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Abstract

We consider a delay differential equation for tick population with diapause, derived from an age-
structured population model, with two time lags due to normal and diapause mediated development. We
derive threshold conditions for the global asymptotic stability of biologically important equilibria, and give
a general geometric criterion for the appearance of Hopf bifurcations in the delay differential system with
delay-dependent parameters. By choosing the normal development time delay as a bifurcation parameter,
we analyze the stability switches of the positive equilibrium, and examine the onset and termination of Hopf
bifurcations of periodic solutions from the positive equilibrium. Under some technical conditions, we show
that global Hopf branches are bounded and connected by a pair of Hopf bifurcation values. This allows us
to show that diapause can lead to the occurrence of multiple stability switches, coexistence of two stable
limit cycles, among other rich dynamical behaviours.
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1. Introduction

Ticks, as vectors, are responsible for the transmission of Lyme borreliosis, tick-borne en-
cephalitis, human granulocytic anaplasmosis and human babesiosis [11]. They are the second,
next to mosquitoes, vector of vector-borne diseases with substantial impact on human health
[19]. We refer to [10] and [9] for discussions on the tick lifecycle and tick ecology.

Our focus here is diapause, a physiological phenomenon which was investigated mainly by
entomologists in the past but now received much attention in the study of tick population dy-
namics and tick-borne disease transmission dynamics [4]. The first instance of tick diapause was
described more than one century ago [3]. Alfeev [1,2] categorized diapause characteristics for
the ticks. The diapause behaviour is controlled by many factors such as photoperiod [18] and
temperature [17]. Some tick population dynamics models were proposed in [7,17] to study the
environmental impact on diapause. On the other hand, it was demonstrated that diapause plays
an important role on seasonal patterns of tick activity [13]. However, the impact of diapause on
the complex life cycle of ticks remains unclear [11].

To the best of our knowledge, there have been very few tick diapause models developed to in-
corporate both diapause delay and normal development delay. In [28], Zhang and Wu considered
the following model with development delay and diapause delay:

X' (t)=—px(@) + f((1 —a)fx(t — 1) + abx(t — 27)), (1.1

and calculated the first Hopf bifurcation value by introducing and analyzing the so-called para-
metric trigonometric functions. Global continuation of the Hopf branch was also investigated in
[27], and it was shown that all global Hopf branches of periodic solutions, with periods within
[37, 67], are unbounded, and hence periodic solutions exist for all large delay.

In this paper, we consider a different delay differential equation derived from the following
age-structured model

Oui(t, a) + dqui(t,a) = —di(a)u;(t,a), i=1,2,

where u(¢,a) and u,(t, a) are the densities of ticks with a normal development delay t; and a
diapause mediated delay t; = 747 + 72 respectively at time ¢ and age a, where 74 is the duration
of diapause. The population of matured ticks at time 7 is then given by

x(t)=/u1(t,a)da+/u2(t,a)da.
T %)

Assuming that the mortality rates of matured and immatured ticks are p and 8, respectively;
namely,

,  a>rT,
di(a>={“ :

5, a<r,

one can obtain that
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oo oo

x’(t):/8tu1(t,a)da+/3tu2(t,a)da
71 %)
o0 o0
=—;Lx(t)—faaul(t,a)da—/aaug(t,a)da
T] 17

=—pux(t)+ui(t, ) +ux(t, v),

under the assumption that u (¢, 00) = ua (¢, 0o) = 0. Choosing the birth rate as the Ricker func-
tion f(x) =rxe™** and letting p; and p; be the portions of new ticks in the two groups with
normal development and diapause delays:

ui(t,0)=pi f(x@), i=1,2,

we obtain, from the integration of the age-structured equation along the characteristic line that

wi(t, w) = u;(t — t;,0)e % = p;e ™% f(x(t — 1)).

Substituting this into the equation for x'(¢) gives

X(1) = —px (@) + pre T f(x(t — 1)) + pre R f(x( — 1)) (1.2)

In what follows, without loss of generality, we assume r = s = 1, for otherwise, we can scale
x by a factor s and redefine p; as p;r. Before scaling, we have p; + p, = 1 and f/(0) =r.
After scaling, the equalities become p; + py =r and f’(0) = 1. The parameters p; and p, are
no longer probability constants. Instead, they are the two proportions of » divided in the ticks
with development delays 71 and 12, respectively. Note that our model differs from (1.1) in two
manners: (1) the growth term in our model is a linear combination of Ricker’s reproduction
functions of x (¢ — t;), while the growth term in (1.1) is the Ricker’s reproduction function of a
linear combination of x (¢t — 7;); and (2) our coefficients in the linear combination (i.e., p,-e_‘”")
are delay dependent while the coefficients in (1.1) are delay independent based on the assumption
that the mortality of immature ticks is negligible.

In our study here, we will investigate the impact of diapause on the dynamical behaviours of
our model. We will also give a general approach for the bifurcation analysis of delay differential
systems with two delays and delay dependent parameters. We organize this paper as follows. In
Section 2, we state some preliminary results on the positiveness and boundedness of the solu-
tions and the stability of the trivial equilibrium. In Section 3, we derive a geometric criterion
for a general delay differential system with two delays and delay dependent parameters. In Sec-
tion 4, we investigate stability and Hopf bifurcation of the positive equilibrium. In Section 5, we
conduct a global Hopf bifurcation analysis for periodic solutions with periods not equal to 4t.
In Section 6, we plot some illustrations from our numerical explorations. In Section 7, we give a
brief summary and discuss on future open problems.
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2. Preliminaries

We choose the phase space of model (1.2) as the Banach space C := C([—12, 0], R) equipped
with the supremum norm. If x(¢) is continuous for all r > —1;, we denote x; € C as x;(0) =
x(t 4+ 0) for 0 € [—12,0] and ¢ > 0. For biological applications, the initial condition of (1.2) is
given as

xo=¢ €C" and ¢(0) >0, 2.1

where C™ is the nonnegative cone of C. The existence and uniqueness of the solution of model
(1.2) with initial condition (2.1) follow from the theory of functional differential equations [12].
Furthermore, we can prove by contradition that x(¢) is nonnegative for all # > 0. Consequently,
x'(t) > —ux(t), which implies that x(r) > ¢(0)e #" > 0 for t > 0. Note that f(x) < f(1) =
1/e. We have x'(1) < p1e=37~1 4 pre=¥™=1 — yx(r), which implies that

—511 -1y
limsupx(r) < 21T P27 2.2)
t—0o0 ue

Note that model (1.2) has a trivial equilibrium 0. Based on the linearized model about the
trivial equilibrium, we define the basic reproduction ratio as

—811 —81)
Ro= Pl e " 2.3)
m

It is easily seen that the model admits a unique positive equilibrium x* = In Ry if Ry > 1, and
no positive equilibrium if Ry < 1. To analyze the stability of the equilibria, we need the fol-
lowing lemma which characterizes the root distribution of a general exponential transcendental
polynomial.

Lemma 2.1. Let ap > 0, t; > 0 and b; > 0 withi = 1,2 such that b1by # 0. Then the transcen-
dental polynomial

oA =A4ag—bre ™ — bre 2

has a unique real root whose sign is the same as the sign of —¢(0) = by + by — ag. Furthermore,
if ag > by + by, then all non-real roots of (L) have negative real parts.

Proof. Since ¢'(A) = 1 + bit1e ™ + bype™™ > 0 and ¢(d00) = +00, ¢(X) has a unique
real root Ag. If ¢(0) > 0 then A9 < 0. If ¢(0) < O then Xy > 0. Consequently, the sign of this
unique real root Aq is the same as the sign of —¢(0) = b1 + b — ap. If (€ +in) =0 for some
& > 0and n € R, then we have from Rep(¢ +in) = 0 that

ag <& +ag= bie &0 cos(nty) + bre 502 cos(nty) < by + bs.

The equality ap = b1 + b holds if and only if £ =0, bj cos(nty) = by and by cos(n12) = by,
which together with Im¢ (£ + in) = 0 imply that
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n=—bre " sin(nt)) — bre ¢ sin(n1) =0.
Hence, all non-real roots of ¢ (1) have negative real parts. This completes the proof. O

Theorem 2.2. If Ry < 1, then the trivial equilibrium 0 of (1.2) is globally asymptotically stable
in Ct; whereas if Ry > 1, then the trivial equilibrium 0 is unstable, and there exists a unique
positive equilibrium x* = In Ry.

Proof. The characteristic equation associated with the linearization of model (1.2) at 0 is

A+ w— ple—(S‘L’]e—AT] _ pze—ﬁ‘rze—)u‘fz —=0.

It follows from Lemma 2.1 that all eigenvalues have negative real parts if and only if Ry < 1,
and there exists at least one positive eigenvalue if Ry > 1. Thus, the trivial equilibrium is locally
asymptotically stable provided that Ry < 1, and is unstable if Ry > 1. This result could also
be obtained from the observation that the linearized delay differential equation about the trivial
equilibrium is actually monotone and that the local asymptotic stability of the trivial equilibrium
for the delay differential equation is the same as that for the corresponding ordinary differential
equation: x'(t) = —ux(t) + (p1e %" + pre92)x(1); see [25, Corollary 5.2]. For the critical
case Ry =1, 0 is the only real eigenvalue and all other eigenvalues have negative real parts, we
can further obtain the local stability of the trivial equilibrium by using the normal form theory.
To see this, we first rewrite the delay differential equation (1.2) as an abstract equation on C:
Xt = Ax; + F(x;), where A and F are the linear and nonlinear operators defined as

—ud0) + pre T ¢(—11) + pre *2p(~10), 6=0,

Ap)(0) =
AN {¢’<9>, 0 €[~1.0),

and

e Mg (p(—11)) + pre*2g(¢p (1)), 6=0,
[F($)](0) = P1 g@(—1i P2 g@p(—n
0, 0 e[—12,0),
for ¢ € C. Here, for simplicity, we define g(x) = f(x) —x = x(e™* — 1). It is noted that g(x) =
—x2 4+ 0(x?) as x — 0. Next, we introduce a bilinear form

0 0
(¥, ) = ¥ (0)p(0) + pre° / YO+ 11)9(0)do + pre ™ / Y6+ 12)p(0)do

7 2

for ¢ € C[0, 2] and ¢ € C[—12, 0]. It is readily seen from Ry = 1 that ¢ = 1 is the eigenfunction
of A with respect to the eigenvalue 0. We set ¢ = 1 and project x; on the eigenspace spanned by
©: x; = z¢ + y such that (¥, y) = 0. Consequently, x;, = z¢ + y and (¢, y) = 0. It then follows
from X, = Ax; + F(x;) and Ap = 0 that

(Y, @) = (V. X&) = (Y, Ay + F(zp + y)).
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A simple calculation gives (¥, @) = 1 + 71 p1e™°" 4+ 13 pre ™2, (Y, Ay) =0, and (¥, F(z¢ +
Y)) = pre *Mg(z+y(—11)) + pre *2g(z+ y(—12)). Recall that g () = —e> 4+ O (%) as e — 0.
If xo € C* is a small perturbation of the trivial equilibrium, then z is also small and y = O(z?).
We finally obtain the normal form for the delay differential equation (1.2) on the eigenspace
spanned by ¢:

(I+p1e?™ + 0pre )z = —(p1e™°" + pre )22 + 0(2%).

Since xo € C*, we have z(0) > 0. The trivial equilibrium O of the above equation is locally
asymptotically stable on R, which implies that the trivial equilibrium O of the original model
(1.2) is also locally asymptotically stable on C*.

When Ry < 1, we construct the following Lyapunov functional L : C* — R to show the
global attractivity of the trivial equilibrium.

0 0
L(x;) = x,(0) + p1e~®™ f x:()e ™ ds + pret® / x:(s)e 1 ds.
-7 )

Calculating the derivative of L with respect to ¢ along solutions of (1.2), we obtain

dL

=P 4 pae T )x (e — pux(6) < pu(Ro = Dx (1) <0,

Note that dL/dt = 0 if and only if x(f) = 0. By the Lyapunov-LaSalle Invariance Principle
[12,20], we obtain the global attractiveness of the trivial equilibrium, which together with the
local asymptotic result implies the global asymptotic stability of the trivial equilibrium if Ry <
1. O

3. A geometric criterion for Hopf bifurcation values in delay differential systems

In this section, we consider the case that 7; = 71 =: T (namely, 72 = 2711) and study the oc-
currence of possible Hopf bifurcation values when the time lag is increased. The characteristic
equation for a general model with two delays (t and 2t) and delay dependent parameters can be
written as

Ay T) = Py(A, T) + Om(h, T)e T + Si(h, T)e” T =0, 3.1

where

n m 1
PaO 1) =) pr(02, QmO, 1) =) qr(m2F, and Si(h, 1) =) si(0)rk.

k=0 k=0 k=0

Here, n,m,l € No,n > max{m, [}, T > 0, and pr(7), qx(7), sx(t) are continuous and differen-
tiable functions of t. P,(A, 1), O (X, T) and S;(X, t) are analytic in A and differentiable in 7.
Denote
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—AT
A()»,T)=Re(_Qm()"f)+Sl()x,‘E)e >’
Pn()», ‘L')
—AT
B(\.7)=Im (_ Ok, T) + Si(h, T)e ) |
Pn()», ‘L’)

Then, the characteristic equation (3.1) is equivalent to
DA, 1):=A(, 1) +iB(A, 1) — €7 =0, (3.2)
where A(X, t) and B(A, T) are analytic in A and differentiable in . We assume that

(i) (A(0,7) — 1)+ B(0, 7)?> #0 for any 7 > 0.
(i) f A =iw, w € R, then (A(iw, ) — 1)> + B(iw, T)* # 0 for any 7 > 0.
(iii)  limsup A(A, )24+ B, )% < 1 for any 7 > 0.
|A]— 00, ReA>0
@iv) é(a), 7) = A(iw, 7)* + B(iw, t)*> — 1 for each T > 0 has at most a finite number of real ze-
ros, and each positive zero w(t) of é(w, 7) is continuous and differentiable in T whenever
1t exists.

Assumption (i) implies that O is not a characteristic root of (3.2); (ii) ensures that the functions
S, (t) with n € Ng (to be defined below) are differentiable; (iii) ensures that there is no root
entering the right (left) half of the complex plane from the left (right) half through infinities;
(iv) ensures that there are only finite critical values for roots to cross the imaginary axis. This
assumption is needed to compute the derivative of the imaginary roots with respect to 7.

If A = £iw(r) with w(t) > 0 are a pair of imaginary roots of the characteristic equation (3.2),
then sin(wt) = B(iw, t), cos(wt) = A(iw, 7). Consequently,

G(w,7)=A(iw, 1)’ + B(iw,1)> — 1=0. (3.3)
Let 7 be the interval of t on which the above equation has at least one positive root w (7). If I is
empty, then there does not exist any Hopf bifurcation value. To study the geometric criterion of

Hopf bifurcation values, we shall assume in the remaining of this section that / is nonempty. For
any 7 € I, we define 6(t) € [0, 27) as the solution of

sinf(t) = B(iw, t), cosf(t)=A(iw,1).
Thus, for any 7 € I, we have w(t)t =6(7) + 2nm for some n € Ny. Define
Sp(t) =w(t)t —0(t) —2nm, for t€l, neNy.

We have the following geometric criterion for the verification of transversality condition for a
general model with multiple delays.

Theorem 3.1. Assume that I is non-empty and that S,(t) has a positive root t™ € I for some
n € Ny, then (3.2) has a pair of simple purely imaginary roots £iw(t*). Moreover, we have the
following transversality condition:
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. / * . aé k * . / *
Sign (Re)» (T )) = Sign —8—(a)(1 ), %) | Sign S, (z7).
w

Proof. Substituting A(7) into the characteristic equation (3.2) and taking the derivative with
respective to T, we obtain

A; +iB; — re'?
Rek’(t*):Re( rHids —Ae )

_A)L-i-l'B)L — Tert

Note that i Ay, = Ay, i By = By, ¢** = A+iB, and at T = t*, A = iw. We obtain

Re)/(t%) = Re <— Ac +i1B: —io(A+iB) )

—iAy+ B, —t(A+iB)

—R <_(Ar+wB)+i(Br_wA)>
T B, —tA) —iA,+B) )’

which implies that
Sign (Rek’(r*)) = —Sign(A;By — AuB;: + w (BB, + AA,) —1(AA; + BBy)).

Since G, = 2(AA, + BB,), Gy =2(AA; + BB;) and G,o' + G, =0, we have

1 ~ 1 ~
Sign (ReA'(t*)) = —Sign (A,Bw — AyB; + Ea)Gw + Ew)/Gw> ) (3.4)
Differentiating sinf () = B(iw, t) with respect to T gives 8’ = (B, + B;)/A. Consequently,

GoA8 =G y(Byw' + By) =—G¢ By + GyB;
=—2(AA; + BB;)B, +2(AA, + BB,)B; =2A(A,B: — A:B,).

In view of (3.4) and S, = 't + w — 6, we obtain
Sign (ReA'(t*)) = —Sign (ra)/éw + @G, — G/Gw)
3G
= Sign (——(a) (™), t*)) Sign S, (*).
dw
This ends the proof. O

Remark 3.2. If S;(A, ) = 0, then the characteristic equation (3.1) reduces to the characteris-
tic equation considered in [5]. Theorem 3.1 generalizes [5, Theorem 2.2] to delay differential
systems with multiple delays and delay dependent parameters.
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4. Stability and Hopf bifurcation of the positive equilibrium

In this section, we always assume that Rg > 1, which ensures the instability of trivial equilib-
rium 0 and the existence of the unique positive equilibrium x* = In Ry. In the sequel, we consider
a special case of (1.2) with 7o = 271, and we refer to the papers [28] for the justification of this
constraint. For simplicity, we drop the subscript 1 in the following arguments, and rewrite the
model (1.2) as

X(0)=p1e”’" f(x(t = ) + pae” T f(x(t = 20)) — px (). .1
4.1. Stability of the positive equilibrium

We will investigate the stability of x* and identify the parameter range in which the time delay
can destabilize x* and lead to Hopf bifurcations. Denote

1 P +4pa+p

Tmax = g In 2/IL

It is obvious that Ry > 1 if and only if > 1 and t € [0, 7,,4x). The characteristic equation
associated with the linearization of (4.1) around x* is

pit+p2
"

A+ u—a@e ™ —b(r)e T =0, (4.2)

where
a(@)=pre%Te™ (1 —x*), b(r) = pre 2T (1 — x*). (4.3)

Note that when 7 = 0, the characteristic root of (4.2) is A(0) = a(0)+b(0) —u = —p1In % <
0, which implies that x* is locally asymptotically stable. As 7 increases, x* may lose its stability
if and only if when some eigenvalues cross the imaginary axis to the right. In view of a(r) +
b(t) — u = —ux* <0, 0 is not an eigenvalue of the characteristic equation (4.2) for any t €
[0, Tinax). We thus consider the possibility of purely imaginary roots A = +iw with w > 0 for
7 > 0. Substituting A =iw into (4.2) gives

% ((w+p) —a(t) —b(r)e T =0.
Separating the real and imaginary parts, we obtain

—wa(r) a(r) (u+b(1))

Sln(a)z') = m, COS(CL)T) = m

4.4)
Squaring and adding the above two equations lead to

Gw):=o*+Q2u* =20 —a>H* + (u+b)>(w—b—a)(u—b+a)=0. (4.5)
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Thus, +iw are a pair of pure imaginary eigenvalues of (4.2) only if G(w) = 0.In view of u —b —
a = pux* > 0, one can easily obtain the following lemma counting the number of simple positive
roots of G.
Lemma 4.1. (i) G(w) does not have any positive root if and only if

(Ho) : either a* < —8b(u+b) or —a<u—>b=<2(u+b) holds.
(ii) G(w) has exactly one simple positive root if and only if

(Hy): either —a>u—b or —a=u—>b<—4b holds.

(iii) G (w) has two simple positive roots if and only if

(Hy)): —a<p—b<—4b and a*> > —8b(b+ p) hold.

Denote

1 ,/pf +4pren + pi

T=-1In < Tmax -
s e max

We obtain the global stability result of x* by constructing a suitable Lyapunov functional.

Proposition 4.2. All solutions of model (4.1) with nontrivial initial conditions converge to x* if
either

p1+p2
<7
7

1 <eandt €0, Tyax), (4.6)

or

p1+p2
"

>eand T € [T, Tmax)- 4.7

Proof. If either (4.6) or (4.7) holds, then 0 < x* < 1, which implies that a(t) > 0 and b(t) > 0.
Since u —a — b = ux* > 0, it is easily seen that —a < u — b < 2(u + b). Hence, (Hp) is
satisfied. It follows from Lemma 4.1 that G(z) does not have any positive root. Therefore, for
any t € [0, Tyqy), the eigenvalues of (4.2) have negative real parts, which implies that x* is
locally asymptotically stable. Recall from (2.2) that

-8t —-28t x*
. e + poe e
limsupx(t) < P P2 =—<1.
t—00 ne e

LetI:={¢p €CT: |||l <1, $(0) > 0}. By an argument similar to the proof of [24, Lemma 3.1],
we can prove that the region I is positively invariant and absorbing in C* with respect to model
(4.1). To establish the global stability of x*, it suffices to show that x* is globally attractive in T".
Define a Lyapunov functional V : T — R,
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0

V(x1) = x:(0) — x* Inx;(0) + pre" / (f e () = f*)In f(x,(s))) ds

—-T

0
+pae T / (FOr(s) = £ In £ (xi(5))) ds,
-2t

where f(x) = xe™. Calculating the time derivative of V along the solution of (4.1) yields

dv
i Ok (me—ar + Pze_zar) Fx(®) + px”
pre? T f(x(t = 1)) pae”PTa*f(x(1 = 21))
x(1) x(t)

* —8'[1 f(x(t_t)) 728‘[1 f(x(t_zt))>
A )<W "Traay P ")

Denote h(9) =60 — 1 —In@ for @ > 0. By using ux* = (p1e~°" + pre2%7) f (x*), we obtain

dVv f(x(@)) x* f(x*) " (x(t)f(x*))

ar_ 1 - _patn (B2

ar O TVSE T ey T M e
st gy (SO s ey (X0 —20))
pre T )h( (1) f (&) ) e G )h( () f @) )

Since f(x) is strictly increasing and concave down on [0, 1], we have f(x)/x > f'(x) for all
x € (0, 1]. Hence, the function f(x)/x is strictly decreasing on (0, 1]. If x(¢) € (0, x*), then
fx @) < f(x*) and f(x(2))/x(@) > f(x*)/x*. If x(¢t) € (x*, 1], then f(x(¢)) > f(x*) and
f&x(@)/x@) < f(x*)/x*. Consequently, we obtain

fx@®) -1 i _ G ) <0 forall x(t) € (0, 1],
F(x%) x(@®)  f(x@)

and the equalities hold only if x(z) = x*. Note that 2(0) > 0 for all & > 0 and h(9) = 0 if and
only if 6 = 1. Therefore, dV /dt <0 for all x, € I, and dV /dt = 0 if and only if x(¢) = x*.
Thus the maximal compact invariant set in {dV /dt = 0} is the singleton {x*}. By the LaSalle
Invariance Principle [12], x* is globally attractive in I". Since I" is absorbing in C*, the omega
limit set w(¢) C I for any initial value ¢ € CT with ¢(0) > 0. Moreover, w(¢) is internally
chain transitive by [30, Lemma 1.2.1]. In view of [30, Theorem 1.2.1], x* is actually globally
attractive in {¢ € C* : ¢(0) > 0}. Since x* is also locally asymptotically stable, we conclude that
x* is globally asymptotically stable in {¢ € CT : ¢(0) > 0} provided that either (4.6) or (4.7)
holds. O

(

Proposition 4.3. The positive equilibrium x* is locally asymptotically stable, if either

p1+p2 2

<e?, 1[0, Tuay); or (ii) >e“,T€[T,T)

(@)

P11+ p2
"
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P At
Yy <7

~_1
holds, where T = 3 In 3

Proof. From Theorem 4.2, we obtain that x* is globally asymptotically stable if W <e
and T € [0, Tjuax ). It suffices to prove that x* is locally asymptotically stable if either (i’) e <
P21tP2 < 62 1 € [0, Tyay) or (i) holds. Either (i’) or (ii) implies 1 < x* < 2, which implies that
a(t) <0and b(t) < 0.Denote o« = 1/(1 —x*) < —1. Itisreadily seen that u = aa(t) +ab(t) >
—a(t) — b(t). We claim that (Hg) holds. If a(t)? < —8b(7)[u + b(7)], then (Ho) holds. If
a(t)? > —8b(t)[u + b(7)], since u + b(t) > —a(r), we have —a(t) > —8b(t). Consequently,
u > —9b(t) > —3b(t), which is the same as 2[u + b(t)] > u — b(t). Moreover, we obtain
w—>b(t)>u>—a(r) —b(r) > —a(r). Thus, (Hp) still holds, which implies that x* is locally
asymptotically stable if either (i) or (ii) holds by Lemma4.1. O

Summarizing the above analysis, we obtain the following results on the stability of x*.
Theorem 4.4.

G If1 < % <e, then x* is globally asymptotically stable in X :=={¢ € CT : ¢(0) > 0} for
all T € [0, Tyax)-
(i) If e < PItPy < o2 then x* is locally asymptotically stable for t € [0,T) and globally
asymptotically stable in X for T € [T, Tiax)-
@ii) If % > €2, then x* is locally asymptotically stable for T € [T, T) and globally asymp-
totically stable in X for T € [T, Tiax)-

4.2. Hopf bifurcation analyses

A necessary condition for the existence of Hopf bifurcation is that PP 5 o2 and 1 € (0,7).
Throughout this subsection, we will conduct Hopf bifurcation analysis under this condition. It is
readily seen that x* > 2, a(t) < 0 and b(r) < 0. If (H;) holds, then implicit function theorem
implies the existence of a unique C'! function w = w, () such that G (w4 (1)) =0for0 < 7 < T}
if (Hy) holds, there exist two C! functions w. (t) such that G (w (1)) =0 for 0 < T < T, where

. (4.8)

a2 —2u? +2b2Fa/a?+8b(b+ )
wi(T) =

2

If Ziwy(7) (resp., iw_(t)) is a pair of purely imaginary roots of (4.2), then w4 (t) (resp.,
w_ (1)) is a solution to (4.4). For convenience, we denote by I; (resp., I») the subset of [0, T]
such that (H;) (reps., (Hz)) holds. Set I = I; U I. For t € I, let 6.(7) € [0, 27) be the unique
solution of

—a(D)wy _ a() (u+b(D)

sinfy =—— "= cosfp=—""
* w} + u? — b2(1) * w} + u? — b2(1)

4.9)
Note that a)_z‘_ +u?—b?(r) > 0forall T € I, which implies sin6. (t) > 0. Since G (b*(t) —pu?) =

—2a%(v)b(t)( + b(1)) and % > 0, we have cosf_(t) < 0. Thus,
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a(t)(pn+b(r))
X + pu? — b2 (1)

—a(t)w—

6, (t) = arccos _.
+(® < w2 + u? —b2(7)

) , 6_(t) =m — arcsin

Now, we define
SE(1) = tws(r) — 0+(x) — 2nm (4.10)

for t € I and n € Ny. One can check that +iw4 (7*) are a pair of purely imaginary eigenvalues
of (4.2) if and only if S (z*) = 0 for some 1 € Ny.

Lemma 4.5. For any n € Ny, S,/ (t) > S;jr] (v)fortel, S, (v)> S, (v)and S, (v) > S, (1)
for Tt € I. Moreover, SO+(O) <0.

Proof. Forany n € Ny, itis easily seen that S,/ (7) > S:H(t) fort € Iand S, (7) > S, (7) for
T € I. We claim that 64 (1) < 6_(7) for all T € I,. Assume to the contrary that 04 (t.) > 0_(7.)
for some 7. € I>. Note that 64(r) € (0,7) and 6_(7) € (/2,37/2) by (4.9). It follows that
/2 <60_(t;) <04(t.) < m;namely, cosf;(7.) < 0andsinf_(z.) > 0.On accountof w; > w_
and (4.9), we obtain y +b(7.) > 0 and w3 + pu* —b* (1) > w* +u* —b*(z.) > 0. It then follows
from a(z.) < 0 that

cos s (1.) = a(te) (u+b(re)) - a(te) (L +b(r)) _ c0sO_(z,),

e (e ()

which implies 04 (t.) < 6_(t.), a contradiction. Thus, we conclude that 6, (7) < 6_(t) for all
T € I,. By the definition of Sgt(r) and w4 > w_, we have

0 6_
£ o= and Sar(t) > S, (v) for T eb.
w4 w_

Therefore, S (t) > S, (v) forall T € I and n € Ny. When t = 0, the asymptotic stability of x*
implies that Sar (0) < 0. This ends the proof. O

As we will see later, the signs of the following functions play an important role in bifurcation
analysis.

Sign(n +b) = Sign(wz_ + Mz — bz) = Sign(sinf_) = —Sign(cosHy). “4.11)
In the following lemma, we investigate the sign of u + b(7).
Lemma 4.6. If % > e2tP1/P2 then yu + b(t) has a unique zero on (0,7), denoted by *.

Moreover, uw + b(t) <0 for T € (0,7) and n + b(t) > 0 for T € (,T). On the other hand, if
% < eXtP1/P2 then u + b(t) > 0 for all T € (0, 7).

Proof. By using u = ple"”e’x* + pre 2T~ and the definition of b(7) in (4.3), we obtain

16—61 4 pze—Zér

wAbr)=—e %™ <(ln P —2)pre 7 — pl) )
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Set g(r) = (In 2 EE ) et py It s readily seen that ¢/(r) < 0, g(0) =
(1n% —2)p» — p1,and g(3) = —p; < 0. If % < ¢¥tP1/P2 then g(0) < 0, which im-
plies that g(t) <0 and u + b(r) > O for all T € (0, 7).

On the other hand, if % > ¢>tP1/P2 then g(0) > 0. It follows from the intermediate value
theorem that there exists a unique T € (0,7) such that g(t) = 0. Moreover, g(t) > 0 for 7 €
(0, 7) and g(t) <0 for T € (7, 7). This completes the proof. O

Let A(t) = &(t) + iw(7) be a root of the characteristic equation (4.2) near T = t™* satisfying
&(r*) =0and w* = w(t*) > 0. It can be calculated that

_ (a(t) + b(t) cos(wt)) — b(T)wsin(wT)

Al
(iw, 1) o
and
. —w(a(t) + b(tr) cos(wt)) — b(t) usin(wr)
Bliw, 1) = 5 5 .
1+
Consequently,
~ a(t)? + b(1)? 4+ 2a(1)b(1) cos(wt) — w? — pu?
Glw,7)= 5 5
ne+w

G
T @2 —) (P + o)

By using Theorem 3.1, we have the following transversality condition

3G
Sign (ReA'(t*)) = Sign (—a—(a)(r*), t*)) Sign S, (t%)
w
: *\2 2 %2 : G * * . ]
=Sign(w(t™)” 4+ u” — b(r™)") Sign a—(a)(r ), t") ) Sign S, (t7),
1)
where S, (t*) = w(t™)t* — 6(t*) — 2nw = 0 for some n € Ny. It is easily seen that

0G 0G
0 (12 4+ u> = b(r*)? >0, %(04(7*)’ %) >0 and g(a)_ (t), ™) <0.

Now, we are ready to provide a simple geometric method in the examination of the transversality
condition.

Theorem 4.7. Assume that for some n € Ny the function S,j' (t) (resp., S, (v)) has a positive root
t* € I, then a pair of simple purely imaginary roots Tiw(t*) (resp., tiw_(t*)) of (4.2) exist
att =t*, and
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dst(*
Sign (ReA'(t*)) =Sign ﬂ
dt
ds;(=*
<resp., Sign (Rek’(f*)) = — Sign (w—(t")? + u? — b(r*)?) Sign %)
T

Moreover, this pair of simple purely imaginary roots *iwy(t*) (resp., £iw_(t*)) crosses the
imaginary axis from left to right at T = t* if Re)'(t*) > 0, and from right to left if Re)'(t*) < 0.

If sup SJ (t) <0, then SS' () has either a zero of even multiplicity or no zero in /. Moreover,
tel

Sy (r) and Sff(r) for all n € N have no zero in I. Therefore, all eigenvalues remain to the left
of the pure imaginary axis as T increases from 0 to T} namely, x* is locally asymptotically stable
for all T € [0, T].

If sup S(')" (7) > 0, it then follows from Sp(0) < O that SJ (7) has at least one zero of odd

tel
2 2
¢ Ditp 2o VPP
I

multiplicity. In the remaining part of this subsection, we assume thal >et z S,

which guarantees that
2u% —2b(1)* — a(r)? > 2(u? — b(1)* — a(r)?)

2 2
. +
=2 (k2= (p} + phe ™ (1—x*>2)zz<u2—p‘e4p2) >0,

for = € (0, 7). Therefore, (H;) cannot be satisfied; namely, I, = @. Moreover, (H;) is satisfied if
and only if u — b(t) < —a(r). Consequently,

I=15L={t€[0,T]:u—b(r) <—a(1)}.
Note that (i — b(t) +a(1)e’™™" = p1(2 — x*) + pre 5°x* < 2pi + (p2 — p)X*.If p1 > po,

then [0, 7] C 14,
1 | VP HApuB+p 2n

Tb=311 <7, B=erir2,

ub

If I; is nonempty, we denote Ty = sup 7. Since u — b(T) + a(T) = pze_z‘s?e_x
tel;

have 0 < ty < 7. As T — T, we have w(r) — 0. This, together with (4.9), implies that

lim sinf4(r) =0and lim cosfy(tr) = —1. Therefore, lim 64(t) =x, lim S} (r)=—=

Ty T>Ty Ty Ty

.
x* >0, we

for n € Ny. In view of S(‘)Ir (0) < 0, the function S(‘)Ir () has at least two zeros in [ provided that

sup SO+ (t) > 0. For simplicity, we assume that
tel

2 2
pi+p;

B P1t+p2 > 2>

(B1) m e”z

, sup S(}L(r) > 0, and S,J[(r) has at most two zeros (counting mul-
tel
tiplicity).
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Under the assumption (By), for any n € Ny, S;," (7) has either zero or two simple zeros.
Now, we collect all simple zeros of S, (r) with n € Ny and list them in increasing order:
O<tpg<T1 <--<mg-1 <7 (K €N). It is easily seen that for each integer 0 <i < K — 1,
we have dS,‘n"(r,')/dt > 0 and dS,‘,‘;(rgK_,'_l)/dr < 0 for some m € Ny. Therefore, the pair of
simple conjugate purely imaginary eigenvalues =i, (t;) crosses the imaginary axis from left
to right, and the pair of simple conjugate purely imaginary eigenvalues +iw (t2x—;—1) crosses
the imaginary axis from right to left. This implies that system (4.1) undergoes a Hopf bifurca-
tion at x* when t =7; (0 < j <2K — 1). Moreover, x* is locally asymptotically stable for
T €[0, 79) U (T2K —1, Tmax ), and unstable for t € (19, Tog—1).

Foreachn =0, ---, K, S,':‘(r) has two simple zeros 1, and 172 —,,—1. Let T, be the period of
the periodic solution bifurcated at t,. Applying the Hopf bifurcation theorem for delay differen-
tial equations [15,12], we have

_ 21 . 27Tk
" wp(m) T O4(t) + 207’
2 2T oK —pn—1

0t (g —n—1)  O4(Tok—n—1) +2n7"

T

Tog pno1=

If % < e2tP1/P2 it follows from Lemma 4.6 and (4.11) that cosfy(z;) < 0. Since

. . 2 4 20K —pn—
sinf,(r;) > 0, we obtain 6,(r;) € (w/2, 7). Hence, 2’111 <T, < 4nfﬁ] éflJr"l !

. To summarize, we have the following results on stability of x* and Hopf

and

<

dvk—n-1

Tok—n-1 < =331

bifurcation.

Theorem 4.8. Consider model (4.1) with % > 2.

(1) If either 1 = { or sup Sg'(t) < 0, then x* is locally asymptotically stable for all T €

tel
[0, Timax)-

(i) If (B1) holds, then there exist exactly 2K local Hopf bifurcation values, namely, 0 <
T <T] <+ - <Tg_1 <71 such that model (4.1) undergoes a Hopf bifurcation at x*
when T =1 for 0 < j <2K — 1. x* is locally asymptotically stable for t € [0, 79) U
(ToK =1, Tmax ), and unstable for T € (19, Tog—1). Moreover, if % < 2tP1/P2 | then for

any n =0,1,---, K — 1, when t is sufficiently close to t, (resp., Taxk—n—1), the pe-
riod T, (resp., Tax—n—1) of periodic solution bifurcated at t, (resp., Taxk—n—1) Satisfies
T, € ( 21, 4t ) (res T c (21'21(7,171 4k —n—1 ))

n € T T It P 12K —n—1 o+l dn+l /)

4.3. Stability switches of the positive equilibrium

In this subsection, we investigate the stability switches of x* based on the characteristic equa-
. . . 2p? S
tion (4.2). Throughout this subsection, we assume that % > ¢? > ﬁ, which implies that

pL< pge_a?. For 7 € (0, T), we have

(1= b(®) +a(0)e®™ = p1(2 = x*) + pre™5x* > 2p1 + (p2e ™7 — px* > 0.

Hence, (H;) cannot be satisfied and I; = @. Note that (u + 3b(1))ed Tt < p1— 2[)28_6? < 0.
The condition (H») is satisfied if and only if a(7)? > —8b(t)(b(t) + ). Consequently,
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I=h={te[0,7]:a(t)?> —8b(x)(b(r) + w)}.

If I, is nonempty, we denote s = sup 7. Since a(D)2 + 8b(F)(b(T) + ) = e XTe~*p|(p) —

tel,
8 pze_‘”) <0, we have 0 < 75 < 7. For simplicity, we assume that

2 2
(B») % > 2 > uLp;’ supSi (t) > 0, Sg(r5) <0, and SE(r) has at most two zeros
tel

(counting multiplicity).

Assumption (B,) implies that for each n € Ny the function S,df(r) has either zero or two simple

zeros. Now, we collect all simple zeros of S, () with n € Ny and list them in increasing order:

0< 101 < rll << Tlel—l < T (K1 € N). We also collect all simple zeros of S, (r) with

n € Ny and list them in increasing order: 0 < tg < 112 <. < t22K2_1 <7 (K3 € N). Clearly, for
each integers 0 <i < K1 —1and 0 < j < K7 — 1, we have den‘(ril)/dr >0, dS;(t]z)/dr >0
and dS;:(Tle_i_l)/dT <0, dS,;(tzZKz_j_l)/dt < 0 for some m € Ny. From Lemma 4.5, we

+ — T 1_ .2 1 2 ;
have §; (7) > S, (t), which implies that 7; < 7y and Tok,—1 > Tag,—10 that is
1 : 1 1 1 1 2 2 2
Typ =MINT, Trp _; =MaxT, J=A{ty, 1y, STk 10 T0s Tis ’le(z—l}-
tel telJ

If Sy < Sf, then S, = §; —2mm < SlJr —2mm = S;H for any m € Ny. Thus, system
(4.1) undergoes a Hopf bifurcation at x* when 7 € J, and x* is locally asymptotically stable for
T € [0, r&) U (7:2]1(1_1, Timax ), and unstable for 7 € (r(}, 1:2]1(1_1).

If Sy =S8 1+ then S, = Sr: 41 forany m € No, which implies that Hopf bifurcation occurs only
when v = r(; ort = tlel_l. ForteJ — {r(} , 7211(.—1 }, there exist two pairs of conjugate purely
imaginary eigenvalues, then system (4.1) undergoes a double Hopf bifurcation. Moreover, x* is
locally asymptotically stable for 7 € [0, 7)) U (7211(1—1’ Tmax), and unstable for 7 € (1], rlel_l).

If Sy > S, then S, > S, for any m € Ny. This yields

1 2 1 2 2

1 2 1
Tg<T)<T| <T{ < <Tp <Tpi| <Ti1 < Tpi2

<< 7221<1—2 < Tzllq—z < T221<2—1 < Tzlkl—l-
Thus, system (4.1) undergoes a Hopf bifurcation at x* when 7 € J. If further, either (p; +
P/ < e2FPi/p or ¥ < t(}, then u + b(t) > 0 for 7 € [ro,?]. By (4.11) and Theorem 4.7,
we have Rek’(t}) <0 and Rek/(tzzkz_j_l) > 0 for 0 < j < kp — 1. Hence, all bifurcation val-
ues v € J are stability switches, that is, x* is locally asymptotically stable for t € [0, té) U
(rg, tll) U---u (tlel_z, tzsz_l) U (rlel_l,rmax), and unstable for 7 € (r(}, tg) U (‘1,'11, r12) U
.U (rzzszz, 7211(172) U (T22K271’ T21K171)' On the other hand, if T > r&, then u + b(t) < 0O for
T € [7:(;,?]. By (4.11) and Theorem 4.7, we have Rek’(rj.z) > 0 and Rek’(t%kz_j_l) <0for0<
J < ky — 1. This implies that x* is locally asymptotically stable for 7 € [0, r&) U (t21 K 1> Tma )

and unstable for t € (101, 121K1_1). To summarize, we have the following results on stability
switches of x* and Hopf bifurcation.

Theorem 4.9. Consider model (4.1) with (By). Let T be defined as in Lemma 4.6.
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O IfS, < Sf', then system (4.1) undergoes a Hopf bifurcation at x* when t € J. Moreover,
x* is locally asymptotically stable for T € [0, rol) U (7211(.—1 s Tmax ), and unstable for T €
(79 tZIKlfl)'

@) If Sy = Sfr, then system (4.1) undergoes a Hopf bifurcation at x* when t = tol ort =
T21K171’ double Hopf bifurcation occurs at T € J — {r&, 1’21](171 }. Moreover, x* is locally
asymptotically stable for T € [0, t(}) U (rlel_l, Timax), and unstable for T € (t(}, ‘L’lel_l).

(i) If Sy > S1+, then system (4.1) undergoes a Hopf bifurcation at x* when t € J. If fur-
ther, either (p1 + p2)/m < e2TPUP2 or ¥ < r&, then all bifurcation values are sta-
bility switches, x* is locally asymptotically stable for t € [0, t(}) U (‘L'g, rll) u-.-u
(721K1—2’ 7221(2—1) U (tle1 _1» Tmax), and unstable for T € (1'01, ‘L'g) U (rll, 112) U---u (7221(2—2’
tlel U (7221(2—1’ tlel _1)- On the other hand, if T > t&, then x* is locally asymptotically
stable for T € [0, rol) U (t21K171’ Timax ), and unstable for T € (rol, Tlel—l)'

Remark 4.10. When p; = 0 (no diapause), our model reduces to the Nicholson blowfly equation
considered in [23], and Theorems 2.2 and 4.4 generalize the results in [23, Theorem 2.2] and
[23, Theorem 3.8], respectively. In [23], it was proven that there is at most one pair of stability
switches of the positive equilibrium if p, = 0. However, this is no longer valid when p, >
0. Theorem 4.9 indicates that diapause may induce multiple stability switches of the positive
equilibrium.

5. Global Hopf bifurcation analyses

Theorems 4.8 and 4.9 give us sufficient conditions for the existence of periodic solutions
bifurcated from x* when t is near the local Hopf bifurcation values. In this section, we will
discuss the global continuation of periodic solutions bifurcated from the bifurcation point as
the bifurcation parameter t varies. We shall use the global Hopf bifurcation theorem for delay
differential equations [26] to show that model (4.1) admits periodic solutions globally for t in a
finite interval including the values that are not necessarily near the Hopf bifurcation values. Let
z(t) = x(tt). Model (4.1) can be rewritten as a general functional differential equation

J(t)=F(z,t.T), (t,7,T)eRxT xRy, (5.1)
where T =[0,7), 2,(s) = z(t + s) fors € [—2,0],and z; € Y :=C([-2,0], R,), and
F(zi, T, T) = pre Ttz(t — e 07D 4 pre T r7(t —2)e™ 2= — urz(r). (5.2)

Restricting F' on the subspace of Y which consists of all nonnegative constant functions, we
obtain

Z

-8 —26 —
F |]R+><T><R+= (p1e™°" + pae”*")1ze™" — ptz,

which is clearly twice continuously differentiable. Thus, the condition (A1) in [26] holds. By
Theorem 2.2, the set of stationary solutions of model (5.1) is given by

E(F)={0,7,T):tel,TeRIU{G* 7, T):tel, TR}
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For any stationary solution (Z, 7, T) € E(F), the characteristic function is

AGrryM) =L —DFZ,t,T)(e")
=t put — prre (1 =DeCer — prre BT —F)eCe P,

If Ro > 1, then DF(Z,t,T) # 0 for any (Z, 7, T) € E(F), which implies that 0 cannot be an
eigenvalue of any stationary solution of (5.1). Hence, the condition (A2) in [26] holds. Moreover,
it follows from (5.2) that the smoothness condition (A3) in [26] is satisfied. Theorem 4.8 implies
that if £ 1:” 2 > ¢2 and either (B;) or (B>) holds, then for each integer 0 < j < 2K — 1 the sta-
tionary solution (x*, t;, 27 /(w;;)) is an isolated centre of (5.1), where wj= a)+(r ) is defined
in (4.8). Furthermore, the set of all positive integers m such that im 27/ T) with T =27 [(w;T})
is a purely imaginary characteristic value contains only one element {1}. By Lemma 4.7, the
crossing number y1 (x*, T;, 2 /(w;t;)) at each isolated centre is

%, 7 2_”)__sin(Rex/(r~))— —h O=s=R- (5.3)
R PIENL K<j<2k—1 '

Thus, the condition (A4) in [26] holds. We define a closed subset X(F) of ¥ x T x R by
YX(F)=Cl{(z,t,T)eY x 1 x R, : z is a nontrivial T-periodic solution}.

For each integer 0 < j < 2K — 1, we denote by C(x*, 7;,2n/(w;7;)) the connected compo-
nent of (x*, 7;,27/(w;7j)) in X(F). Theorem 4.8 guarantees that C(x*, t;, 27w /(w;t;)) is a
nonempty subset of X(F).

To find the interval of 7 in which periodic solutions exist, we shall further investigate the
properties of periodic solutions of (5.1).

Lemma 5.1. Let z(t) be a nonconstant and nonnegative periodic solution of (5.1). There exist
constants € > 0 and M = % such that foranyt e R, € <z(t) < M.

-8t ,—28T . .
Proof. It follows from the proof of (2.2) that limsupz(¢) < % < M. Since z(t) is
—

o0
periodic, we have z(r) < M for all t > 0. Let z,;, 1= miﬁl{lz(t) = z(tp) > 0 for some #; > 0. It
te

follows from z’(;) = O that

() = pre”*"z(ty = De =70 4 pre™ (1 = 2)e7* 272, (5.4)
We claim that either z(t, — 1) > x™ or z(#r — 2) > x*. Otherwise,

1z(12) > pre 3 z(t)e ™ + pre P z(n)e™ = pz(n),

a contradiction. Let € = min{p1e~°7, pre 2T}x*e M /;u > 0. It then follows from (5.4),
max{z(r, — 1), z(tr — 2)} > x* and z(¢) < M that

1z(t2) > min{pre ™", pre e Mz(ty — 1) + 2(t2 — 2)] > pe.
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Therefore, z(t2) > € > 0. This ends the proof. O

Lemma 5.2. If % > ¢2, then (5.1) has no nonconstant and nonnegative periodic solution of
period 2.

Proof. Assume to the contrary that z(¢) is a nonconstant and nonnegative periodic solution of
(5.1) with period 2. Define u () = z(¢) and us(t) = z(t — 1). Then (1 (), us(t)) is a nonconstant
and nonnegative periodic solution of the following plane system

uy (1) = pre T tuse ™ + pre P rure ™ — pruy () := P(uy, ua),

(5.5)

uh(t) = pre”* rure™ + pre” T Tuge ™ — prun(t) 1= Qu, uz).

__1 _ -8t _ —28t
Set H = e A1 =pie and oy = ppe , then we have

d(HP) N 9(HQ) R <al(uze_”2 ure M

+ Y+ ar(uie ™ + Mze_uz)) < 0.

oug duy uj

Dulac-Bendixson’s criterion [20] indicates that system (5.5) has no periodic solutions. This is a
contradiction and the proof is complete. O

Our next lemma excludes the existence of periodic solutions of (5.1) of period 4 by using the
general Bendixson’s criterion developed by Li and Muldowney [16].

Lemma 5.3. Assume that % > e2, % < %oez and % < %0'62, where o > 1 is the largest

root of ye3¥¢ = 1. Then model (5.1) has no nonconstant and nonnegative periodic solutions of
period 4.

Proof. First, we list some facts which will be used frequently throughout the proof. Note that
o>1land f(oe) =0e!~7¢ = ¢~ 2. Itis easy to verify that o < 1.5 and f(1 —20/3) > e~2. For
7 €[0, 7], we have

p]e—ar +pze—281 - ple—6?+pze—28? 262
jz N iz

s

and

—81 —281 —81 —81
e + pre e e 1
P1 P2 < P1 P2 < P1 _662.

u Toou N

Thus, p1e%7 /> (1 — /3)e®. A similar argument shows that pre=27 /> (1 — 20/3)e?.
Next, we prove the nonexistence of 4-periodic solution by contradiction. Suppose that z(¢) is
a nonconstant and nonnegative 4-periodic solution of (5.1). It is readily seen from Lemma 5.1
that z(¢) < (p1 + p2)/(ne) < oe. Denote m = m%lz(t) = z(tp) for some t, > 0. We have
te

8t —28t
e e
m="1! 2= De ) 4 L e = e,
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Similar as in the proof of Lemma 5.1, we have either z(t — 1) > x* or z(t; — 2) > x*. If z(tp —
1) > x*, then f(z(tp — 1)) > f(oe) = e 2 and

-8t -8t
P rath—1) > P o251 — gy

n

m >

If z(t) — 2) > x*, then f(z(t2 —2)) > f(oce) =e~2 and

—28t —28t

P faw—2) > 2

m > e ?>1-20/3.

In either case, we have f(m) > f(1 —20/3) > e~ 2, which implies f(z(t)) > e 2 forallt > 0.
Consequently,

—81 —287
i4 + pae _
m > P P e 221.

u

Now, we let u;(t) =z(t +1 —i) with i = 1,2,3,4. Then (u1(t), uz(t), u3(t), us(t)) is a
nonconstant and nonnegative periodic solution of the following system:

8 26

uh (1) = pre Ttuze ™ + pre T ruze ™ — pruy (1),
uh(t) = pre” T tuze ™ + pre P Tuge™ — prus(t), 56
uy(t) = pre T ruge ™ + pre P rure ™ — prus(t),

) 25

uy(t)y = pre °Tture™ + pre” T tune ™" — pruy(r).
Denote Q2 = {u € R*:1< u <oe,i =1,2,3,4}. It suffices to establish the nonexistence of
nonconstant and nonnegative periodic solutions of (5.6) in 2. The Jacobian matrix J(u) of (5.6)

is given by

1 Biguz) Pag(uz) 0

__ 0 1 B1g(u3) Pag(us)

T ==0T1 o) 0 I Brg(ua)
Biguy) Pagluz) O 1

where B = p1e %7 /i, B2 = pre= " /i and g(x) = (x — 1)e™*. The second additive compound
matrix [16] of J(u), denoted by J 2l(w), is given as

-2 —p18w3) —pPag(ug) Pagluz) 0 0
0 -2 —B1g(us) —pPiguz) 0 0

ut —Brg(uz) O -2 0 —Biguz) —prg(us)
Bogu1) O 0 =2 —Big(ug)  Brg(us)
Bigwy) 0 0 0 -2 —B18u3)
0 prgur)  —pPagur) Pogluz) 0 -2

The Lozinskii measure [6] with respect to the [°° norm in R®, denoted by ¢(J (2] (n)), is



10958 H. Shu et al. / J. Differential Equations 269 (2020) 10937-10963

max{—2+ Bi|gu3)| + B2(lgua)| + g u3)]), =2+ Bi(lgua)| + |gu2)),
=24 (B1+ B)Igu2)| + B2lgw3)], =2+ falg(un)| + (B1 + B2)[g(ua)l,
=2+ BigD)| + 183D, =2+ (B1 + B2)lgu)| + palg(u2)|}ut.

For any u € [1,0¢], |g(u)| = g(u) < g(2) = e~2. This together with 8 < pi/u < 20¢*/3 < e?
and By < pa/ju < 0€?/3 < €2/2 implies that the Lozinskii measure ¢(J'2/(u)) < 0. By [16,
Corollary 3.5], system (5.6) has no nonconstant and nonnegative periodic solution in €2, which
leads to a contradiction. This completes the proof. O

Note that the technical conditions pi/u < 20¢*/3 and pa/u < oe?/3 are used to prove
nonexistence of 4-periodic solution. As we see later in the numerical exploration, the result
of Lemma 5.3 seems to be true when these conditions are violated. We thus conjecture that
4-periodic solution does not exist if p; + pr > pe>.

For any integer 0 < j <2K — 1, Lemma 5.1 implies the projection of C(x*, t;, 27 /(w;T;))
onto Y is bounded. Lemmas 5.2 and 5.3 show that model (5.1) has no periodic solution with
period 2 or 4, and thus has no periodic solution with period 2/(2n + 1) or 4/(4n + 1) for any
n € Ny. It follows from Theorem 4.8(ii) that the period 7, of a periodic solution located on the
connected component C(x*, t,, 27 /(w,1,)) satisfies

T < — 5.7
M+l " T anrd .7)

for any integer 0 < n < K — 1. Similarly, ﬁ < Dhg_n-1 < ﬁ. Hence, the projection of
C(x*,1;,2m/(wjt})) onto the T-space is bounded. Note that 7 € [0,7), which is a bounded
interval. Therefore, C(x*, 7j,2m/(wjt;)) is bounded in ¥ x T x R5.

The periodic solutions are all bounded away from zero by Lemma 5.1. Thus there is no need to
consider the boundary equilibrium. We define E{ (F) = {(x*, 7, T), (t,T) € T x R }. It then fol-
lows from the global bifurcation theorem ([26, Theorem 3.3]) that £ := C(x*, t;, 27 /(w;T;)) N
E((F) is finite and 3 > . 7ycc 11 Z,t,T)=0.

Summarizing the discussion above, and further using an argument similar to [23, Theorem
4.6], we arrive at our conclusion concerning the global existence of periodic solutions and the
properties of the global Hopf branches.

Theorem 5.4. Assume that e*tP1/P2 > % > ¢, % < %0’6’2, % < %062 and either (B1) or

(B) holds, for j =0,1,...,2K — 1, denote t; as a simple zero of S,‘fj (t) or Sn_j (1) for some
n;j € No. Then we have the following results on model (5.1).

(i) All global Hopf branches C(x*, t;,2m/(w;T;)) are bounded.

(ii) For each n < K — 1, the two global Hopf branches C(x*, 1,27 /(w,T,)) and C(x*,
K —n—1,27 /(WK —n—1T2Kk —n—1)) coincide with each other, and thus connect a pair of
Hopf bifurcation values t, and tyx_,—1. Moreover, for each Tt € (t,, Tok—n—1), model
(5.1) has at least one periodic solution with period in (2/(2n + 1),4/(4n + 1)).

(i) C(x*, 1;,2n/(wjTj)) N Cx*, 7, 2/ (wrT,)) =D whenr #2K — j — 1.

Remark 5.5. In this section, we have always assumed that u +b(t) > 0 for all T € (0, T), which,
according to (4.11), guarantees that 64 (7) lie in (;r /2, 7). This condition is essential in finding a
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uniform upper bound for the periods of periodic solutions in a global Hopf branch. If u + b(7) <
0 for some 7, then 64 (7) may lie in (0, 7/2), and we will not be able to find an upper bound for
the periods of periodic solutions. However, as we see later in the numerical exploration, we still
observe and thus conjecture that the global Hopf branches are bounded.

The global bifurcation result of our model is quite different from that for (1.1). It was proven
in [27] that all global Hopf branches in (1.1) are unbounded. Since the coefficients in our model
are delay dependent, and the trivial equilibrium 0 is globally asymptotically stable for large 7,
the periodic solutions may only exist for 7 in a bounded domain. The biological interpretation is
that the mortality during development or diapause will inhibit the reproduction of tick population
if the delay is too large.

It was proven in [27] that (1.1) does not have 3t-periodic solutions. For our model (1.2), we
have to prove that 47 -periodic solutions (and consequently, 27 -periodic solutions) do not exist,
which together with (5.7) implies that the periods of all periodic solutions are uniformly bounded
from below and above.

6. Numerical exploration

In this section, we conduct some numerical simulations by using the following parameter
values elaborated from the literature [14,21,22,29]: § = 0.7 per year, p» = 400 per year, p; = 30
per year, and p = 20 per year. The delay t has the unit in years. It is easy to calculate T ~ 0.71 <
T~~0.81 <T~1.59 < Tyax ~ 2.40. Clearly, there exists a unique positive equilibrium x* if and
only if T < 7,,4,. By Theorem 4.9, there are six bifurcation values:

70 ~0.03 <13 ~0.16 < 7] ~#0.30 < 7} 2 0.60 < 17 ~0.65 < 7 ~0.71,

as shown in Fig. 1. Correspondingly, w4 (t}) & 1.09, w_ (1) ~ 4.22, w4 (t]) 745, w4 (1)) ~
7.62, w_(tlz) ~ 4.49, and a)+(t3]) ~ 1.58. Note that T > 1:(}. Theorem 4.9 implies that x* is
locally asymptotically stable for 7 € [0, 1'01) U (1'31, Tmax ), and unstable for 7 € (101, 1'31). This is
also confirmed in the bifurcation diagram in Fig. 2. As 7 increases and crosses the first bifurcation
point rol, the positive equilibrium x* becomes unstable, and a stable periodic solution bifurcates
from r(}. When 1 crosses the last bifurcation point r31, there exists no more periodic solutions
and the positive equilibrium x* regains its stability. If 7 keeps increasing and approaches 4y,
then the positive equilibrium vanishes to the trivial equilibrium; see Fig. 2.

Fig. 3 plots the three global Hopf branches C(x*, r,(l,Zn/(a)+(r,<1)r,cl)) and C(x*, rg,Zn/
(a)_(‘lfg)l'g)) with k = 0, 1, by using the Matlab package DDE-BIFTOOL developed by Engel-
borghs et al. [8]. We observe that all branches are bounded and connect a pair of Hopf bifurcation
values. Note that we have proved boundedness of global Hopf branches under the condition
w4 b(t) > 0 for all T € [0, T]. For the parameter values chosen in our simulation, we observe
that u 4 b(7) is not always positive. Our simulation results suggest that the global Hopf branches
should still be bounded even if u + b(7) is negative for some t.

It is noted that periodic solutions exist for 7 € (t(} , 131 ). Whent € (rg, 112), there are more than
two periodic solutions. By calculating the Floquet multipliers (see Fig. 4(a)), we observe that the
periodic solutions on the first global Hopf branch is always stable (i.e., Floquet multiplier is equal
to one), the periodic solutions on the third global Hopf branch is always unstable (i.e., Floquet
multiplier is greater than one). Recall that in Fig. 2, we also observe that there exists a stable
periodic solution when t € (r(}, 131), which coincides with the blue curve in Fig. 4(a). On the
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Fig. 1. The graphs of S,:,t (7) (n =0, 1), which give bifurcation values.
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Fig. 2. Bifurcation diagram of (4.1) with t as the bifurcation parameter.
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Fig. 3. All global Hopf branches of model (4.1).
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Principle Floquet multiplier
5
o
X(t)

T t

(a) (b)

Fig. 4. (a) The principal Floquet multipliers of periodic solutions on all Hopf branches; (b) two coexisting stable periodic
solutions for T = 0.47. (For interpretation of the colours in the figure(s), the reader is referred to the web version of this
article.)

second global Hopf branch, the periodic solutions switch stability twice as 7 increases from ‘L'g

to 112; namely, they are unstable for small or large 7, but stable for  near 0.47; see Fig. 4(a).

It is interesting to note that there are two stable periodic solutions when 7 is near 0.47. In
Fig. 4(b), we fix T = 0.47 and solve the delay differential equation with two different initial
conditions. After sufficient long time, the solutions are close to two different periodic orbits.

7. Summary and discussion

In this paper, we proposed a tick diapause model with two delays and delay dependent pa-
rameters. Global stability analysis of equilibria and global Hopf bifurcation analysis on periodic
solutions were conducted for the proposed delay differential equation. We constructed suitable
Lyapunov functionals to obtain global asymptotic stability of equilibria under certain conditions.
We provided a simple proof of the geometric criterion for a general delay differential system
with two delays and delay dependent parameters. This criterion generalizes the classical result
for the single delay case in [5]. We also used the generalized Bendixson’s criterion in [16] to
prove nonexistence of 4-periodic solution for the scaled delay differential equation. We apply
the global Hopf bifurcation theory in [26] to prove that the global Hopf branches are bounded
and connected by two bifurcation values. Our theoretical analysis demonstrated that diapause
may induce multiple stability switches of the positive equilibrium. This phenomenon was not
observed in the single delay case, say, in the Nicholson’s blowflies model [23] or stage-structured
differential equations with unimodal feedback [24]. Numerical exploration suggests another phe-
nomenon that a periodic solution is stable whenever the positive equilibrium is unstable, and two
stable periodic solutions may coexist.

There are some interesting problems worth further investigations. For instance, it is possible
that the two delays are not proportional, but differ by a constant. In this case, one should set
7o = 11 + ¢, where c is a constant, and treat 7| as the bifurcation parameter. A more general case
is when these two delays are not related and a more complicated Hopf bifurcation analysis with
two bifurcation parameters is required. In the proof of boundedness for global Hopf branches,
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we had to exclude the existence of 4-periodic solutions for the scaled delay differential equation.
To prove this, we imposed a technical condition that both p;/(2u) and p>/u are bounded by
oe?/3, where o > 1 is the largest positive root of f(coe) = e2. From numerical exploration, it
is conjectured that this technical condition should be released; namely, 4-periodic solution does
not exist as long as (p1 + p2)/u > €.
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