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Uniform asymptotic formulas are obtained for the Stieltjes-Wigert polynomial, the g~1-

Hermite polynomial and the g-Laguerre polynomial as the degree of the polynomial tends
to infinity. In these formulas, the g-Airy polynomial, defined by truncating the g-Airy
function, plays a significant role. While the standard Airy function, used frequently in
the uniform asymptotic formulas for classical orthogonal polynomials, behaves like the
exponential function on one side and the trigonometric functions on the other side of
an extreme zero, the g-Airy polynomial behaves like the g-Airy function on one side and
the g-Theta function on the other side. The last two special functions are involved in the
local asymptotic formulas of the g-orthogonal polynomials. It seems therefore reasonable
to expect that the g-Airy polynomial will play an important role in the asymptotic theory

of the g-orthogonal polynomials.
© 2009 Elsevier Inc. All rights reserved.

1. Introduction

For fixed q € (0, 1), the g-shifted factorials [1, (1.2.15)] are defined by

n

@qo:=1, @qQn:=[J(1-a""), n=1.2,..: (1.1)
k=1

this definition remains valid when n is infinite. We shall also make use of the identity

(9 Doo
(@ Pn= m (12)
In terms of the notation in (1.1), the Stieltjes-Wigert polynomial [5, (3.27.1)] is given by
n k2
Sz =Y —— (2, (13)

o (@ Dk Dn—k

In this paper, we are concerned with the asymptotic behavior of this polynomial as n — oo. First, let us introduce the new
scale z:=q ™u with u e C, u#0 and t € R. In view of the symmetry relation

Su(g™u: q) = (—w)"q" 1705, (g "2 OuY), (1.4)
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we may restrict ourselves to the case t > 1; see [6, (5.6)]. The case t =2 has been studied by Ismail [3, Theorem 2.5], who
gave an asymptotic formula for this polynomial involving the g-Airy function
00 k2

q k
A=) —— (-2 (1.5)
= @ Dk

see also [2, Theorem 21.8.7]. For the cases t > 2 and 1 <t < 2, Ismail and Zhang [4, Theorem 2.3] have derived asymptotic
formulas in terms of the g-Airy function and the g-Theta function [7, p. 463]

O =Y 7, (1.6)

k=—o00

respectively. The results in [4] have been improved in our earlier paper [6], where simpler formulas and sharper bounds
for the error terms are given. However, none of the formulas obtained thus far holds uniformly in a neighborhood of t =2,
and our intention here is just to provide such a result. It turns out that, in stead of the g-Airy function given in (1.5), our
formula involves the polynomial

n k2

q k
Agn@) =) ———(-2". (1.7)
k=0 (q7 q)k

Since this is simply the n-th partial sum of the g-Airy function, we call it the g-Airy polynomial. For convenience, we also
introduce the half g-Theta function:

o0
2
OF @)= q“ 2 (1.8)
k=0
Clearly,
042 +1=0(2)+ 6, (1/2). (1.9)

The following theorem is our main result.

Theorem 1. Let z := q ™u witht > 1, u € C and |u| > 1/R, where R > 0 is any fixed large number. Given any small § > 0, we have

—2)"q" o
Sn(z;) = ——— [Aq,n (q /Z) + rn(z)] (1.10)
(@ @Dn
fort > 2(1 — §8), where the remainder satisfies
n(1—38) 5 3n252—2n5R [3n8]+1
Agn(=a72"/12l) +
1-q 1 ol ) (@ Qoo

In view of the symmetry relation (1.4), the above result together with the second statement in Corollary 2 of [6] provide the asymptotic
behavior of Sy(z; q) for z in the whole complex plane.

Irm(2)| < O, (¢*™R). (111)

The paper is arranged as follows. In Section 2 we present some asymptotic formulas for the g-Airy function and the
g-Airy polynomial in terms of the g-Theta function. The proof of Theorem 1 is given in Section 3, where comparison of this
result is also made with those in our earlier paper [6]. In Section 4 we state two theorems, corresponding to Theorem 1, for
the g~ '-Hermite polynomial and the g-Laguerre polynomial.

2. Properties of the g-Airy function and the g-Airy polynomial
In this section, we have only one result, namely, the following.

Proposition 1. Let z := q~™u with u # 0 and t being a fixed real number. When t > 2, we have

Agn(2) = %[@;(—q-z”/z) +0(g"1)] (21)

uniformly for |[u| > 1/R, where § > 0 is any small number and R > 0 is any large real number. When 0 < t < 2, we have

[64(=¢°"2) + 0 (¢"" )], (22)
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wherem := |5 t | and § > 0 is any small number; this formula holds uniformly for 1 7 <|ul <R, where R > 0 is any large real number.
Whent <0, we have

Agn(@) = Ag2) + 0(q"179) (2.3)

uniformly for |u| < R, where § > 0 is any small number. Furthermore, as z— oo, we have

(=2)"q m’ 2m m(1—s)
— | Og(— 0 s 24
A = [©a(=a™"2) + 0a ) 24

wherem := | = '"‘Zl

J and § > 0 is any small number.

Proof. From the definition of g-Airy polynomial (1.7) we have

n (n—k)?

q n—k (_Z)nqn2 § k2 ( n—k+1 —2n , \k
Agn(@ = E — (- =" E ; - )
an(? P @i (@: Doo k:oq (@ D)oo (—a7/2)

If t > 2, we write

Agn(2) = ((qZ)q)oo (07 (—a7%"/2) + (D))

Then we have

n
2 _ _ _
@ =Y " @ " q) (- /2)" - E ¢ (~a72/2) =11 + I + 1,
k=0

where

[né]

Zq i —k+1, q)oo)(_q—Zn/z)k’

Z q n —k+1. q) ( q—Zn/z)k’
k=[ns]+1
00

I3:=— Z qkz(—q_zn/z)k.

k=|ns]+1

For any 0 < k < |né], it is verifiable that

—k+1 n(1—8)
q” q
1— (q" k+1’q) < )
-q 1-¢q
Since |q=2"/z| = q"©=2) /|u| < R for t > 2, we have
- =, ~

RLAE )

k=0

Furthermore, it is readily seen that

2
max{|l2|, I3]} Z g Rk = Zq(k+tnsJ+1) Rk-+LnsJ+1
k=[ns]+1 k=

n282 pnd+1 o+ (208 p) _ n?52(1-3)
<qUUR®T O (*PR)=0(q )-
From the above estimates we obtain

nn?
Aan(@) = %[@J (~q72"/2) + 0(¢"*~")]

for any small § > 0. This proves (2.1).
Now we consider the case 0 <t < 2. Set m:= L £ |: then we can rewrite g-Airy polynomial as
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n o (k—m)?—m? m,m? n—_m
q mak  (=2Mq K ( ktm+1 2m_\k
Agn@ =) ——(—q""2) = —F—— ; —q“"z)". 2.5
(@) ,; aor ) T o k; s Vo (—072) (22)

To estimate the difference between the last sum and the g-Theta function, we let

@ Poo om
m(z) = WAq,n(z) — 6Oy (_q Z)
n—-m )
_ Z qk (ql<+m+l;q) Z q =L +1+Is, (2.6)
k=—m k=—00
where
[né] X r
Iy := Z qk ((qk+m+l;q)oo _ 1)(_q2mz) i
k=—[ns]
k = 2 k
Z q k+m+1 q) quZ) _ Z qk (_quz) i
k=|ns|+1 k=|né|+1
—[né]-1 l —[né]-1 , l
K K
Z C[ l<+m+l q)oo(_quz) _ Z qk (_quZ).
k=—m k=—00
Firstly, since 1/R < |u| < R and —2 < 2m —nt < 0, we have
7*/R <|g*"z| = ¢ " u| < R/q%.
Furthermore, for —|nd| <k < |né],
k+m+1 qn™
K+m .
Thus, it follows that
m —n§ X s
] <2 Zq (R/q%)" = 0(q™ ™). (2.7)
Secondly,
- 2 k - 2 k+|ns]+1
k+[nd |+
max{Il|, 131} <2 )" d“(R/g%) =2 g™V (R/g%)
k=[n8]+1 k=0
(2.8)

_ zq(Ln6J+1)2 (R/qZ)LmSJ‘H@;—(qZ\_n(SJR) _ O(qnzéz(l—é)).
Finally, applying the estimates (2.7) and (2.8) to (2.6), we obtain r,,(z) = 0 (q™ ™). Therefore,

A ( Z)m il 2m m—né
0@ = [0y (~g?"2) + 0 (q" )]
(@5 Doo
for any small § > 0. Replacing & by % formula (2.2) then follows since m := |
When t <0, we have ¢~™ < 1 and hence |z| = |¢g~™u| < R. From (1.5) and (1. 7) we obtain

nt

NI

| | i ¢“ k i “ i ¢
Agn(2) — Aq(D)| = —(—2)"| < ——RF<) Rk,
oy (@ D oy (@ Doo = (¢: oo

For convenience, we have added a positive term in the last sum. Since the last sum can be expressed in terms of the half

g-Theta function defined in (1.8), we have

(I4n)2 n? pn

q 4n_ 4 R +(2n n2(1-5)
Agn(2) — Ag(D)| < ——R™M=—-—-60(q¢“"R)=0(q
[Aa /@) lg(q;q)oo s 1 @R =0l )

for any small § > 0. This ends the proof of (2.3).
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The proof of (2.4) is similar to that of (2.2). Recall that m:= | l‘zl‘lfl‘qj When z tends to infinity, so does m. Furthermore,

1< |g®™z| < g2. This suggests to change the variable in the g-Airy function from z into g®"z. On account of (1.2),

0 k2 0 q(k+m>2

q k
Aq(2) = (=2)" =
! g @ a) 2

_z)k+m
ke—m (4 Di+m

_zm m2 o
— O Y @) ()
’ k=—m

To prove (2.4) we only need to estimate the remainder

(95 DooAq(2) ! 2 k
r(z) = (_Z;Om qm2 Z q l<+m+1 ) (_q2m2)<_ Z qk (_q2mz)
q k=-—m k=—00
=h+h+Is, (29)
where
Lmd ] 5 v
Ih:= Z qk ((qk+m+1;q)oo _ 1)(_q2mz) ;
k=—|ms]
> 2 k > 2 I
L= > @™ (-2 - > ¢ (-2,
k=|ms]+1 k=|ms]+1
—|mé]—1 X ‘ —|mé]—1 X v
I3:= Z qk (qk+m+1;q)m(_q2mz) _ Z qk (_quZ) .
k=—m k=—00

Again since g% < 1< |q?™z| < g2, similarly to the proof of (2.2) one can show that for any fixed small § > 0,

|11|<z Zq gk =0(qm1Y), (210)
and
2_ 252(1—
max{|l2|, I3/} Z g g% = 2qlms) Lo (™) =0 (g™ 17?). (211)
k=|ms]+1

A combination of (2.9), (2.10) and (2.11) gives (2.4). This ends our proof. O
3. Proof of Theorem 1 and comparison with earlier results

From the definition of Stieltjes-Wigert polynomial (1.3), we have
n (n—k)? k2

q n—k n_n? q —2n k
Sizp=Y ———— (—p" k= S
@O=2 Tomgon D~ Z(q De@ a4

n

_=2"¢"
(q; On

k2 on—k+1.
q (q ) - K
(_q 2"/2)‘.

31
@ D 1)

k=0
Combining (1.10) with the definition of g-Airy polynomial (1.7) gives

n k2

(q; Dn —2n n—k+1 q
n(2) '= ———=5Sn(z;q) — Agn =—- 1- ;
m(2) (—z)“q”2 (z @) q, (q /Z) I;( (q q)k) (@ D

(_q—Zn/Z)k.

We need to estimate r,(z) for z=q™u with t > 2(1 —§) and |u| > 1/R. Based on the idea of discrete Laplace’s method [6],
we divide the summation into two parts Zk 0= L"‘s” +Zk (61 J+1 and estimate them separately. Here &; € (0,1) is a
small number to be determined later. Put

m@)=-I—I (3.2)
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with
I el 1 n—k+1 qu —2n ;. \k
1_§( (q ,q)k)(q;q)k( q /Z) ’
n k2
hi= Y (=@ ) g ()
k=3, |+1 q; Dk

In view of the inequality 1 —ab < (1 —a) + (1 —b) for any a,b € (0,1) and by induction, we can show that for any
0 <k<néq,

n—k qn(l —31)

1— (n I<+1 an —k+i <an I<+1 <

-q  1-q

Thus, from the definition of g-Airy polynomial (1.7) we obtain

nd1] _n—s K2 1-8
qn( 1) q ’ —Zn/ ‘ n( 1)

1—q (@ Pk

] < Agn(—a72"/I2]). (3.3)

k=0
We can estimate [, by using the inequality 0 < 1 — (¢"*+1; q); < 1 for any né; < k < n. Hence,

n qkz n—[né; -1 q(l<+Ln51J+1)2

bi< Y g =
k=|nsy)+1 (@ Doo

° q(k+m¥1)2

. 4 Do

’q,2n/2|k+Ln81j+1

k=0 @ Doo

252
n“sy |q 2n/z|Ln81J+1

|q—2n/z|k+tn61J+1 _4 TR @;-(an& |q_2”/z|).

Since t > 2(1 —§8) and |u| > 1/R, we have |q=2"/z| = q 2" /|u| < q~?"R. Therefore,
q Zaquzna(mmﬂ)R [ndq]+1

(G Doo
qnzaf—zna(nal +1) plns1]+1

(q; Doo

Set §1 :=34. A combination of (3.2), (3.3) and (3.4) gives (1.11) immediately.
Now we compare Theorem 1 with our earlier results in [6, Corollary 2]. Recall z :=q ™u.
1. We first consider the case t > 2 and |u| > 1/R, where R > 0 is a fixed large number. From (1.10) we have

Sn(z:q) = %[Aq,n(q‘z”/z) +1a(2)]

(_u)nqnz(l—t)
(q; Dn
Given any small § > 0, we wish to show that
|Agn(u™'q" ") — Ag(u™'q"?) + (@) = 0(¢"" V).

Firstly, since t > 2 and |u| > 1/R we have [u~1q"=2)| < R. From the definition of the g-Airy function (1.5) and the g-Airy
polynomial (1.7) we obtain

1] < O (@@ IR)

OF (¢*"~7R). (34)

[Aq(u 1qn(t 2))+Aq,n(u71q"(t72))—Aq(uflq"(tfz))—i—rn(z)]. (3.5)

o) k2

}Aq’n(u—1qn(t—2)) _ Aq(u_lq"(t_z))‘ — Z (‘{ ) (—u‘lq"(t_z))k
kene1 0Dk
0 k2 oo (l+n)2 n?
q k q l+n q R +(.2n
< R* = R = OF (R
,;(q @)oo g(q;q)oo (@ Do (@R)
=0(a""™). (3.6)

Here for the sake of simplicity we have used ) ;2 in stead of ) 72, 41 on the right of the inequality.
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Secondly, since |z| =q ™ |u| > q~2"/R, we have from (1.11) that

n(1-38) o q3n28272n6R [3n8]+1
g Aan(—a12) +

q"(1-39

@+(q4n5R)

n <
)| @ Do q

Coupling (3.6) and (3.7), we obtain from (3.5)

(—uy"q (-0 1 n(t—2 1-35
Su(z:q) = — ————[Aq(u7'q" ") + 0 ("1 V)],
(G Dn
which coincides with [6, (5.15)].
2. Now we consider the case 2(1 —38) <t <2 and 1/R < |u| <R, where R >0 and § € (0, 1/4) are fixed. From (1.10) and
(1.11), it follows

(_u)nqnz(lft)

Sn(z:q) = —————[Agn(u™'g7"* V) + 1 (2)], (3.8)
(4 Dn
where
n(1-38) q3n282—2n8RL3n8J+1
()] < Agn(—lul™'q ") 40— 0 (¢"R). (3.9)
1—¢q (4 Do

Set m := L@J. Since 1/R < |u| <R and 0 <2 —t < 2§ < 2, the conditions of (2.2) in Proposition 1 are satisfied with ¢t
replaced by 2 — t. Thus we obtain the asymptotic formulas

(_u—lq—n(Z—t))mqm2

Aq,n(ufqun(zft)): @D [@q(—uflqzm’“(z’t))—|—O(qm(1*5))], (3.10)
) o0
—1_—n@—-t)y _ (ju|~'qn@-0ymgm’ 1 _2m-n@—t) m1—s)
Agn(—lul""q )= @D [©(lul""q )+ 0(g"1=9)]. (311)
) o0

Applying (3.10) to (3.8) gives

Cmon2(1—t)— _—
S1(z:q) = (—u)t—mgn”(A=O=min@-t)-m [@q(_uqqszn(zfr))JrO(qm(175))+ (@ Dooln(2) ] (312)
(@ Dn(q; oo (—u~1g—n@-ymgm?
and applying (3.11) to (3.9) yields
252

(q;q)oorn(z) qn(1738) 1 omen(r s q311 ) *2n5RL3”5J+1 ans

—1g—nQ2—t)ymgm? < _ [@q(|u| q et t))_,’_o(qm( ))]+ —1g—n@—t)ymgm?2 @‘;—(q " R)
(—u~lg=n@=t)ymg 1—-gq (Ju|~1g=n@=t)mgq

_ O(qn(1—35)) + O(qn(1—38)+m(1—5)) + O(q3n252_2n8+m2 R3n5+m) _ O(qm(l—é)), (3.13)

where we have used q"1=3 < g™ < ¢"1=9 by observing that 2(1 — §) <t <2 with § € (0,1/4) implies m := |"&1 | <
[nd| <n(1 — 348). Finally, coupling (3.12) and (3.13), we have
(_u)n—mqn2(1—t)—m[n(2—t)—m]

Sn ; — O, (— —1_2m—n(2—t) 0 m(1-3) , 314
@9 (@ Dn(q; Poo [Oa(-u""a )+0( )] (314)

which agrees with [6, (5.16)].

4. The q~'-Hermite polynomial and the g-Laguerre polynomial

The q~'-Hermite polynomial [2, (21.2.5)] is defined by

n

n—k+1.
hu(sinh&|q) := Z uqkz_”k(—l)ke(”_m‘)&, (4.1)
iz @Dk

We set z =sinh§&, := %(q_”fu —q"u~") with u e C, u#0 and t > 0. In [6, Corollary 1] we have derived asymptotic
formulas for t > 1/2 and 0 <t < 1/2 respectively. Here we will give an asymptotic formula which holds uniformly for ¢ in
a neighborhood of 1/2. Our result involves the g-Airy polynomial defined in (1.7).
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Theorem 2. Let z = sinh &, := (q_’"u q*u~1)y withu € C and |u| > 1/R, where R > 0 is any fixed large number. Given any small
8 > 0, we have

ha(sinh &1q) = u"q ™[ Aqn (u=2¢"? D) + (e, w)] (4.2)
fort > 1/2 — §, where the remainder satisfies
n(1-38)

— Aqn(_|u|—2 nQ2t— 1))+q

3n282—2ns R2(13n8]+1)

+(q4"6R2). (43)

n(t, <
ract. ] (@ Doo d

Proof. Since efr =gy, from (4.1), (4.2) and the definition of the g-Airy polynomial in (1.7) it is easy to see that

n

@ =1 12, o a1k
rn(t’”)=Zqu( u 2" =1 41, (4.4)
k=0 ’
where
1) , n_
I = s (" k+]§‘7)k_1qk2(_u72qn(2t—1))"’
prd (@ i
n —k+1.
(q" Dk —1 42 —2 n@t—1)\k
B L TG O
k=[nd1]+1 ’

Here 81 € (0, 1) is a small number to be determined later. For any 0 <k < [nd1],

0<1— (" q), < qrﬁ L
—q 1-¢q
Thus,
noon(1-81) k2 n(1-81)
I < q1_q (qu)k(|u|—2 g 1)) ql_q Aq,n( |u|~2q" 2t 1)) (4.5)
k=0 ’

Furthermore, since 0 < 1 — (¢"**1; q); <1 for any k € [0,n] and |u|~2¢" %~V < q=2"R2 for t > 1/2 — §, we obtain

oo k2

k=137 J+1 (4 Poo
q(Ln61J+l)2—2n6(\_n51j+1)R2(|_n81J+1)

(4 Do
nzsf—zns(nslﬂ)Rz(Ln51J+1)

@(;r(qZ(LmS]JJr])—ZmSRZ)

4

2n81—2né p2
(@: Doo Oq (@R, .

Choose 81 :=34. Then (4.3) follows from (4.4), (4.5) and (4.6). O

The g-Laguerre polynomial [2, (21.8.1)] is defined by

n o+k+1
(q s Dn—k etk (—p)k (4.7)

L3 (2) = S p——
k=0 (q7 q)k(q! q)n k

Let z:=q ™u withueC, u#0 and t > 1. In [6, Corollary 3] we gave two asymptotic formulas, one for t > 2 and the other
for 1 <t < 2. Here we will use the g-Airy polynomial defined in (1.7) to derive an asymptotic formula holding uniformly in
a neighborhood of t = 2.

Theorem 3. Assume that « is real and o > —1. Let z := q~™u with u € C and |u| > 1/R, where R > 0 is any fixed large number.
Given any small § > 0, we have

ann n?
% [Agn(@2%/2) + 1a(2)] (4.8)

fort > 2(1 —§), where the remainder satisfies

LY (2) =
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zqn(1—25) L q3n282—2n6(q—aR)L3n5J+] B

m(2)] < ﬁAq,n(—q 272 /1z]) + e O (¢ *R). (4.9)
Proof. From the definition of g-Laguerre polynomial (4.7) we have

n o+n—k+1.
Lg (2) = Z (q. : s D (n—k)2+a(n—k)(_z)n—k

=0 (@ Dk Dn—k

2.n —k+1. n—k+1.
(=2¢°)"q" — @ O@ TS Dk g2 ana, K
=G X @ ) @ (e (410
’ n ’ K

k=0
Thus, it follows from (4.10) and the definition of g-Airy polynomial (1.7) that the remainder in (4.8) can be written as

n

a+n—k+1; n—k—H; -1 K
mo=3"4 D@75 Dk =L goamma ik g, (4.11)
P CHCD
where
Lnd1 )

@ L@ k=1 2, ok
I := q (—q /)",

,; (CHO ( )
n

@U@ Dk =1 2, ok
2 @ @ (a)
) K

12 =
k=[nés1]+1
Here 81 € (0, 1) is a small number to be determined later. Since o > —1, for any 0 < k < [nd1] we have

qa+nfk+1 + qnkarl 2q”(1*51)

0<1— oH—n—k-H; n—k+1;
(a T T p
Therefore,
n 2
zqn(lfzh) qk ) K an(1751) 5
<) — q "/1zl) = ————Aqn(=q" " /12l). (412)
T4 @ ) =T Al )

k=0
Also, since 0 <1 — (q@t"*+1; q), (q"**1; q)r <1 for any k € [0,n] and q~2"%/|z] < q~2"~%R for t > 2(1 — &), we obtain

00 k2

Ll Y —— (g 2meR)*

el (q; Doo
B q(Ln81J+])2—2n5(Ln§1J+l)(q—ot R)Ln51j+]

(4 Do
qn26%—2n8(n81+1) (@ “R) [ndq]+1
(CH S
Set §1 := 38, then (4.9) follows from (4.11), (4.12) and (4.13). O

@‘;r (qZ(LmS]JJrl)—ZnSfaR)

O (g1 2" *R). (4.13)

~
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