in (2.8), the above two formulas are indeed the same. This
proves (2.9). O
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It is more convenient to write (2.9) in the following form

[1_ (A+ B)w

A
} F(w,A, B;q) = F(w/q, A, B; q) + —Bw2F(qw,AyB;q)~ (2.10)
q q

Now, we interchange the summations in the definition (1.2) and make use of the Euler’s theorem [12,
Theorem 12.2.6] to obtain

—Bw)"q(;)

= w5
F(w, A, B;q) = (A ,q)oongo G ga, (2.11)

This implies that F(w, A, B;q) is essentially a g-Bessel function of the type J,£3), where v depends on the

variable w: ¢**' = Aw. This situation is similar to the functions arising from the spectral analysis of
orthogonal polynomials generalizing the Lommel and the g-Lommel polynomials [10].
Ismail and R. Zhang [16] introduced the g-exponential function

(t*:0°) 0 o~ 4 (—it)"
Ey(cosb;t) i= ——22= (—z’e’eq(l_”)/2, —ie_leq(l_")/z;q) S (2.12)
! (at*4%) o = n (¢;0)n
It was later proved that
e qn2/4tn
(G RMACHEDY G Enlelo; (2.13)
n=0 Y n

see [12]. Note that the left-hand side of (2.13) is an entire function of ¢ for fixed = and is an entire function of
x for fixed t. Moreover, the t-pole singularities of £,(z;t) are all canceled by the infinite product (qt%; ¢?) .

The major difference between the series in (2.3) and (2.13) lies in the powers of ¢: one is q(g) and the other

. 2
one is ¢" /4.

3. Rogers-Ramanujan type identities

Garrett, Ismail and Stanton [5] proved the following generalization—which is usually referred to as the
m-version—of the Rogers-Ramanujan identities

m

A =3 q( (7 Ban() | (—1)m;1g._(2)bm(Q)’ 51)

= (G Dn (¢, 4% ¢°) (q

where

am(q) =Y q"zﬂ[m_ij_QL, bn(a) = > qu[m_j_lL, (3:2)

0<2j<m—2
for m > 1, and
ao(q) =bi(q) =1,  ai(q) =bo(q) =0. (3.3)

The polynomials a,,(q) and b,,(q) were considered by Schur in conjunction with his proof of the Rogers—
Ramanujan identities. They are solutions to the discrete system
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Ynt2 = Ynt+1 + " YUn, (3.4)

with the initial conditions in (3.3).
We may also derive a similar Rogers-Ramanujan type identity for F(—q¢™*!, ¢?* ¢;¢?). To see this, by
replacing A by A¢* in (2.7), we find that

min{k,n} . (;)
k] (=1)q¢%
un(Ad*, A¢'?;q) = (¢;q)n A" H : 3.5
( ) ( ) ]:ZO j . (ql/z7 q1/2)n—j ( )
Substituting this into (2.3) leads to
o min{k,n} ; (])
n k| (=1)q>
k 1/2, _ 2)(_ n
n=0 j=0 q ’ n=J

We interchange the summations on the right-hand side of the above formula, and then shift the index
n — j = m to obtain

F(w/A, Ag*, Ag"/?;q) =

M-

I
o

Kl .
] w0 g, 36
J q

where A is a constant, but A 5 is the Ramanujan function defined in (1.1). Note that the right-hand side in
the above equation is independent of A. Without loss of generality, we may take A = 1. With w = —q¢(™m+1/2,
we find that

k
k o .
F(—q<m+l>/2,qk,q1/2;q>=§)[j] (—1)I /DRI gitmi2), (3.7)
=0 q

Coupling this with the formula obtained by Garrett—Ismail-Stanton (3.1) gives us

ém(q) I Bm (q)

F(=¢",¢*,¢;:¢%) = : 3.8
( ) (0% ) (*¢* %) (38)
where @,,(¢) and b,,(g) are rational functions of g.
We next consider the function F(—q(™*+1/2 A, B:q). When m = —2s,s € N, is even, we set
P(—q /2, 4, B;q) = X,q~ ). (3.9)
Then, (2.10) becomes
A+ B} AB
¢+ Xo=Xep1+—Xs 1. 3.10
o+ 2 a2 (3.10)
We solve this recursion using the generating function
G(z) =) X.2". (3.11)
s=0

It is easy to see that (3.10) implies
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2G(g2) Xo + X1z = [L+ (A+ B)//@zXo
(1—2A/\@)(1 - 2B/ \/3) (1—2A/ @)1 - 2B/ \/3)

Note that (3.10) also indicates that

G(2) =

X; —[1+(A+B)//qXo=—-ABqg ' X_;. (3.12)

By iterating the g¢-difference equation for G, we conclude that

n

() on
_ 92’z
G(z) = Xo; (A2q-172, B2V, )i

o0

oot "+1) n+1
. 3.13
Z (Azq~ 1/2  Bzq /2, q)n i1 ( )
Using the ¢-binomial theorem
_ Z O (3.14)
= (¢:9)
we expand the generating function (3.13) and establish the explicit form
q_(g)XS =X Z |:S - U:| |:S - u:| q—s(u+’l))+(u+v)2/2AuB'u
U v
u,v>0,u4v<s q q
N vl S [l Pt e
q u,v>0,utv<s—1 u v q
for s =0,1,2---, where the empty sum equals 0. It is easy to see that, when s = 1, the above formula is
the same as (3.12). From (3.9), we find the initial values
> qn2/2
Xo=F(—¢"? A, B;q) = un (4, B; q), (3.16)
= Dn
St qn2/2+n+1
X 1 =qF(=¢*? A,B;q) = Y ———u.(A, B;q). (3.17)
— (G Dn
When B = Aq'/?, it follows from (1.1) and (2.5) that
oo qn2/2 oo qn2/2+n+1
Xo = ———— A" =A 5(-A), X 1= ————— A" =q A _s(—qA).
nz::O (@Y% ¢Y?), val=4) nz::o (q*%¢*/2), va(=a4)

There is another representation for X which may be of interest. We go back to the generating function
(3.13) and expand it using the g-binomial theorem to see that

s s—n
X, = X Z q(;)+(n—s)/2 Z |:Tl j; u:| |:8 ; u:| Avps—n—u
n=0 u=0 q

s—n—1
(") 4 (nt1-s n+u| |[s—u—1 U TS T —
——X 1§ g3+ t1-9)/2 § { ] { }A B L (3.18)
q q

u n
u=0
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We now come to the case m = —2s+ 1,s € N, is odd. Let
F(—q'"*,4,B) =Y, ¢ (0). (3.19)
The functional equation (2.10) yields
(¢*+A+B)Y,=Ys11 + ABY,_4. (3.20)
This is exactly the recurrence relation (3.10) with (A4, B) — (/¢ A,/q B). Therefore (3.18) implies

Y;:Yoi:q(g)sg{wr“] [ ] Av B

n=0

n

( n+ul [s—u—1 o
_ ABY_ 1Zq ) Z [ } [ } Avps—n—u—l, (3.21)
= q

In the case B = Aq'/?, we conclude from (3.6) that

Yo =Aq(-AVa),  Yoi=qAg(-Ad?). (3.22)

It must be noted that the recursions (3.10) and (3.20) have appeared earlier in the work [14] by Ismail
and Mulla in the form of orthogonal polynomials generated by

po(x) =1,p1(z) =2z —a, pupy1(x) =22 — aq"|pn(z) — pn_1(x). (3.23)

The authors of [14] referred to these polynomials as the generalized Chebyshev polynomials.
Next, applying Darboux’s method, we obtain the asymptotics of Xs and Y; as s — oo.

Theorem 3.1. Let X, and Y be given in (3.18) and (3.21), respectively. When |A| > |B|, we have the
following asymptotics for X5 and Yy as s — oo:

X As 5/2(X i Qn2/2A*n
s * £ (B/A; Q)1 (¢ 0)n

e q(n+1) /2A—n 1
A Z (B/A; @)n11(4; @)n ) (3:24)
(YO,;) B/A q n+1(Q7 Dn
(n+1)A n—1
—ABY Z B dond) (329)

Proof. Recall the explicit expression of the generating function for X, in (3.13). It is clear that G(z) has
simple poles at

git1/? i Z:q—j+1/2
A B

z= for j =0,1,---. (3.26)

When |A| > | B, the pole closest to the origin is ¢*/?/A. Then, the comparison function is
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(3.27)

0 n?/2 g—n g+’ /21
1-— Azq_l/2 -1 (X q -—X_ )
( : OnZ:;) (B/A; @) nt1(4; @) ' Z (B/A; @)n+1(a;0)n

By expanding the above formula near z = 0 and comparing with (3.11), we obtain (3.24). Changing (A4, B) —
(V@ A, \/q B) gives the formula (3.25). O

We may also consider the recurrence relations (3.10) and (3.20) for X, and Yy when s < 0. For this
purpose, let

AB\*® - -
X, = (—) X, and Y, =(AB)'Y.. (3.28)
q

Substituting the above formula into (3.10) and (3.20) gives us
1\° A+B

G) %

q Vi

(DR

AB ~
X X -1+ TXS+17

375 = 17571 + AB?S+1~

Replacing s by —s, we have

1\° A+ B} = AB
=)+ X =X (o) + —X_(s 1), 3.29
)+ T T o
1\° > > >
[(5) +A+ B} Yos =Y (s41) + ABY (5-1). (3.30)

Comparing (3.29) with (3.10), they agree with each other through the relation (A, B) — (A/q, B/q). This,
together with (3.18), gives us

X_g 7onq +(n s /QZ |:TL+’U,:| I:S_u:l AvpBs—n—u
/el ™ diyq

s—n—1

_A_chlzq Fronar Y [’”ﬂ {S‘Z‘l} Bl (331)
1/q 1/q

Recalling (3.28) and the relation

n _  —k(n—k) {”}
- q )
|:k:| 1/q k q

we obtain

S s—n
X_ =X, Z q—(2)+(n—8)(n+%)—s Z n+u Ss—u As+uBZS—n—u
u q n q

n=0 u=0

s—n—1
—u—1
- Xl Z q +(n+l s)(n+ )— Z |:n + u:| |:S u :| As+uB2s—n—u—1. (332)
q q

Similarly, we also have
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Y. . =Y, Z q +7L(n s) Z [n + u:| [S - ] Astup2s—n—u
q

n=0 u=0
= ("+1) e n+u] [s—u—1
_Vv —(ntt +n(n+1-—s) - e s+u 2s—n—u—1. )
1 Z g \"2 Z N AsteB (3.33)
n=0 u=0 q q
4. Zeros
Using the Jacobi triple product identity we write
o _ 1 (22420
(71 = % ZTLJ"I dZ,
c

where C is a positively oriented circular contour centered at z = 0 and containing the points A and B in its
interior. Substituting this in the form (1.2) yields

1 (0,2,4/% Qo0 dz
Fw,4,B;q) = 2mi ]{ (Aw/z, Bw/z;q)oe 2 (4.1)

where we have made use of the Euler’s theorem [12, Theorem 12.2.6]. The above integral gives us another
expression of F(w, A, B;q) in the following theorem.

Theorem 4.1. The function F(w, A, B;q) has the representation

(Aw, L q) e S (—1)g("1") (L>n

F(w,A,B;q) =
( ) (B/Aiq)oe = (4:9A/B;q)n \Bw
(Bu, g50)oe 5 (=1)"q"F) (L) (4.2)
(A/B;q)oc = (a,94B/A;q)n \Aw/ ~ '
Note that (4.2) can be written in the hypergeometric notation
(Aw, 251 4)oo q°
F A B' == AW’ 77 0. A B. L1
(w, A, B; q) B/A ) 11(0;94/B;¢; )
(Bw, g3 0)oo g’
— 2w 0;¢qB/A;q; —). 4.3
Proof of Theorem 4.1. The following standard identity will be used repeatedly in the proof:
k
(ca 300 = (=" g " (g/es . (4.4)

Let C,, be a contour centered at z = 0 and lies in the interior of C with radius c¢™. Moreover we assume
that neither ¢/A nor ¢/B is of the form ¢™ for any integer m. Let f(z) denote the integrand in (4.1). On
the integration contour C,,, we have

(4 @)oo (2, 4" /25 4) oo ’ _ ’ (¢/70)n
21 (g Aw/z, " Bw/z; q) 0o (Aw/z, Bw/z; q)n

IF(2)] <

The first factor is clearly bounded and we now show that the second factor tends to zero as n — oco. Indeed,
with |z] = ¢¢™, the second factor is at most
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(=¢""/c;q)n G N CO N G
G Aw/eq Bufeg, | .| © T ABu?
This shows that j;c z)dz — 0 as n — oo. Therefore, the integral in (4.1) is the sum of the residues at
z = Awq™ and Bwg™, n =0,1,---. A residue calculation then establishes (4.2). O
Recall the definitions of the four theta functions [20, §21.3],
01 (z,q) = 20" *sin z (¢%, ***, Pe 71 ¢%) (4.5)
Da(2,q) = 2¢"* cos 2 (¢%, —¢°€**, —¢*e **1¢%) (4.6)
193(ZaQ) ( 2i27_q€7 lz;qQ)oo ) (47)
Da(2,q) = (q ,q€”% e %) . (4.8)
Moreover with the notations [20, §21.61]
k =13(0,4)/93(0,q), k' =131(0,9)/93(0,q), (4.9)
the Jacobian elliptic functions sn, dn are [20, §22.11-12]:
U3(0,4) V1(u, )
sn(uv2(0,q), k) : = ’ e 4.10
(w8(0:0) ) = 5,0,9) Dar0) (410
94(0,9) V3(u, q)
dn(u9%(0,q),k) : = . L= 4.11
(w8(0,:9)K) = 5.0,9) s 0) )
Furthermore, we have [20, §21.11-12]
/ dt
:/ , if y=sn(u,k); (4.12)
) V(=21 - k2
dt
u :/ , if y=dn(u,k). (4.13)
) Ja—ee -
Let us consider the zeros of F(w, A, B;¢?). From (4.3), we have
4
(A/B, Aw, 4 Aw,q oo _ 1410’ B/As 0% ) (4.14)
(B/A,Bw, §5:0)  101(0;¢*A/B; ¢ )
Let
B/A=q™, with m an odd integer, (4.15)
then we have
—m q° .om+2. 2. ¢
(q A’LU, Au,vq ) _ _ 1(,251(0,(] 54 am) (4 16)
(@™ g™ Aw, 0?0 16105072 g% )

Note that
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c (q).fwf T, fm <o,
m s =
(473 0%)oc (™ ¢%)m ifm >0,
Furthermore, we put
Aw = ¢ "2 and ¢, = e,
then the left-hand side of (4.16) becomes
( ) (q72n+262iz7q2n672iz; qz)oo
cm\q) - (q,2n+m+262iz’q2n7mef2iz;q2)oo
=cm(q)(—1) =3 (n—"1)%—n(n—1) 1 —e?* ' (¢%e?* ¢%e=%%; ¢%)
e ! el=miDz  (ge2i qe=22; )

From (4.10), the last term in the above formula yields

(2, 2%, %), 1 V1(2,q)
(ge%%,qe™2% %) e 2¢M*sinz Va(2,q)
1 192(05 q) 2
sn(z95(0,q), k
2q1/4 SinZﬁB‘(O’q) bn(Z 3( 7Q)7 )
Combining (4.16), (4.19) and the above formula, we have
—m—1 iq1/4€_imz U3 (07 q) 161(0; qm+2; q2; %)

SI’I(Z 193(0,(]), k) = (_1) 2

em(q)g= "5~ n(n=1) 95(0,q) | §y (0; g~ m+2; g2 L

) 4
. 7"571 iqmn—m(2+m)/4e—zmz 193(0’ q) 1¢1(0; qm+2; q2; %w)

Typically, when m = 1, we have ¢1(q) = 1 — ¢~ . Then, the above formula reduces to

. 4
iq" Y %e = 93(0, q) 161(0; ¢%; 4% L)

93(0,q), k) =
SD(Z 3( aQ)7 ) 1—gq 192(0’(]) 1¢1(0,q7q2’%)a

which is similar to [15, eq. (3.8)]. The next theorem follows immediately from (4.12) and (4.21).

Theorem 4.2. Let &, be given in (4.18), which are the (scaled) zeros of F(w, A, Aq™;¢*) for odd m.

&, satisfies the following integral equation

g™ /A e

dt
In§&, = -2

V(1 + a2t2)(1 + b22)

(e}

with

azﬁg(o,q), b:ﬁg(o,q),

—m=1 &"” 101036 6% 4712 /)
m(@)02(0,9)95(0, ) 10105 ¢~ 25 6% ¢ H2/8)

P(&n) = (1)

enla) 02000 101 (0 g g )

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

Then

K

(4.23)

(4.24)

(4.25)
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Denote
&n=n"2% Z=1/Vab, and L =a/b+b/a.

‘We then have

[0
/ Zdt
Innp= [ —m——,
) V14 Lt? + ¢4
where

( )(m+1)/2 nm— m(m+2)/41¢1(0 qm+27q q2+2n/§ 00

‘= VETem(q)161(0;¢>7™; g% g2~m 2 /€, Z)

The coefficients o are rational functions in q. Now, we set

@ Z 00
ex —_— | = hia,
P /\/1+Lt2+t4 kZ_O *
) -

where hj are polynomials in Z and L. It follows that

n=y he [ aglghn)Pm
k=0 =0

We further let

oo

0o o 2j+mk
1 nl (2§+mk) nl
N (zmq) D
=0 =0

and

k
o0 oo
R - (k) j
D a2 | =3 a4,
=0 =0

(k)

where the coeflicients a;’ are rational functions in g. We then have

oo 0 XX

13

(4.26)

)2, (4.27)

(4.28)

n=1+ iihko‘;w(qn 2jtmk _ 1 4 Zzzh ol n(2j+mk) q n(2j+mk+l)

k=1j=0 k=1 j=0 1=0

This implies g = 1 and

(k), (25+mk)

Ns = E hros ™, .
k>1,j>0,1>0
2j4+mk+l=s

(4.29)

By induction, we learn that 7, are polynomials in Z and L with coefficients being rational functions in gq.

Consequently, we have
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e} -2 oo
€n = <Z mqnl> _ an(—Z)qnl’
1=0 =0

where 77(72) are also polynomials in Z and L with coefficients being rational functions in ¢. It can be easily
calculated from (4.27), (4.28) and (4.29) that

(_1)(m+1)/2q—m(m+2)/4 o = ag |: q2 B q2—m o
cm(q) ’ (I=gm)(1-¢*) (1-¢*™)(1—-¢*)]"

ho=1, hy =2, hy = Z*/2, hy = Z(Z* — L)/6, hy = Z*(Z* —4L)/24,-- - ;

Qg =

mo=1m=-=nm-1=0, tm =h100, Nmi2e—1 =0, Nmtor = h1cy, 0 <k <m/2.
Similar to Theorem 3.4 and Theorem 4.1 in Ismail and C. Zhang [15], we have the following theorem.

Theorem 4.3. Let m > 0 be an odd integer, then &, is an analytic function of ¢ and has the Taylor series

expansion
Go=14Y dig", (4.30)
j=1
where d; = 77§72) are polynomials in Z and L with coefficients being rational functions in q.
It is easily seen from the above two theorems that dy =--- =d,,—1 =0 and
o —m(2+m)/4 1
dy = 2(—1) 75 4 (4.31)

(g™ ¢%)m 92(0,9)03(0,q)

When m = 1, this agrees with [15, eq. (3.14)]. We may also compute the following a few coeflicients:

dm+1 - 0,
I —m(2+m)/4 1 1 2
Ay = 2(~1) 75 1 +—2 ’
(1—=¢%) (g7™;6%)m U2(0,¢)03(0,q) \1—¢m=2 1—qgm*2
dm+3 =0,
o —m(2+m)/4 1
dm+4 = 2(_1) - 1

(1 =422 (¢7™; ¢%)m 92(0,¢)95(0, q)

( 1 - 1
(1—=¢gm2)2  (14+¢*)(1—-qm2)(1—qgm1)

q q°

=g )1 -2 A+ @) — g1 qm+4>)’
1—

m
o = —5— 3.

_|_

Remark 4.4. Note that the coefficients d; satisfy similar structure as that in [15, Thm 4.1], namely they
are polynomials in terms of Z and L given in (4.26) with coefficients rational in ¢. It is worthwhile to point
out that combinatorial interpretations of the coefficients in [15, Thm 4.1] have been found by Huber [8] and
Huber and Yee [9]. We expect some elaborate combinatorial interpretation for the coefficients d; may also
be possible. Moreover, from the above calculation, the formula of d; depends on the residue of 7 modulo m,
which indicates that certain sieving process may be involved.
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5. An integral equation

Let

o0
K(w,2) = F(—w,e ¢ g) = 3

n=0

wg®) 5.1

with = cos . We have the following integral equation for K (w, z).

Theorem 5.1. The function K(w,x) defined above satisfies the integral equation

K (st,cos0) = (23 @)oo (43 @)oo /Tf i K(s,cos ¢)(e%?, 7%, q) o do

2 6+¢), tei(0*¢)’ te*i(9+¢), te*iw*‘z’); q)oo (52)
0
Proof. We recall the Poisson kernel of the ¢g-Hermite polynomials [12, (13.1.24)]
i Hy(cos 0| q) Hn(cos $]q) .,
= (% @)n
_ (G (5:3)
(tei(9+¢)) tei(9—¢)7 te—i(9+¢), te_i(9—¢); Q)oo ’
and their orthogonality relation
1 2(g:0)
\q;4)n
[ HolwloHo |l g do = 27 LD 5, (5.4)
S
21
where
2ip ,—2id.
w(x|q):w x=cosg, 0< ¢ <. (5.5)

v1—a22 ’

Note that, for fixed 6 € (0,7), both K (s, cosf) and the Poisson kernel are in the space L2[w(x|q);[—1,1]]
with # = cos ¢. As the g-Hermite polynomials are complete in L2[w(z | q); [—1,1]], we have (5.2) from the
Parseval’s theorem. 0O
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