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moment problems.
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1 Introduction

The Plancherel-Rotach asymptotics for orthogonal polynomials refer to asymptotics
of the orthogonal polynomials scaled by the largest zero. There are three types of
Plancherel-Rotach asymptotics depending on whether we are in the oscillatory re-
gion between the largest and smallest zeros, in the exponential region beyond the
largest (or smallest) zero, or in the transition region near the largest (or smallest)
zero. If the extreme zero moves as the polynomial degree increases, the last type of
asymptotics is related to the soft edge asymptotics in the random matrix theory and
describes the eigenvalues of large random Hermitian matrices near the tail end, see
[2]. The Plancherel-Rotach asymptotics for Hermite and Laguerre polynomials are
given in [23] and [2]. The corresponding asymptotics for the exponential weights
were developed by using the Deift-Zhou steepest descent analysis for corresponding
Riemann—Hilbert problems in [8] and [15].

Every birth and death process leads to a family of orthogonal polynomials. The
birth rates {A,} and the death rates {u,} are assumed to satisfy the conditions that
An and p,41 are positive and o > 0. The recurrence relation of the birth and death
process polynomials {Q,, (x)} is

_xQn(x)Z)LnQn+1(x)+MnQn—l(x)_()\n + 1) Qn(x), n>0, (1.1

with the initial conditions
Qo(x) =1, Q1(x) = (Ao + po — x)/A0.

It is known in the literature that some classical continuous and discrete orthogonal
polynomials can be written as birth and death process polynomials with certain spe-
cial rates. For example, one can find the birth and death rates for Laguerre polyno-
mials, Jacobi polynomials, and Charlier polynomials in [11, Sect. 5.2]. Of course,
for these classical polynomials, their weight functions are well-known and unique.
However, for quite a few choices of A, and u,, the corresponding moment problem
is indeterminate. This means that the orthogonality measures of such polynomials are
not unique. For example, Letessier and Valent [18] introduced polynomials associated
with quartic rates

dn = (4n + D(@n +2)*(4n +3), wn = (4n — 1)(4n)>(4n + 1). (1.2)

These polynomials were also studied by Berg and Valent [5], and we refer to them
as Berg—Letessier—Valent polynomials. Van Fossen Conrad and Flajolet [25, 26] con-
sidered the following two families with cubic rates:

An=0n+c+1DBn+c+2)>% un=0CBn+0c)’Gn+c+1), c>0,
(1.3)

A=0Cn+c+1)?Cntc+2),  wup=0Gn+c—DEGn+co)?, >0
(1.4)
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see also [9]. The moment problems associated with the above rates are all indetermi-
nate. For the Conrad—Flajolet polynomials, this will be proved in Sect. 6. In fact, the
orthogonality measures of the above polynomials are still unknown in the literature.

Chen and Ismail [7] considered the orthogonal polynomials arising from the fol-
lowing recurrence relation:

Fn1(x) = xF (x) — dn? (4n* — 1) Fm1 (x), (1.5)

with Fo(x) = 1 and F| (x) = x. They indicated that these polynomials are also related
to the indeterminate moment problems. Moreover, they found the following family
of weight functions for F;, (x):

1 — a?[cos(p/x/2) + cosh(pr/x/2)]
2[{cos(p/x/2) + cosh(p/x/2)}? — a2 sin®(p/x/2) sinh?(p/x/2)]’
xeR, (1.6)

Wy (x) =

where o € (—1, 1), p is a constant defined in (2.15) below and /1 is defined as i;
cf. [7, Eq. (5.11)].

Note that the weight function (1.6) has a singularity at 0, which is similar to
the Freud weight e~ One may want to use the Riemann—Hilbert method to ob-
tain asymptotic formulas for the Chen—Ismail polynomials, as has been done by
Kriecherbauer and McLaughlin [15] for Freud polynomials. However, since the or-
thogonality measures are usually unknown or too complicated (cf. Chen—Ismail poly-
nomials) for orthogonal polynomials related to the indeterminate moment problems,
it is difficult to apply the powerful Deift—Zhou steepest descent analysis for Riemann—
Hilbert problems. In this paper, we intend to use the difference equation method de-
veloped by Wong and his colleagues in [28-30] to get the asymptotic expansions.
This will be the first time to apply this technique to derive Plancherel-Rotach asymp-
totics for orthogonal polynomials corresponding to indeterminate moment problems.
It must be emphasized that we only use the recurrence relation (or difference equa-
tions) to achieve our asymptotic expansion in this paper. This is a significant improve-
ment compared with the previous works, where some extra asymptotic information
is needed to determine the asymptotic expansion; for example, see [17, 29, 30]. Be-
cause we are dealing with polynomials orthogonal with respect to infinitely many
measures, it is important to use a technique which only depends on the moments but
not on the specific orthogonality measure used.

Before we proceed to the next section, we would like to mention that one useful
tool in estimating the largest and smallest zeros of orthogonal polynomials is the fol-
lowing theorem of Ismail and Li [12]. We did not consider any g-orthogonal polyno-
mials in this work. Ismail and Li [13] considered the Plancherel-Rotach asymptotics
for symmetric g-polynomials when the recursion coefficients grow exponentially. We
hope to treat these types of polynomials in a future work using difference equation
techniques.

Theorem 1.1 Let {P,,(x)} be a sequence of monic polynomials satisfying

xPr(x) =Ppy1(x) +ayPp(x) + B Pu_1(x), (1.7)
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with B, > 0, for | <n < N, and let {c,} be a chain sequence. Set
B:=max{x,:0<n <N}, and A:=min{y,:0<n <N}, (1.8)
where x,, and y,, X, > Yn, are the roots of the equation
(x —an)(x —atp—1)cn = P, (1.9)

that is,

1 1
%o =St E @) 4B /e, (110)

Then the zeros of Py (x) lie in (A, B).

In practice, one usually chooses the simple chain sequence ¢, = 1/4 for all n in the
above theorem.

The present paper is organized as follows. In Sect. 2, we study the Chen—Ismail
polynomials. After applying results in Wang and Wong [30] to obtain two linearly
independent solutions for the difference equation (1.5), we develop ideas used in
Wang and Wong [28] to determine the coefficients of these two solutions. Then the
Plancherel-Rotach asymptotic expansion is obtained, which is given in terms of Airy
functions. Moreover, we study the limiting zero distribution as well as the behav-
ior of the largest zero. In the next three sections, we follow procedures similar to
Sect. 2 and derive asymptotic expansions for Berg—Letessier—Valent polynomials and
Conrad-Flajolet polynomials, respectively. Since Bessel-type asymptotic expansions
appear in these cases, we need to apply the recent results by Cao and Li [6] to get
the two linearly independent solutions of our difference equations. As Sects. 2-5 are
independent of each other, we shall use the same notation for the functions and vari-
ables but it will mean different things in different sections. We hope that this will not
cause any confusion. In the last section of this paper, we list some remarks about the
moment problem and formulate a conjecture about large degree (Plancherel-Rotach)
behavior of orthogonal polynomials associated with indeterminate moment problems.
In this section, we also apply asymptotic results to show that the moment problem as-
sociated with the Conrad—Flajolet polynomials is indeterminate.

We used the term Conrad-Flajolet polynomials because the proper name “Van
Fossen Conrad—Flajolet polynomials™ is just too long, and we are sure that Eric Van
Fossen Conrad will not mind.

2 Chen-Ismail Polynomials

Before we derive the Plancherel-Rotach asymptotics for F, (x), one can easily get a
bound for the largest and smallest zeros from Theorem 1.1.

Proposition 2.1 Let x,, x be zeros of F(x) such that x, 1 > X2 > -+ > Xp n. Then
we have the following bounds for all n > 1:

/ 1 / 1
xn1 <82 1— — and xu,>—-8n%)1— —.
’ 4n2 ’ 4n2
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Proof Recall the recurrence relation of JF; (x) in (1.5), and choose ¢, = 1/4 in The-
orem 1.1. Then the result follows. Il

2.1 Difference Equation Method

To derive the Plancherel-Rotach asymptotics of JF (x), we start from the recurrence
relation in (1.5) and apply Wang and Wong’s difference equation method developed
in [29, 30]. To use their results, we transform the recurrence relation (1.5) into the
following standard form they need:

Pn1(x) — (Apx + By) pu(x) + pp—1(x) =0. 2.D
Let
X, ::24"1“2<n;1>1“<n +23/2)F(n +21/2)’ 22)

and F,,(x) = K;; p, (x). Then (1.5) becomes
K1 g1 (x) = x Ky pu(x) — 4n* (40> = 1) K1 pui1 ().

Since K41 = 4r12(4n2 — 1)K,,_1, the above recurrence equation reduces to the stan-

dard form (2.1) with A, = KKL and B, = 0. As n — o0, the recurrence coefficient

A, satisfies the following expansion:

o
_ (04
Ay ~n Gzn—j, (2.3)
s=0
with 6 =2 and
_1 _ 1 2.4)
a0—4, o] = 1 .

Since A, is of order O(n~2%) when n is large, to balance the term A, x in (2.1), we
introduce x = v?t and v = n + 19, where 7 is a constant to be determined. Then the
characteristic equation for (2.1) is:

A2 —apth+1=0,

with «g given in (2.4). The roots of this equation are

1]« 1\?
A==|-=% -] —4/,
2|4 4
and they coincide when the quantity inside the above square root vanishes, that is,
t =t+ = £8. These points 74 are called transition points for difference equations by

Wang and Wong in [29, 30] because in their neighborhood, the behaviors of solutions
to (2.1) change dramatically.
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Since the polynomials pj,(x) and po,4+1(x) are even and odd functions, respec-
tively, let us consider the asymptotics near the large transition point 71 = § only.
According to the main theorem in [29, p. 189], we have the following proposition.

Proposition 2.2 When n is large, p, (x) in (2.1) can be expressed as
Pn(x) = C1(x) Py(x) + C2(x) Q@n(x),

where C1(x) and C2(x) are two n-independent functions. In the above formula, Py, (x)
and Q,(x) are two linearly independent solutions of (2.1) satisfying the following
Airy-type asymptotic expansions in the neighborhood of t1 = 8

1 o = o =
Pa(v) ”(ffg(éi){‘*ﬂv?wn)zf‘(U)+A1 o)y 252,

s=0 V s=0 v 6 .
and
1 %) 0 7 7
64U (1) A;( By ( U)
24\ ~ 3 Bi’ 3
0n(v°1) <t2_64) [ U@ ZO s ) v Bi(vive Z el |

where v =n + % and U (t) is defined as

7 _
%[U(t)]% = @[F(% —l) - F(arcsin\/g, —1)i| —log @

t>8, 2.5)
2 3 t V2 11
Ut)]?=cos™' - — =B —~) -8<r<8. 2.6
VO =cos™ e == 1—%(2 4) == 26)
Here F (¢, k%) is the elliptic integral of the first kind,
¢ do
F(p.k?) = / —_— @7
0 V1—kZsin?0

By (a, b) is the incomplete Beta function
X
Bi(a.b) = / Y=y lay, (2.8)
0
and the leading coefficients are given by

Ao(U)=1,  BoU)=0

Proof Recall the asymptotic expansion for A, in (2.3); Eq. (2.1) falls into the case
0 # 0 and 74 # 0 considered in [29]. Following their approach, we choose

o1 [.;,_ 1 d T
n=———== and v= 7.
=729 T2 nrr
Then our proposition follows from the main theorem in [29]. O
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Remark 2.1 Note that the terms involving the elliptic integral F (¢, k%) and the in-
complete Beta function By (a, b) in (2.5) and (2.6) can be written as

(5 )= (o) - [ e
— —,—1) — F\arcsin,/ —, — = ——ds,
2 2 t 8 /52— 64
V2t 11 8 (t/5)2
—B al=,-)= ——ds.
8 I-m\2 4 r 64 —52
Moreover, one can verify that U(¢) defined in (2.5) and (2.6) is a monotonically

increasing function in the neighborhood of 8. Also, we have the following asymptotic
formula:

U(t) = % +0@—8)?% ast— 8. (2.9)

2.2 Determination of C1(x) and C»(x)

In this subsection, we will determine the coefficients C1(x) and C»(x) in Proposi-
tion 2.2 via a matching method. To this end, we shall derive the asymptotic formulas
of F,(x) (or, p,(x)) in the exponential region and oscillatory region, respectively. In
the following lemma, we provide the asymptotic formula in the exponential region of
the solution to a general class of difference equations. A similar result was obtained
by Van Assche and Geronimo in [24]. Here, we adopt the approach developed by
Wang and Wong in [28].

Lemma 2.1 Let m,(x) be monic polynomials defined from the following recurrence
relation:

1 (X)) = (x — ap)mp (%) — b1 (x),

with initial conditions mwo(x) = 1 and w1(x) = x — ag. Here the constants a, and by,
are assumed to be polynomials in n and have the following asymptotic behaviors as
n— oo:

a, =an? +an?~ ' + O(np_z),

bn =b2n2p +’3n2p71 + 0(n2p72)’

where a and b > 0 are not identically zero and p > 0 is a positive integer. Let |
be the smallest convex and closed interval which contains 0, a — 2b, and a + 2b,
namely, I =[a —2b,a+2b]ifa—2b<0<a+2b;1=[0,a+2b]ifa—2b>0;
I =[a—2b,0] if a+ 2b <0. Note that b > 0 but a could be negative. So, it is
possible (although rarely) that a 4+ 2b < 0. Rescale the variable x by x = x, 1=
(n 4+ o)Py with y € C\ I. Then we have the following asymptotic formula for
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TTn (Xn):
oy~ (" "y —a)++/(y—a)? —4p2]'?
70 (xn) ~ | —
n n 2 2y
1 2
X GXP{n/ log[(y —ar?) +\/(y —arP) —4b2r21’]dr}
0
! L 4p2 _
X exp / e dr+[ raly—an) dr:|
LJo 2/(y —ar)? — 4b2r2 o 2[(y —ar)* —4br?]
. X
X exp / poy ds —/ ¢ drj|
LJo \/(y —asP)? — 4p2s2p 0 p\/(y —ar)2 —4b2r2
[ /1 28r }
X €Xp| — dr|.
L Jo py(y—ar)2—4b2r2[(y —ar) ++/(y — ar)? — 4b%r?]
(2.10)
Proof Let
n
() = [ | wi (0.
k=1
We obtain wi(x) =x — ap and
by
Wi41(X) =x —ag — (2.11)
wi (x)

for k > 1. Since x = x, = (n + 0)Py, we have from successive approximation that
for large n,

(Xn — ag) + v/ (xn — ar)? — 4by
2

W (Xn) = (1 + &), (2.12)
where
Qj+1 — @ 2(bk+1 — bi) + (xn — ax)(ak+1 —a B
o = k+1 — Ak (b1 — bg) + (xn _ k) (ar41 — ax) +o(n™)
24/ (xy, — ay)? — 4by 2[(x, — ar)* — 4by]
ak?~! 4pb2 k2P 4 pakP—(yn? — ak?
- £ + E : 2 (yzz )+0(”_2)
2/(ynP — akP)? — 4b2k2p 2[(ynP — akP)? — 4b2k2P]

uniformly for k =1,2,...,n. Here we have made use of the facts that a; and by
are polynomials in k, and k/n = O(1) uniformly in k = 1,2, ..., n. The leading
term in (2.12) is derived from solving the characteristic equation for (2.11). The
first-order term of ¢; can be obtained (at least formally) from a standard succes-
sive approximation. A rigorous proof of the above asymptotic formula can be given
via induction. On the other hand, noting that x, ~ yn? + &nP~! with & = poy, we
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obtain

(xn — ax) + v (xn — ar)? — 4by

= (ynp +enP~ —akP —otkp_l)

+ \/(ynP +En=1 — akp — akp—1)" — 4p2%k2P — 4BK2P=1 + O(nP72).

A simple calculation yields

(xp —ar) ++/(xp — ak)z — 4by, 142

(ynP — akP) +/(ynP — akP)2 — 4b22p

where
enP~1 — qkP~!
&k =
V(ynP — akP)? — 4b2k2p
2Bk*P~1
V(ynP — akP)? — 4b2k2P[(ynP — akP) + \/(ynP — akP)? — 4b2k2P]

+ O(n_2)

uniformly for k = 1,2, ..., n. By the trapezoidal rule, we have the following three

asymptotic formulas:

n
2 _log[(yn” —ak?) + J(on? —akr)? — ap2ir)
k=1

1
~nplogn —}—n/o log[(y — as?)

— — )2 — 4p2
+ \/(y - asl’)2 — 4p2s2P]ds + %log OV-a)+Vb—a) —4b ,

2y
and
“ ! pasP~! 4pb*s?P=1 4 pasP~l(y — asP)
D e a2 | 200y —asP)? — 4b2527]
= 0 2/ (y —asP)? —4b2s2p y—as s
1 a 4b%r +a(y —ar)
= 2 2 274"
0 2\/(y —ar)2 —4b2r2  2[(y —ar): — 4b-r=]
and

£ —asP!

n 1
£k ~/ ds
; 0 +/(y—asP)? —4b2s2p

1 285201
—/ ds
0 /(y —asP)2 —4b2s2P[(y — asP) +/(y — asP)? — 4b252P]
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§ ! o
= ds — dr
0 (y —asP)? —4p2s2p 0 py(y—ar)?—4b%2
2Br
dr
402r2[(y — ar) +/(y — ar)? — 4b2r?]

1
_/0 py(y —ar)? —
Combining the above three asymptotic formulas yields the desired formula.
A direct application of the above lemma yields the following result.
Proposition 2.3 As n — oo, we have

Fu(8(n +1/2)%y)

N(2?n)2nexp{nlog(y+\/ﬁ)+(2n+1)\/§F<arcsin<%>’—1)}

y <y+\/y2—1)1/2

(2.13)
2/y2 =1

for complex y bounded away from the interval [—1, 1], where F (¢, k%) is the elliptic
integral of the first kind in (2.7).

Proof Choose a =a=0,b=4,8=0, p=2, 0 =1/2, and replace y by 8y. We
obtain from (2.10):

1 1
Fo(x) ~ 2n)>" [/1 +\/2—4d+/Ld]
(x) ~ (2n)“" exp|n ; og(y y2 —t4)dt ) t

V244
<y+w - )1/2
2% —

Note that
1
/ log(y +4/y*— t4> dt
0
1 1 2l4
=t10g(y +4/y2— t4)’0 +

dt
0 V2 =ty +/yr—1%

el [

VI—sF 41— s
=log(y+/32 - 1) - 2+2ﬁ/01/ﬂJ11_ﬁds
( +./y? —1) 2+2«/§F<arcsin% —1>,

@ Springer



Constr Approx (2014) 40:61-104 71

and
——dt = y/ ———ds= yF(arcsin—,—l).
0 yr—1t4 0 V1 —s* vy
Combining the above three equations yields (2.13). |

Once we have the asymptotic formula for F;, (x) outside the interval where the ze-
ros are located, using an argument similar to that in the proof of [28, Theorem 3.2], we
obtain the following result in the oscillatory region. The main idea of this argument is
to match the asymptotic formula in the outer region with that in the oscillatory region.
Note that the second-order recurrence relation (1.1) has two linearly independent so-
lutions in the oscillatory region. The unique solution with given initial conditions can
be written in terms of a linear combination of these two solutions, while the coeffi-
cients can be determined via asymptotic matching. Due to the symmetry of F,(x),
we consider positive x only.

Proposition 2.4 Let § > 0 be any fixed small number. As n — 00, we have

Fu(8(n +1/2)*cos6)

(+3)p/cos 1 Jeosf 11
~ (2 2n —21167 - 06— YT"""R. - =
(2n)“e . [cos((n + 2)( 2 sinzo| 5 7

. 1 v/ cosf 11
+ Sln((f’l =+ 5) (9 — TBsin20<§’ Z)))i| (214)

for 0 € [8, % — 8], where By (a,b) is the incomplete Beta function in (2.8) and the
constant p is

1 5
pzzf ! ds:2F<z,—1>:LI;(4). (2.15)
0 +1—s* 2 ING))

Finally, we obtain our theorem.

Theorem 2.1 Let v=n + % With K, and U(t) defined in (2.2), (2.5), and (2.6),
respectively, we have

1
5 K, re) [= 64U (1) #
Fa(v I)N4«/§n3/2 exp(r(g) ead | P,

x [Ai(V%U(t))ZA( i ar i) 3 B ;} (2.16)
o Ve

s=0 V s

mx

uniformly for t in compact subsets of (0, 00).
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Proof Lety = u . Then 8n%y = v?t = x. Because
SRvA] AWAEGDE !
n[ du ~ <n+ ) ds — ,
y Aud—u V64 — 52 V64 — 12

we have from (2.2) and (2.14),

Pu(x) = Kin]:n(X)

2n)2e=2" \/ge(n+%)pJﬁ_8

Ky (64 — 12)7

X [cos((n+ l) cos™! L <n+ 1) 8 (I/S)2 >
2 8 N

+sin<<n+l)cos_1£—<n~l—l) 8Mds>:| 2.17)
2 8 2) )i Vea—s2 S

Recall the asymptotic expansions for Airy function, as x — oo,

Ai(—x) ~ —— cos(gx% - f), (2.18)
x4 3 4
Bi(—x) ~ — sin(gx% - f), (2.19)
N

then, we have when 1 < 8,

Pn(x) = C1(x) Pp(x) + C2(x) Qn(x)

64 \7 1 2 N
Ncl(x)<m> ﬁcos(?( U(t)) _Z>

2(x)<64—t2> <3 ) 4)

64 \* 1 _lr OO LEANE
_— COS{ v{ CcoS - — —_—daSs | — —
64—12) Jz . Jei— 52 4

c 64 i SY N ACD LA
_ 2(x)<m) Tsm <cos i) = s>_z>,

=C1(x)(

(2.20)
Comparing (2.17) and (2.20), we have
€1 = —= exp(F(%) E) o) =
4v2r32 \r\V 2
This completes the proof of the theorem. U
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Remark 2.2 Recall the weight functions for F, (x) given in (1.6). Let « = 0. Then
we have the weight function

1
= 2[cos(pr/x/2) + cosh(p/x/2)]

When x is a large number as in (2.16), that is, x = v2t. Then we have

5
w(x)’% ~exp(§\/§> ~exp<—£§§; %v)
1

So the main formula in the above theorem can be stated as

b Ke (GUONH o2 S8 AU)
w(x)2 Fn(x) = 4ﬁﬂ3/z<;2—64) [Al(”’ U(t))g o

w(x)

x eR. 2.21)

+AT(VIU®)) > BsiUl)}. (2.22)

s=0 ViTe

Remark 2.3 In fact, the three-term recurrence relation contains a lot of useful infor-
mation. It can also give us the asymptotic zero distribution of the rescaled polynomi-
als F,,(8n%x) as n — o0o. Using the method developed in Kuijlaars and Van Assche
[16], one can obtain the following limiting zero distribution for F, (8n%x) from the
recurrence relation (1.5):

1 (! 1
— —ds,
T /‘x| ‘/54—x2

Since the above theorem is uniformly valid in the neighborhood of the large tran-
sition point 8, we have the following asymptotic formula for F;, (x).

xe[—1,1].

Corollary 2.1 Letv=n+ %, K, and w(x) be given in (2.2) and (2.21), respectively.
Uniformly for a bounded real number s, we have, for x = 8v* + 8«3/§sv43l ,

1
K,ve

217/67-[3/2 [AI(S) + O(U_%)] as v — 0oQ. (223)

w(x)2 Fy (x) =

Proof Lett =8+ 8v/2s v_% in (2.22), and recall the asymptotic formula for U(¢) in
(2.9). We obtain after some computations

K
w(x) 2 Fy(x) = —="— (2713 + 0 (v73))vs[AiGs) + 0(v3)].
427312
This above formula proves our corollary. 0

Remark 2.4 We may rewrite the polynomial on the left-hand side of (2.23) into an
orthonormal one. Note that if P, (x) satisfies a three-term recurrence relation in (1.7),
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then 73,, ) :==([Tizy /31()_%79,, (x) is the corresponding orthonormal polynomial and
satisfies the following recurrence relation:

P () =/ But1 Pus1 () + an P (x) + v/ BuPu1 (x).

Let j-:n (x) be the orthonormal Chen—Ismail polynomials. Then (2.23) can be rewritten
as

o)

6

1~ v . _2

wx)2F,(x) = 573 [AI(S) + O(u 3)] as v — oo. (2.24)
From the above corollary, an asymptotic approximation of extreme zeros of ., (x)

can be easily obtained by using the zeros of the Airy function Ai(x). To get it, we

need the following result of Hethcote [10].

Lemma 2.2 In the interval [a — p,a + pl, suppose that f(t) = g(t) + (1), where
f(t) is continuous, g(t) is differentiable, g(a) =0, m = min |g'(t)| > 0, and

E(1) =max|e(1)| < min|g(a — p)|, |g(a + p)|.

)

Then there exists a zero c of f(t) in the interval such that |c — a| < %
We have the following approximation.

Corollary 2.2 Let x,, i be the zeros of Fn(x) such that x, 1 > Xp2 > -+ > Xp.n, and
ay be the zeros of the Airy function Ai(x) in descending order. Then we have for fixed
k and large n,

Xk = 807 + 87 2av* + 0(1)2/3),

wherev:n—}—%.

Proof A combination of Corollary 2.1 and Lemma 2.2 immediately gives us the re-
sult. g

3 Berg-Letessier—Valent Polynomials

Now we are going to study some birth and death process polynomials 9, (x). Before
we derive the Plancherel-Rotach asymptotics for Berg—Letessier—Valent polynomials
Q, (x) with the rates in (1.2), we can use the chain sequence method to get the bounds
for the largest and smallest zeros as we did in Proposition 2.1.

Proposition 3.1 Let x, i be zeros of Qn(x) such that x, 1 > Xp2 > -+ > Xy.n. Then
we have the following bounds for all n > 1:

Xn1 < 21054 — 2103 4 35242 and Xp.n > 4.29.
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Proof Recall the recurrence relation of Q,,(x) in (1.1) and the recurrence coefficients
in (1.2). We choose ¢;, = 1/4 in Theorem 1.1. Note that the solutions x; and y, in
(1.10) are monotonically increasing and decreasing with n, respectively. Then the
result follows. Il

3.1 Difference Equation Method

Like what we have done in the previous section, we introduce Q, (x) = (—1)" K, -
Pn(x), with

3
ey pntly2
K, = M (3.1

3 7
résa2ris

to arrive at the standard form. Note that

Kip1  (4n—1)(4n)?
Ko_1  (4n+2)2(4n+3)

Then the recurrence relation (1.1) with (1.2) reduces to the following standard form:

D1 (x) — (Apx + By) pr(x) + pp—1(x) =0. (3.2)

As n — 00, the recurrence coefficients A, and B, satisfy the following expansions:

_ A + ) Ky - Bs
A —" 0 B=——" "~ —, (3.3
8 An - Kni Z " A Knt ; n®
with 6 =4,
1 1 (3.4)
oy = —, o] =——, .
0= 256 '~ 7256
and
Bo= -2, B1=pB2=0. (3.5)

Let us introduce x = (n + 1/4)*t. Then the characteristic equation for (3.2) is
— (ot + fo)r + 1 =0, (3.6)

with a9 and By given in (3.4) and (3.5), respectively. The roots of this equation coin-
cide when agt+ + Bo = £2, which gives us two transition points,

=219 t_=0.

Near the large transition point 7, we get the Airy-type asymptotic expansion as in
the previous section. But since the small transition point 7_ is located at the origin, we
obtain the Bessel-type (not Airy-type) expansion in its neighborhood. This is similar
to the case of Laguerre polynomials, in which case Bessel asymptotics are obtained
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near the origin. Although we do not have the weight functions for Berg—Letessier—
Valent polynomials, we guess they are supported on R, For a detailed explanation
why the case 7_ = 0 is so special to give us the Bessel type asymptotics, one may
refer to discussions in [6]. We have the following two different types of expansions.

Proposition 3.2 When n is large, p, (x) in (3.2) can be expressed as
Pn(x) = C1(x) Py (x) + C2(x) @n(x),
where C1(x) and Cy(x) are two n-independent functions, and P,(x) and Q,(x) are

two linearly independent solutions of (3.2) satisfying the following Airy-type asymp-
totic expansions in the neighborhood of t, = 2'0:

P,,(v4t)~29/2<%>1|:Ai(v%U(t))ZA (U)+A1 3U(t) Z ]
—o V' s

s=0 v 6
(3.7)
and
1 0o 7 o 7
U) | 5e0 2 AS(U) B (
4.\ o092~
Qn(v t) 2 (l(l—210)> |:Bl(v3U(t))Z US_ U3U([) Z v 6 :|
s=0 s=0
3.8)
Herev=n+ %, the leading coefficients are given by
AWy =1,  By(U)=0,
and U (1) is defined as
1
2 3 213 11 t =224+ t(r —210)
VO] =——B8, 1 . 1>210
300 8 %(2 4> o8 2 =
3.9
2 3 t—2° 24 11
5 —1 - 10.
3[ U(t)]* = cos ( > ) — B _0(2 4) 0<t<2'%  (3.10)
see (2.8) for the definition of By (a, b).
Proof With
t 1
_a ++'31 — and v=n+1,
2—-Bo)f 4
our results follow from the main Theorem in [29]. O

Proposition 3.3 When n is large, p,(x) in (3.2) can be expressed as
Pn(x) = CT(x)(=1)" P (x) + C3(x)(=1)" Q@ (x),
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where C{(x) and C3(x) are two n-independent functions, and P;(x) and Qj(x)
are two linearly independent solutions of (3.2) satisfying the following Bessel-type
asymptotic expansions in the neighborhood of t— = 0:

1 0o~
U* 3 I AxU*
P,T(v“t)~29/2v%<7t(210(?t)> [J%(VU*é(t))Z 5]()5 )

00 E U*)
+Jz(vU*2(t) Z } (3.11)
s=0
and
iy ot U \ ® A*(U*)
(V) ~ 2772 Wi (vU*2(t £
Q (U ) <t(210—l)) %(V ())g Vs
1 . B¥(U*%)
+W%(VU*2(t))Z gt (3.12)
s=0
Herev:n—{—%,
Wy (x) :=Yy(x) —iJy(x), (3.13)
the leading coefficients are given by
Bwy=1.  BUY)=0
and U*(t) is defined as
1 0 (/)3 20—t 4/t —210
[-U*®]? = Lds—log ha 9( ), 1<0, (3.14)
1 y/s(s —210) 2

9_
[U*0)]* = ‘/;” G,%)—m‘(z t) 0<t <210 (3.15)

see (2.8) for the definition of By (a, b).

Proof With the asymptotic expansions for A, and B, in (3.3), our results follow from
the main theorem in [6]. O

Remark 3.1 Note that the integral in (3.14) can be written as a hypergeometric func-
tion as follows:

0 (/)3 s «/—(t)ZF 115
/(s — 210) 2 1(4 2’4 )

The two functions U (¢) and U *(¢) are both monotonically increasing functions in the
neighborhood of 2'° and 0, respectively. In fact, from their definitions in the above

@ Springer



78 Constr Approx (2014) 40:61-104

two propositions, we have the following asymptotic formulas:

10

2
V3 +0(r=2', asr—2'0 (3.16)

U@t) =

and

U*(t) = % +0(r*) ast—0.

3.2 Determination of C(x) and C,(x)

For convenience, we state a special case of Lemma 2.1 which will be used in deter-
mining C1(x) and C»(x) for all three types of birth and death polynomials considered
in this paper.

Lemma 3.1 Assume 1, (x) satisfies the following recurrence relation:

Tnt1(x) = [x =+ Mn)]”n(x) — An—14nTn—1(x),

with mo(x) =1 and m1(x) = x — (Ao + o). Here, Ay and w, are assumed to be
polynomials in n and satisfy the following asymptotic formulas as n — o0:

A =b(n? +un?~") + 0(n?7?),
Uy = b(np + vnp_l) + O(n”_z),

where b > 0 and p > 0. Rescale the variable x by x = x,, := (n + 0)Py with y €
C\ [0, 4Db]. Then we obtain the following asymptotic formula:

n — 2n+%
0 (i) ~ (%) (- 4b/y>”4[1+— 124"”}
1
(n+o)p

Proof We will show that (3.17) is a special case of (2.10) with a =2b, o = b(u + v),
and B = bru+v— p). Due to the fact that a = 2b, we have following formulas for
the integrals in (2.10):

/1 a /1 a J 1 —J1=2ajy
= r =
0 0 2

’

dr =
2\/(y —ar)? —4b2%r2 y2 — 2ayr 2
and
Loap?y 4+ a(y —ar) 1 ay 1 y
5 55 dr = 27dr=—10g ,
o 2[(y —ar)? —4b*r?] o 2[y® —2ayr] 4 y—2a
and
/1 o J a(l —/T=2a/y)
r= ,
0 py(y—ar)? —4b>r? pa
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and
/1 28r
dr
0 py/(y—ar? =42 (y —ar) +/(y — ar)? — 4627
= ﬁ [1 2 _ 1- m}
a2 BTy VT=2a/y 2 :

Therefore, we have from (2.10),

ﬂn(xn)'v(%) (1—2a/y) ]/4|:1+m:| pa

1
xexp{ / log[(y — as?) + /y* — 2ays? ds+/ = —U;aysl’ }
xexp[(%—i+2—'82)(1—w/1—2a/y):|.

pa  pa

Furthermore, since

(y—as?)+/y>=2ays? = (Vv +y — 2as1’)2/2

we have

1 1
1 —as?) +/y* —2ays? |ds = —1 2+2/1 ++/y —2asP]d
/0 og[(y as?) y ays ] s og A og[/y + 'y —2as?]ds

According to integration by parts, the right-hand side becomes

Vi 2asP
—log2 +2log[/5 + /y — 2a] +p/ VY Yy 2ast

Jy —2as?
g WYy =20 Loy
=log —-p+ —ds.
2 0o ~y—2asP

Therefore, we obtain

4B
np n _ 1+ 1—2a 2n+]+?
nn<xn)~<ye—,,) (1—-2a/y) ‘/4[— 2”} ’

1
xexp{/ MdswL(%—i—i-z—ﬁz)(l—\/l—Za/y)}.
0

1 —2asP/y pa pa
Note that
1 o 2 1 u+v u4v-—
2 pa pa 2 2p 2p
The asymptotic formula (3.17) for m;, (x,) follows. Il
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Since the birth and death process polynomials 9, (x) defined in (1.1) are related

to the monic one as follows,

n—1 -1
Q(x) = [(—1)” I xk] (),

k=0

(3.18)

we have the following results for Berg—Letessier—Valent polynomials from the above

lemma.

Proposition 3.4 Let x = x,, := (n+ 1/4)*t with t € C\ [0, 21°]. We have as n — oo,

DPn(xp) ~ 2—8)1—5/2 <I’l + Z

X exp{ %F(arcsin(zm/ﬂlm, _1) }

Here, the function F is the elliptic integral of the first kind defined in (2.7).

Proof Recall the definition of K, in (3.1). We have

43
k- LGEhres: 2

3 7
rGEPresh

1 B 1 /1_210 f 2n+1/2
);”(1—2‘°/t) ]/4[—+ ; /}

which yields Q,(x) = (—1)"K,,p,(x) ~ (—1)”n%pn(x). Moreover, by applying
i

Stirling’s formula, we obtain

”*lk 2P (1/4+m)(1/24n)20(3/4+n)
,E) £ r'(1/4)(1/2)21@3/4)
N 28nr(n)4n2
(/4 ((1/2)21(3/4)
N 28n(2n)2(n/6)4n
r'(1/4)I(1/2)2I(3/4)
~2812/2(n/e)*".

It is readily seen that

n—1
2
» = (=1)" O N28n+3/2 4n
mp(x) = (=1) || 1 Qn (x) (n/e) -

1
k=0 7

Pn(X).

Since m, (x) satisfies the asymptotic formula in (3.17) witho =1/4, p =4, b = 28,

u =2, and v =0, our result follows from the above formula.
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Again, using an argument similar to that in the proof of [28, Theorem 3.2], we
obtain the following result in the oscillatory region.

Proposition 3.5 Let x = x, := (n + 1/4)* with t =2'%cos?6,0 € [5, L — 8]. We
have as n — 00,

~ 1 ! 1\, 4p-52
Pn(xn) \/§<n+4) (210_0% CXP|:<I’Z+4)I42 pj|

210 (t/s)1/4

T
XCOS{Z—(2H+1/2)9+<H+Z> t «/ﬁ

ds}, (3.19)

where

Wil—u T

_f°° du VALY
p—l p .

Then we have a result in the interval containing 7, = 2'°.

Theorem 3.1 Letv=n + %. With K,, and U (t) defined in (3.1), (3.9), and (3.10),
respectively, we have

n VL) U()
Qu(v*) ~ (=1)"K, Vvt exp( ST )w4)<t(t—210)>
|:A1 v%U(t) ZA*( )+A1 u%U(t) ZB 1 } (3.20)
s=0 vsié s=0 v *e

uniformly for t in compact subsets of (0, 00).

Proof When t < 219, recall the asymptotic expansions for the Airy function in (2.18)
and (2.19) again. We have from (3.7) and (3.8),

Pn(x) = C1(x) Py(x) + C2(x) On (x)
9/2 | - -
~Ci (x)mﬁ COS(;(—U(Z‘))2 - Z)

A sin(zv( U()? ”)
_ ) (- _ =
2 [£(210 —t)]i ﬁ 3 4

=Ci(x )Licosﬁ)(cos 1<[_29>
@ - ol VT 2

[ Wiw)_z)
o /s(210 — ) 4
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—C(x)L ! 51n<v(cos_l<t_29>
@0 - i VT 2

2 (ts)3 > 71)
— | = _as) -2,
t s(210 — ) 4

Comparing the above formula and (3.19), we have

f xi < iﬁf(i))
22 (3

Ci(x)=

Cr(x) =0

This completes the proof of the theorem. U

Remark 3.2 As in Remark 2.3, we can obtain the following limiting zero distribution
for Q,,(2'%*x) from the recurrence relation (1.2):

1! 1
— ——ds,
x4 /x(s* —x)

Since the above theorem is uniformly valid in the neighborhood of the large tran-
sition point 219, we have the following asymptotic formula for Q,, (x).

x €[0,1].

Corollary 3.1 Letv=n+ % and K,, be given in (3.1). Uniformly for a bounded real

10
number s, we have, for x = 2104 4 210 3/46)3 ,

" 1
x—%exp< \/_ () l>Qn() C Kyt Ko ymve

7
16v/4

25/2p( ) [Ai(S)+0(v_%)] as v — 00.

(3.21)

Proof Lett =204+ ZIOS/ZSU7% in (3.20), and recall the asymptotic formula of U (¢)
in (3.16). We have after some computations

_1 \/_F() 1 n
x 4exp< Gy 4)Qn< )=(=1) KJ_<

O\I'—‘

ﬁ> [AiG) + 0 (v H)].

This above formula proves our corollary. g

Remark 3.3 We can put the left-hand side of (3.21) into its orthonormal form as
in Remark 2.4. Let 9, (x) be the orthonormal Berg—Letessier—Valent polynomials.
Then (3.21) can be rewritten as

x—%exp( ;/_21;(()) )Q,,( )= :/Z[Al(s)+0(l) ] asv—oo. (3.22)

11

-N»—

Unlike (2.24), we don’t have w(x) on the left-hand side of the above equation because
the weight function w(x) is unknown for the Berg—Letessier—Valent polynomials.
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But it seems reasonable to conjecture that at least one of the weight functions for the
Berg-Letessier—Valent polynomials should behave like

1
LoD

3 x4) as x — oQ.
21r@)

We shall revisit this issue in Sect. 6.
We have the following approximation.

Corollary 3.2 Let x,,  be the zeros of Qn(x) such that x, 1 > xp2 > +++ > Xp.n, and
ax be the zeros of the Airy function Ai(x) in descending order. Then we have for fixed
k and large n,

X = 2"00% 421040013 1 0 (1373), (3.23)

wherev:n—i—%.

Proof A combination of Corollary 3.1 and Lemma 2.2 immediately gives us the re-
sult. 0

We also have a result in the interval containing — = 0.

Theorem 3.2 Letv=n+ %. With K,, and U*(t) defined in (3.1), (3.14), and (3.15),
respectively, we have

1 * I
Qn(v4t)NKnﬁv%t%exp<ﬁF(4)w%>( v )4

2521 (3) 1210 —1)
x {sin(%v;i) |:_]% WU () g A?E?*)
+ I3 (U ) 2 M}
_ cos(%wi> [Y% WU () i A}‘\(}g}*)
+Y%(VU*%(”)§@“ (3.24)

uniformly for —oo <t < M < 210,
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Proof When 0 <t < M, we have from (3.11) and (3.12),

pn(x) = (=D"C{(x) P, (x) + (=" C3(x) 0}, (x)

1
~ (=1)"2%23 <%> ' [CT@), (WU (1)) + C3 ()W) (WU ()]

As py(x) is real, we may choose C}(x) = Ci(x) +iCa(x) and Ci(x)= C»(x) such
that

Pu(x) ~ (=1)"2%/2p? ( ) [ @)y ( (WU () + Cz(x)Yl (vU*2 ®)]

—1)
:(—1)"25<¥>%L{C1(x)sm[v( t (t/s)4
1210 v V5210 — )

~o(5))]

1
A to(t)s)% 2% —¢
—Cz(x)cos|:v( Lds —cos_1<—9)):|}. (3.25)
0 /510 —y) 2
Since
10
2wt MZI&%A_/’UAW4d
/2105 — 52 0 2005 —52
and 20 = — cos_l(z29 ), we rewrite (3.19) as

Dn(x) ~ x/_<n + 1>;exp|:(n + l>t41t25/2,0]
(210_t)4 4

2% —¢ YN
X COoS —£+v71—vcos_1 —Vt%2_5/2p+1)/‘ (t/s) ds
4 2 0 2105 —42

) ﬂ 2512
TR exp[x4 o]

t(t)s)i 29—
xcos|:v( A mds—cos 1( 2 ))—x42 3/2 ]

Comparing (3.25) and the above formula, we have

Jrxh NI L (VAT
29/2 X <x4-25/21~(%)‘)Sln<x4725/2p(%))

1 1 1
Ca(x) = ——@§4- exp(x% vl ) cos(x% vl )

2203 2203

Ci(x) =

This completes the proof of the theorem. O
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Remark 3.4 To get the asymptotic formula for ¢ < 0 from (3.24), one needs to con-
sider the value ¢ + ie and take the limit as ¢ — 0. Interested readers may compare
the formula (3.24) with the Bessel-type asymptotic expansion for the Laguerre-type
orthogonal polynomials in [27, Eq. (2.15)].

Remark 3.5 From our expansion (3.24), it is also possible to study the smallest zeros
of @, (x). As in Corollary 3.1, we have, as v — 00,

1 VAL 1
x 4 eXp<_25/27F(§)X4>Qn(x)

Ko o[ (Va0 NZINCII .
= o5 [sm(zs/zr(%)m)J%(s)—cos(mm)Y%(s)—k0(v )]

uniformly for a bounded real number s, where x = 28v2s. Then approximations for
the smallest zeros can be obtained from the above formula and Lemma 2.2. However,
due to the sine and cosine terms, the formula is not as elegant as (3.23). We leave it
to interested readers. A similar situation happens for the smallest zeros of Conrad—
Flajolet polynomials in the subsequent two sections.

4 Conrad-Flajolet Polynomials I
We can easily get a bound for the largest zero for Q,, (x) from Theorem 1.1.

Proposition 4.1 Let x, i be zeros of Qn(x) such that X, 1 > Xp2 > -+ > Xu.n. Then
we have the following bounds for all n > 1:

Xn1 < 108n3 + 108cn2,

where c is the positive constant given in (1.3).

Proof Recall the recurrence coefficients of Q,(x) in (1.3), and choose ¢, = 1/4 in
Theorem 1.1. Then the result follows. U

Note that we don’t provide a bound for the smallest zero in this case. The reason is
that, although the chain sequence method can give us an estimation, it is not useful. In
fact, we know that all the zeros of Conrad—Flajolet polynomials should be positive,
but Theorem 1.1 can only give us x, , > —6n — 3. For a similar reason, we only
consider the largest zero in Proposition 5.1, too.

4.1 Difference Equation Method

As usual, we introduce 9,,(x) = (—1)" K}, p,,(x) with
+5+1

nt+$+3
F( %2 3 )2

I'(

Ky = “.1)
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to arrive at the standard form. Note that

Kipi  (Gn+o)?

K.,-1 Gn+c+2)?

Then the recurrence relation (1.1) with (1.3) reduces to the following standard form:

Pn1(x) = (Apx + Bp) pp(x) + pu—1(x) =0. 4.2)

As n — 00, the recurrence coefficients satisfy the following expansions:

Kn _0 (An + un) Ky - Bs
A By=——nTBnBn NS 43)
SV R Z " M Kam ; o
with 6 = 3,
1 c+1
=, = 4.4
=77 * 27 (4.4)
and
2
Bo=—2, p1=0, B = 5 4.5)

Letx =+ % )3¢. Then the roots of the characteristic equation (3.6) coincide when
apt+ + Bo = £2, with g and By given above. This gives us the two transition points:

t+ =108, t—=0.

These transition points are similar to what we have for Berg—Letessier—Valent poly-
nomials. So the two Airy-type and Bessel-type expansions follow.

Proposition 4.2 When n is large, p,(x) in (4.2) can be expressed as

Pn(x) = C1(x) Pp(x) + C2(x) Qn (%),

where C1(x) and Cy(x) are two n-independent functions, and P,(x) and Q,(x) are
two linearly independent solutions of (4.2) satisfying the following Airy-type asymp-
totic expansions in the neighborhood of t = 108:

1 o =
ue) \*| .., 2 As(U)
(v 1) 3\/_<t(t—108)> |:A1(v3 U(r)) ;:o: !

e¢]

NI ZB U)} (4.6)

s+
S= v o
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and

1 0o~
Ut \*| n:r2 As(U)
0 (v? ’)N3‘F<t(t—108)) |:B1(V§U(t))z T

s=0 V

1B (iun) Y 21 )} (47

s=0 \)

O\I

Herev =n+ == C'H , the leading coefficients are given by
AoU)=1,  Bo(U)=0,

and U (t) is defined as

2 3 2 11 t — 54+ /1(t — 108)

—|\U@®)|>?=—8 e , t>108, (4.8

S0P =% 1—@(2 3) o8 54 )

2 3 =54\ 2t 11

= 5 -1({77) N& - .

3[ U()]* =cos ( 2 ) g BI_W<2’6) 0<t<108; 4.9)
see (2.8) for the definition of By (a, b).
Proof With

t 1
_a1++ﬁ1:C+ and v—n+ 1.
(2= Bo)o 3

our results follow from the main theorem in [29]. O

Proposition 4.3 When n is large, p,(x) in (4.2) can be expressed as
pn(x) = C{(X)(=D)" P (x) + C53(x)(—= D" 0 (x),
where C{(x) and C5(x) are two n-independent functions, and P;(x) and Qj(x)

are two linearly independent solutions of (4.2) satisfying the following Bessel-type
asymptotic expansions in the neighborhood of t— = 0:

3 2 ged U\ ey o AT (U)
Py (v’t) 3«/5v2<t(108_t)) |:J;(VU2(I))S§=0: >
L e BEU)
—I—J%(vU 2(0) ?:0 " } (4.10)
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and

| U i > >"U*
Q;‘(ﬁgwd&%%)‘[ vU*Z(t)X(; W

+W4( U*Z(t) Z By )} 4.11)

§=

Herev=n+ %, Wq (x) is defined in (3.13), the leading coefficients are given by

As(U*) =1, B (U*) =0, (4.12)
and U*(t) is defined as
L0 (1/5)3 54—t + /1t =108
[-U 0] = __WeE ds — log + Vi ), <0,
¢ A/s(s —108) 54
(4.13)
1 Y2 11 54—t
* _ N , N 1 .
[U*D]? = c Bm<6’2> cos ( < ) 0<t<108; (414

see (2.8) for the definition of By (a, b).

Proof With the asymptotic expansions for A, and B, in (4.3), our results follow from
the main theorem in [6]. O

Remark 4.1 Again, the integral in (4.13) can be written as a hypergeometric function,

O /93 17
NN = Va3 2F1<6 26 )

U(t) and U*(t) are two monotonically increasing functions in the neighborhood of
108 and 0, respectively, with the following asymptotic formulas:

—108
U(t)= +0( —108)> ast— 108, (4.15)
54\/18
and
4t
U* (z)_ﬁ+0( ) ast— 0. (4.16)

4.2 Determination of C(x) and C,(x)
According to Lemma 3.1, we have the following result.
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Proposition 4.4 Let x = x,, := (n + (c + 1)/3)*t with t € C \ [0, 108]. We have as
n— 0o,

C((c+1)/3) (¢ +2)/3)*"

33npc+l (271/n)3/222/3

[1 +JT= 108/t}2"+1+
X —_—
2

(1—108/1)~1/4

DPn(Xn) ~

(2c—1)

3 { ' 3nt+c+1 }
exp ———————ds.
1—108s3/1

Proof Recall the rates given in (1.3) and K, defined in (4.1). By Stirling’s formula,
we have K, ~22/3n=2/3 and

n—1

H)‘ _ 30 (c+1)/34+n) I (c+2)/3+n)?
- T'((c+1)/3) I ((c+2)/3)?

k=0
331,¢+5/3 1 ()3
T T+ D/AT(c+2)/3)7
~ 3310¢+53 2 /)32 (nfe)>"
I'(c+1)/3)I"((c+ 2)/3)2'

It thus follows from (3.18) that

n—1 33nnc+l (271/1’1)3/2(1’1/6)3"22/3

nn<x)=1<ngxkpn(x>~ T DA e+ D3 &

Since 1, (x) satisfies the asymptotic formula (3.17) with p =3, b =27, u =c+5/3,
and v = ¢ + 1/3, our result follows from the above formula. O

Again, using an argument similar to that in the proof of [28, Theorem 3.2], we
obtain the following result in the oscillatory region.

Proposition 4.5 Let x = x, := (n+ (c+1)/3)* witht =108 cos?0,6 € [8, & — 5].
We have as n — o0,

Pn(Xn) ~ SN PR ! exp n+c+1 L 1/3,0
T 21/6m32(1081 — 12)VA (325 3 108

108 1/3
xcos{%—<2n+(20;_2)>9+<n+c+1> t/s) d },
1t

——ds
3 /1085 — 52
4.17)
where
p—/oo AL L (4.18)
1 u% u2—u F(%)

Then we get the Airy-type expansion in the interval containing 7 = 108.
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Theorem 4.1 Letv=n + % With K, and U (t) defined in (4.1), (4.8), and (4.9),
respectively, we have

3c+11“(%)1“2(03r_2)exp<ﬁ1“(%) t%>< U(t) )Jx

n 3t) ~ —1 nKn
)~ e g i 10w
x [Ai(V%U(z)) > A‘Y(Lf) +Ai’(v%U(t)) > BS(+U] ] (4.19)
s=0 IS s=0 IS

uniformly for 0 < § <t < o0.

Proof When t < 108, recall the asymptotic expansions for the Airy function in (2.18)
and (2.19) again. We have from (4.6) and (4.7),

pn(x) = C1(x) Py (x) + C2(x) Qn(x)

3.6 1 2v 3 07
~C (x)7—005<— —U®)? - —)
08 — )i VT 3 )

346 1 2v 30T
— 0o )7—@(— —U®)? ——)
e [1(108 — 1)]3 V7 n( 5 -3

Ci(x) 376 1 cos(v <cos1 (t — 54)
= 1 —_— — m
[ (108 — 1)]# v/

B 108 (t/s)% ) JT)
/5108 — ) S 4
— Cz(x)ii sin(v(cos_1 (t _ 54)

B 108 (Z/S)% ) 7'[)
. Sa0s—s )T 4)

Comparing the above formula and (4.17), we have

312 (e + 1)/3) T2 ((c +2)/3) x \3VArd)
Cl(x) = 2e—1 exXp ﬁ TS5 )
24837x"6 I'(3)
Cr(x)=0.
This completes the proof of the theorem. g

Remark 4.2 As in Remark 2.3, we can obtain the following limiting zero distribution
for Q,,(108n3x) from the recurrence relation (1.3):

1 ! 1

— ——ds,
T Jx1B3 /x(s3 —x)

x [0, 1]. (4.20)
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Since the above theorem is uniformly valid in the neighborhood of the large tran-
sition point 108, we have the following asymptotic formula for Q, (x).

Corollary 4.1 Letv=n+ % and K, be given in (4.1). Uniformly for a bounded
real number s, we have, for x = 108v3 + 54 ISSV%,

21 rQG o
x°6 exp(—;{;?zr( ) )Qn( )

2 1
=iy r2et2yve
=(—1)”Kn3 : (3431 S )VG[Ai(s)+0(v*§)] asv— oco. (4.21)

=

Proof Let t = 108 + 544/ I8sv=3 in (4.19), and recall the asymptotic formula for
U (¢) in (4.15). We have after some computations,

2e-1 J—F( ) 1)
X 6 ex Qn(x)
( 3VAr () "
IHrEHrAEhH 1
= (="K, 3 3 ( — +0(u§)>
261 3325
x v [Ai(s) + 0 (v™3)].
This above formula proves our corollary. g

Remark 4.3 Again we can put the left-hand side of (4.21) into its orthonormal form.
Let Qn (x) be the orthonormal Conrad—Flajolet polynomials I. Then (4.21) can be
rewritten as
2 Jardy | Jer I+ 13
X6 exp| ——5——=% ‘3Qn()— T3
3VAr3) 2333

as v — oo. 4.22)

[Ai(s) + 0(v™5)]

According to the above formula, it again seems reasonable to conjecture that at least
one of the weight functions for the Conrad—Flajolet polynomials I should behave like

( VEV2I(3) l>
X 3 exp ——X3 as x — oQ.
3r@)

We have the following approximation.

Corollary 4.2 Let x,, ;. be the zeros of Qn(x) such that x, 1 > xp2 > +++ > Xp.n, and
ay be the zeros of the Airy function Ai(x) in descending order. Then we have for fixed
k and large n,

Xn ke = 1080° + 547180072 + 0 (177),

where v =n + ‘H
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Proof A combination of Corollary 4.1 and Lemma 2.2 gives us the result. |
We also get the Bessel-type expansion in the interval containing ¢ = 0.

Theorem 4.2 Let v=n + % With K, and U*(t) defined in (4.1), (4.13), and
(4.14), respectively, we have

3FrEHPAER  mEG) (U
3 3 3 3t | ——L—
Qu(v71) ~ Ki 25371 % exP<33/1F(%)W)<t(108—f))
1 ] 00 Ak rr*
X {sin<wx3 - ETF) [JL(VU*é(t))ZAS(U )
2§J§F(%) 3 : s=0 v
+J: (VU2 (1) B:(?*)]
s=0 v
1 o0 T *
. S( Jard) x%_£n> v, (vurt ) 3 YD
25V3r(2) 3 ’ = v
. o Br (U™
+Yi (VU 2(t))g " “

uniformly for —oo <t <M < 108.
Proof When 0 <t < M, we have from (4.10) and (4.11),

pn(x) = (=1)"CT(x) Py (x) + (=1)"C5(x) 0 (x)

~ (-1)"3\/61)% <%>Z[CT(J€)J% (vU*%(t)) + Cik(x)W% (vU*%(t))].

Note the following asymptotic expansions for Bessel functions, as x — oo,

7, 00) 2 > VT T
~—) cos|x————,
v TX * 2 4

Y, () 2 % Vw7
~—) sinfx————).
R YT T,

As py(x) is real, we choose Cj(x) = Ci(x) +iCa(x) and Ci(x)= C,(x) such that

(4.23)

U*(t)
t(108 — 1)

63 1 3
= ﬁ(r(lOS—t))

Pu(x) ~ (=1)"3/6v2 ( )Z (ST (WU (1)) + G0y (WU ()]
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t 1
A (t/s)3 1(54—[)) 5 }
C —————ds — - —
X { 1(x)cos|:v</0 08 =) s — oS 5 12n
: 1
A . (I/S)3 1<54—l 5
C —————ds — - — .
+ 2(x)sm|:v</0 508 —5) s — COS 5 1271

(4.24)
Since
108 (1/5)1/3 B fp() %_/z (t/s)\/3 s
1 /1085 —s? zzfr( ) 0 /1085 — 52
and 20 = — ’1(5 Ly, we rewrite (4.17) as

3C+1F(%)F2(#) 1 X 1/3
PO ™ 632 (1081 — )1 eXp((ﬁ) p)

{ T 1(54—[)
X COS —Z—i—vn — VCOS

54
r t (/)13
B f() %—i-v/ (t/s) ds}
2sfr( ) 0 +/108s — 52
3c+11—v(%)1—v2(%) (—1)" . p(( X >1/3 )
= C— X Tno p
27/63/2 x5 (108t — 123 108

([ ot (%5)
X cos| v ————ds — cos
s(108 — ) 54

SRR (N
1271 2%«/—1"()34_ 3+2n.

Comparing (4.24) and the above formula, we have

R 30— 1/2F(c+1)F2(C+2) fp( ) J_F( ) 1 ¢
G0 = . XP(X > ( o _”>’
13671 55 3VAr () 23V3r¢) 3
. 3rEhrER) ( | STLG )> ( R )
Cr(x) = .y exp| x? o)
213/677 %% 3V4r () 2*«/—1"( ) 3
This completes the proof of the theorem. .

5 Conrad-Flajolet Polynomials IT
Again we use Theorem 1.1 to get a bound for the largest zero for Q, (x) as follows.
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Proposition 5.1 Let x, x be zeros of Q,(x) such that x, 1 > Xp2 > -+ > Xy.n. Then
we have the following bounds for all n > 1:

Xp1 < 10873 + 108cn?.

Proof Recall the recurrence coefficients of 9, (x) in (1.4), and choose ¢, = 1/4 in
Theorem 1.1. Then the result follows. U

5.1 Difference Equation Method
As we have done before, we introduce Q,, (x) = (—1)"K,, p, (x) with

n+% +3 n+ 1.0
K, = re==)re——) 5.1

I_,(n+32+3 )zr(n+32+3)

to arrive at the standard form. Note that

Knt1 _ Bn+c—1)(Gn +c¢)?
Kyio1 Gndc+D2GBn+c+2)

Then the recurrence relation (1.1) with (1.4) reduces to the standard form (4.2). As
n — 00, the recurrence coefficients satisfy the following expansions:

_ An + 1n) Ky - Bs
A —n 0 E B=—~ E —, (5.2
" K ! An - Kyt 5=0 '
with 6 = 3,
1 2c+1
=, — , 53
=57 ™ 54 (53)
and
Bo=—2 B1=0 Br= > (5.4
0 — ) 1=V, D = 36 .

Since «g and By are the same as those in (4.4) and (4.5), we get the same transition
points as follows:

1+ =108, t—=0.

Again we get two different types of asymptotic expansions near ¢4 and 7_. Due to
the similarity between the current case and that in Sect. 4, we get the same Airy-type
expansion as that in Proposition 4.2 except that in this case, v =n + ZCH

Because the higher-order coefficients in (5.3) and (5.4) are different from those in
(4.4) and (4.5), we have a corresponding difference in the order of Bessel functions.
The Bessel-type expansion near 7_ is given as follows.
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Proposition 5.2 When n is large, p,(x) in (4.2) can be expressed as
Pu(x) =C{ ) (=D"P;(x) + C3(x)(= D" Q, (x),
where C{(x) and C3(x) are two n-independent functions, and P;(x) and Qj(x)

are two linearly independent solutions of (4.2) satisfying the following Bessel-type
asymptotic expansions in the neighborhood of t— = 0:

U* % 1 o A* U*
s=0

& E* *)
+ 75 ( i)Y SCN
s=0

and

>, A*(U*
( U*z(,))Z#

I

0* (v1) ~ 3v/6v} (U—(’)> {w

t(108 — 1) = v
+W5(vU*2(t) ZB U )}.
s=0

Herev=n+ %, Wy (x) is defined in (3.13), the leading coefficients are given by

and U*(t) is the same as defined in (4.13) and (4.14).

Proof With the asymptotic expansions for A, and B, in (5.2), our results follow from
the main theorem in [6]. U

5.2 Determination of C1(x) and C»(x)

According to Lemma 3.1, we have the following result.

Proposition 5.3 Let x =x, :=(n+ Qc + 1)/6)3t with t € C\ [0, 108]. We have as
n— 00,

C((c+1D/3)°T((c+2)/3)1"
33nnc+l/2(2n/n)3/225/6

5 [l+«/1—108/_t}
2

Pn(xn) ~ (1—108/1)~ /4

—2)
3 { 13n+c+l/2d}
exp ——ds .

1 —108s3/t
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Proof Recall the rates in (1.4) and K, defined in (5.1). By Stirling’s formula, we
have K, ~ 25/6n75/6 and

1:[1/\ 3T e+ D/3+m2A (e +2)/3+n)

k= I'((c+ 1)/3)2T((c+2)/3)

n
k=0

3¢ H4/3 1 ()3
T T{c+D/32T(c+2)/3)
N 331,413 (2 /)32 (n f )
T'((c+1)/3)2r(c+2)/3)°
Then from (3.18), we have

n—1
B 33nnc+l/2(27.[/”)3/2(”/6)3n25/6
nn(x)—Kngkkpn(x) T D3P et D3 P

Because m, (x) satisfies (3.17) with p =3, b =27, u =c+4/3,and v =c — 1/3, we
get our proposition from the above formula. g

Again, based on the above proposition, we obtain the following result in the oscil-
latory region.

Proposition 5.4 Let x = x, := (n+ (2c+1)/6)*t with t = 108 cos* 0,6 € [8, £ —5].
We have as n — oo,

erlzp2eEyped2y 2e+1\( t \'?
Pn(xn) ~ exp( | n+ —— 0

2483321081 — )14 (345" 6 108
b Qc+ 1)) ( 2c+ 1) 108 (¢/s)1/3 }
X COSy — — 2n+ 9+ n—+ —ds ,
{ 4 ( 3 6 t /1085 — 52
(5.5)

where p is defined in (4.18).
Then the Airy-type expansion can be obtained.

Theorem 5.1 Let v =n + 2. With K,, and U (1) defined in (5.1), (4.8), and (4.9),

respectively, we have
U@\
t(t — 108)
o0

x |:Ai(u% umn) . A“(U,) AT (VIU®)) BS(UI)}
5s=0 V76 s=0 VH_B

e+l p2oetly poet2 1
Qn(v3t)~(—1)”1<,,3 i L <ﬁF(3) 1

3WaAre)

<
N———"

4 c—1
23gve=ls

uniformly for 0 < § <t < oo.
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Proof When t < 108, recall the asymptotic expansion for the Airy function in (2.18)
and (2.19) again. We have from (4.6) and (4.7),

Pn(x) = C1(x) Pp(x) + C2(x) Qn (x)

376 1 (21) 3 71)
~Ci)—2 cos| = (-Um) ==
08— ot VT 3 ( -3
3v6 1 2v ER
—-C (x)i—sin(— —U@1))? — —)
2 [1(108 — 1)]F VT 3 ( ) 4

= Cl(x)i]L cos(v(cos_1 (t — 54)
[£(108 — 1)]7 VT

B 108 (I/S)% )_z>
L Ssa0s—s) ) 3

Cr(x) 3v6 ! sin(v(cos_l<t_54)
— C(x) —————
[1(108 — )]3 VT

B 108 (I/S)% >_£>
. Ssa0s—s) )T &)

Comparing the above formula and (5.5), we have

32 (e + /DT (e +2)/3) 2\ VAR
Ci(x) = — exp| | —~— ) —=— )
25/67x 3 108 I"(3)
Cr(x) =0.
This completes the proof of the theorem. d

Remark 5.1 Again, we can obtain the limiting zero distribution for Q,, (108n3x) from
the recurrence relation (1.4). It is the same as that in (4.20).

Since the above theorem is uniformly valid in the neighborhood of the large tran-
sition point 108, we have the following asymptotic formula for Q,, (x).

Corollary 5.1 Letv=n+ zc—g'l and K, be given in (5.1). Uniformly for a bounded
real number s, we have, for x = 108v3 + 54 18sv%,

Wl

X

x% eXP<_ ﬁr(%)
3VAr @)
36 M2 r(2)vs

427

)Qn (x)

= (—=1)"K,

[Ai(s) + 0(v™3)] asv— o. (5.6)
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Proof The proof is very similar to that of Corollary 4.1. |

Remark 5.2 Again we can put the left-hand side of (5.6) into its orthonormal form.
Let Q,(x) be the orthonormal Conrad—Flajolet polynomials II. Then (5.6) can be
rewritten as

x%ex( VAL %)Q() L“)”%
are )"

as v — oQ. 5.7

[Ais) + 0(v73)]

2333

According to the above formula, it again seems reasonable to conjecture that at least
one of the weight functions for the Conrad-Flajolet polynomials II should behave
like

2Ae-1) ( \/_«/_F( ) 1)
x" 3 exp 3] asx— oo.
3r )

Since (5.6) is very similar to (4.21) except for some constants on the right-hand
side and powers of x changed on the left-hand side, we have the same approximation
for the zeros as in Corollary 4.2, that is,

Xnk = 10803 + 54/18a,v7/3 + 0(\)5/3)’

where v=n + 2”1

The Bessel- type expansion is also obtained as follows.

Theorem 5.2 Let v = n + 2. With K, and U*(t) defined in (5.1), (4.13), and
(4.14), respectively, we have

c c 3¢ % 1
Qn(vat)NKnB’”“”ﬂ(%l)F(#)vz <fr() )( U (1) )

211/65 45 3JAC(2) t(108 — 1)
x {s ( VAl () %—En) [JZ(VU*é(t)) AU
2“/_1“( ) 3 3 e

])S

+ 75 (vU*2 (1)) B:(U*)]
3

o

(fr( h 1 o¢
— COS —
2zfr<) 3

1 . B¥(U*)
+Y; (U2 0) Y .
uniformly for —oo <t <M < 108.
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Proof The proof is similar to that of Theorem 4.2. U

6 Remarks on the Moment Problem

The general solution of an indeterminate moment problem is described in terms of
four entire functions A(z), B(z), C(z), D(z) such that

A()D(z) — B(z)C(z) = 1.

The functions are called the Nevanlinna parametrization; see [1, 22]. It is known that
these functions have real and simple zeros. The following theorem, see [11, Thm.
21.1.2], describes all solutions to an indeterminate moment problem.

Theorem 6.1 Let N denote the class of functions {o'}, which are analytic in the open
upper half-plane and map it into the lower half-plane, and satisfy o (7) = 0 (z). Then
the formula

/ dutio) AR -0@CE | ¢R, 6.1)
R

:—t  B()—o0@)D®)’
establishes a one-to-one correspondence between the solutions ( of the moment
problem and functions o in the class N, augmented by the constant co.

A theorem of Herglotz [22, Lemma 2.1] asserts that any ¢ in the above theorem
has the representation

141z
z—1t

0(2)=—c1z+¢ +/ da(1), (6.2)
R

where « is a finite positive measure on R, ¢; and c¢; are real constants, and ¢ > 0.
The next theorem is in [3] and [14].

Theorem 6.2 Let o in (6.1) be analytic in Imz > 0, and assume o maps Imz > 0
into Imo (z) < 0. If u(x, o) does not have a jump at x and o (x £i0) exist, then
du(x;o)  ox—i0") —o(x +i0")

dx  2mi|B(x) —o(x —i0t)D(x)|?’

(6.3)
A consequence of Theorem 6.2 is that the polynomials associated with this mo-
ment are orthogonal with respect to the weight function

v/m
y2B2(x) + D?(x)

wx) = (6.4)
for any y > 0.

Berg and Pedersen [4] showed that the four entire functions A, B, C, D have the
same order, type, and Phragmén—Lindelof indicator.

The formulas for the orthonormal polynomials in (2.24), (3.22), (4.22), and (5.7)
seem to indicate an interesting pattern about the powers of v (a constant plus n, the
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degree of the polynomial). Indeed it suggested to us to formulate the following con-
jecture.

Conjecture 6.1 Let {i’\k(x)}’,::l be a sequence of polynomials orthonormal with re-
spect to the weight function w(x) on an unbounded interval and t,, be the large tran-
sition point of i’; (x). Without loss of generality, we may further assume the interval
to be (0, 00) or (—o0, 00). If the weight function w(x) has the following behavior:

—logw(x)=0(x") asx— oo, (6.5)

then we have

th = O(n%) asn — 0.
Moreover, uniformly for a bounded real number s, we have, for x = t,,(1 + sn_%),
w(x)? B, (x) ~ &)nk (1 +0(1))  asn — oo,

where ¢(s) is a uniformly bounded function in s and the constant k is given by

1 1
k=-——. 6.6
6 2m 6.6)

Here m > 0, but is not necessarily an integer.

Note that the above conjecture is true for Laguerre polynomials, Hermite polyno-
mials and polynomials orthogonal with respect to the Freud weight e~ " For the
asymptotics of Laguerre polynomials and Hermite polynomials, see [23, Sect. 8.22].
For the asymptotics of polynomials orthogonal with respect to the Freud weight, see
[15, Eq. (1.19)].

When the corresponding moment problem is indeterminate, m in (6.5) equals the
order of any of the entire functions A, B, C, or D. This seems to be the case for the
weight function (6.4). It also agrees with the known weight functions for the Chen—
Ismail polynomials.

Remark 6.1 Note that the large transition point #, is closely related to the largest
zero of the orthogonal polynomials, The asymptotics for the largest zero have been
studied in the literature, which are related to (6.7) in our conjecture. For example,
Levin and Lubinsky obtained the asymptotics for determinate exponential weights in
[20, Thm. 11.3]. They also derived similar results for indeterminate weights and some
weights close to indeterminate ones in [19, Cor. 1.2] and [21, Cor. 1.4], respectively.
However, the interesting relation between k and m in (6.6) seems to be new in the
literature.

In the rest of this section, we shall show that the moment problems corresponding
to Conrad-Flajolet polynomials I and II do not have unique solutions; that is, the
moment problems are indeterminate. The following proposition is in [1] or [22].
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Proposition 6.1 Let ﬁn (x) be the orthonormal polynomials satisfying the following
recurrence relation:

XPu(x) = bpg1 Prs1 (X) + an P (x) + by Pr_1 (x). (6.7)

If the moment problem has a unique solution, then the series
- 2
Y|P (6.8)

diverges for 7 ¢ R. If the above series diverges at one z ¢ R, then the moment problem
has a unique solution.

Recall that a birth and death process leads to polynomials Q,,(x) defined in (1.1).
We have a, = A, + iy, by = /An—114, in (6.7), and the corresponding orthonormal
one is

A
On(x) = (—1)" Q1) H =y

kle

For the orthonormal Conrad-Flajolet polynomials I, we obtain the following result
from Theorem 4.2.

Corollary 6.1 Letv=n+ % and x = v3t. With K,, and U*(1) defined in (4.1),
(4.13), and (4.14), respectively, we have

36+1F(%)F2(#)U1_C
25371 %%

ﬁ Ak—1 %

o) Mk
<fr(> t%)( U )
JAr2) 1(108 — 1)

VAIr) 1 c ) - *(U*)
x3 — = U*2(t)
x{s (%Ir() x [ A

=0

0, (v3r) ~ (=1)"

+ 7 (VU (1)) B:(U*)}
’ s=0 v
e (fr() é_gn> v, (Ut ) Y AAYD
zzfp( ) 3 3 i

I e BXU®)
+7y (VU*2 (1)) Z S,)s
s=0
uniformly for —oo <t < M < 108. Here A, and |, are defined in (1.3).
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Let z = 1>t be a fixed complex number. Then ¢ = z/v3 = O (n3). It follows from
(4.16) that U*(t) = O(r) = O(n7?). Recalling the asymptotic formulas of Bessel
functions at small arguments, we obtain

Ty (vU*%(t)) =0(n1°), Js (vU*%(t)) = 0(n2"),

1 1
*7 — 1/6 %7 _ 2/3
Y%(UU 1) =0(n""), Y%(UU 1) =0(n"").
Since Af(U*) =1 and E';,“(U*) = 0 by (4.12), we observe that the expressions in-
volving Bessel functions and trigonometric functions are of order O (n'/%). Next, we
obtain the following asymptotic estimate from (1.3), (4.1), and Striling’s formula,

n

Mol 0 6),  Ky=o0(n ).

k=1 M

A combination of the above estimates yields @n (z) = O(n=>/°). This establishes
the convergence of the series in (6.8). Thus, the corresponding moment problem is
indeterminate.

For the orthonormal Conrad—Flajolet polynomials II, we obtain the following re-
sult from Theorem 5.2.

Corollary 6.2 Let v =n + 2. With K, and U*(t) defined in (5.1), (4.13), and
(4.14), respectively, we have

3C+1/2r2(ﬂ)p(ﬂ)v%—c

li[)hkflKn kS

1 M 211/6575
<fr() ﬁ)( Ut )
3JAC(2) t(108 — 1)

X{ (\/—F() %_gn)[ U*2(t)z *(U*)
SV3re) 3 s

Qn (V1) ~ (=1)"

é* *
+Js vU*Z(t) Z s

=0

NZINCO I c> . o AX(U*)
- = Sa )| v (U )
(i <o) o D 5
+Ys(vU*2(t))ZBS(§] )]}
s=0

uniformly for —oo <t < M < 108. Here A, and |, are defined in (1.4).
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With a similar argument as in the case of Conrad—Flajolet polynomials I, we con-
clude that the moment problem for Conrad—-Flajolet polynomials II is also indetermi-
nate.
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