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Abstract. Using the steepest descent method for oscillatory Riemann—Hilbert problems introduced by Deift and Zhou [Ann.
Math. 137 (1993), 295-368], we derive asymptotic formulas for the Meixner polynomials in two regions of the complex plane
separated by the boundary of a rectangle. The asymptotic formula on the boundary of the rectangle is obtained by taking limits
from either inside or outside. Our results agree with the ones obtained earlier for z on the positive real line by using the steepest
descent method for integrals [Constr. Approx. 14 (1998), 113-150].
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1. Introduction

In this paper, we investigate the asymptotic behavior of the Meixner polynomials. These polynomi-
als have many applications in statistical physics. For instance, they are used in the study of the shape
fluctuations in a certain two-dimensional random growth model; see [10] and the references therein.

For 3 > 0and 0 < ¢ < 1, the Meixner polynomials are given by

mn(2; 3,¢) = (B - 2F1 (—n, —z; 851 — ¢ ). (L.1)

They satisfy the discrete orthogonality relation

F (B _

X (1 =) Pl (B)n0np- (1.2)

> ma(ks B, ymy(k; B, ©)

k=0

This notation is adopted in [7], Section 10.24, and also in [8].

Using probabilistic arguments, Maejima and Van Assche [11] have given an asymptotic formula for
mpy(nao; 3, c) when o < 0 and (3 is a positive integer. Their result is in terms of elementary functions. By
using the steepest descent method for integrals, Jin and Wong [8] have derived two infinite asymptotic
expansions for m,(na; 3, ¢); one holds uniformly for 0 < € < a < 1+ ¢, and the other holds uniformly
for 1 —e < a < M < oco. Both expansions involve the parabolic cylinder function and its derivative.

In view of Gauss’s contiguous relations for hypergeometric functions [1], Section 15.2, and the
connection formula [8] m,(—z — £;3,¢") = ™mu(z;3,c), we may restrict our study to the case
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1<f<2and0 < c< 1.Fixing0 < ¢ < land 1 < g < 2, we intend to investigate the large-n
behavior of m,,(nz — 3/2; 3, ¢) for z in the whole complex plane, including neighborhood of the origin
and regions extending to infinity. Our approach is based on the steepest descent method for oscillatory
Riemann-Hilbert problems, first introduced by Deift and Zhou [6] for nonlinear partial differential equa-
tions, later developed in [5] for orthogonal polynomials with respect to exponential weights, and further
extended in [2,3] to a general class of discrete orthogonal polynomials.

A direct application of the method in [2,3] would, however, only give local asymptotics. For instance,
in the case of Meixner polynomials, one would have to divide the complex plane into at least six regions
(one near the origin, two near the two turning points and three in between, including an unbounded one),
and give correspondingly six different asymptotic formulas. To reduce the number of these regions, we
shall make some modifications to the method in [2,3]. Our approach is motivated by the previous work
in [4,13,15,17,18], and the main idea is to extend, as large as possible, the two regions of validity of
the two asymptotic formulas near the two turning points. There have already been several examples
in which we only need two regions with appropriate asymptotic formulas to cover the entire plane;
the Hermite polynomial [17] is one of such examples. However, for discrete orthogonal polynomials,
there might be cuts starting from the finite endpoints of the intervals of orthogonality. For instance, in
the case of Krawtchouk polynomials considered in [4], there are two cuts (—o0,0] and [1, c0) where
no asymptotic formulas are given. In the present paper, we shall give two asymptotic formulas for the
Meixner polynomial m,,(nz — 3/2; 3, ¢), one valid inside a rectangle with two vertical boundary lines
passing through z = 0 and z = 1, and the other valid outside the rectangle. Both formulas can be
extended slightly beyond the boundary of the rectangle, and they are asymptotically equal to each other
in the overlapping region. The material in this paper is arranged as follows. In Section 2, we use a
standard method to relate the Meixner polynomials to a Riemann—Hilbert problem for a matrix-valued
function. The motivation and details of this standard procedure can be found in [2,3] and the reference
given there. In Section 3, we introduce some auxiliary functions which will be used in Section 4 for the
construction of our parametrix. In Section 4, we also prove that this parametrix is asymptotically equal
to the solution of the Riemann—Hilbert problem formulated in Section 2. In Section 5, we state our main
result and make the remark that our formulas agree with the ones already existing in the literature.

2. Standard formulation of Riemann-Hilbert problem

From (1.1), we note that the leading coefficient of m,,(z; 3, ¢) is (1 — ¢~ ). Thus, the monic Meixner
polynomials are given by

Ta(2) = (1 - é>_ mp(z; 6, c). 2.1

For convenience, in (2.1) we have suppressed the dependence of 7, (z) on ¢ and 3. Furthermore, through-
out the paper we shall fix the parameters ¢ € (0, 1) and 3 € [1,2). The orthogonality property of 7,(z)
can be easily derived from (1.2), and we have

> mnk)ymp(Ryw(k) = Spp /7, (2.2)
k=0
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where

) (1 _ C)Zn-l—ﬁc—n

T Tt AT+ 1) (2.3)
and
_TE+p) .,
W& = oD 2.4)
Let P(z) be the 2 x 2 matrix defined by
_(Pux) P\ _( ™) S Tl
P(z) = (le(z) P22(Z)> o ('Y’rzz—]ﬂ'nl(z) ZZO:O M ' -

A proof of the following result can be found in [3], Section 1.5.1. The only difference is that their N
should be replaced by co.

Proposition 2.1. The matrix-valued function P(z) defined in (2.5) is the unique solution of the following
interpolation problem:

(P1) P(z) is analytic in C\ N;
(P2) at each z = k € N, the first column of P(z) is analytic and the second column of P(z) has a
simple pole with residue

. 0 wk)\ [0 wkPk)) .
Res P(2) = lim P (2)<0 0 >_<o w(k)PZ(k:))’ (2.6)

(P3) for z bounded away from N, P(z) (Z;" Zon) =1+0(z"Hasz— oo
Let X denote the set defined by

k 2
X = {X;)%2,, where X} := ﬂ, 2.7)
n

cf. [3,4,13]. The X}’s are called nodes. For the sake of simplicity, we put
n—1
B(z) = [[(z — X)) (2.8)
j=0
Our first transformation is given by
Q(z) :=n"""P(nz — 3/2)B(z)” %
_(nT™ 0 _ B(z)™! 0
— (g ) Pez=-s (PG L) 29)
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where 03 1= ((1) _01> is a Pauli matrix. In this paper, we shall also make use of another Pauli matrix,
namely o} := (? (1)); see Section 4.

Proposition 2.2. The matrix-valued function Q(2) defined in (2.9) is the unique solution of the following
interpolation problem:

(Q1) Q(2) is analytic in C\ X
(Q2) at each node Xy, with k € N and k > n, the first column of Q(z) is analytic and the second
column of Q(z) has a simple pole with residue

L 0 wnz— 3/2)B(2)*) |
Res Q(z) = zlit}l(k Q(2) (0 0 > ; (2.10)

Z:Xk

at each node Xy, with k € N and k < n, the second column of Q(z) is analytic and the first
column of Q(2) has a simple pole with residue

0 0
Res Q(2) = lim Q(z) ( (2= X})> ) ; (2.11)
z2=X}, z2— X} w(nz—ﬁ/g)B(z)z 0

(Q3) for z bounded away from X, Q(z) = I + O(|z|™") as z — oo.
Proof. This is obvious from Proposition 2.1 and the definition of Q(z) in (2.9). O

The purpose of our next transformation is to remove the poles in the interpolation problem for Q(z)
(cf. [3], Section 4.2). Let § > 0 be a sufficiently small number. We define (see Fig. 1)

R(2) := Q(2) (_ AL - ?) (2.12a)
forRez € (0,1) and =Im z € (0, §), and
R(z) := Q(z)<(1) _vli(z)> (2.12b)
Q(z2)
i6 . .
0 1 —=Vi(2)
o (aly ) b ew(y )
Q(Z) 0 =1 1 1 » V ( )
—V_(Z
(' D) b ew(y )
—i(s < <
Q(2)

Fig. 1. The transformation Q — R and the oriented contour X'p.
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forRe z € (1,00) and =Im z € (0, §), and

R(z) := Q(2) (2.12¢)
for Re z ¢ [0,00) or Im z ¢ [—4, d], where

nnw(nz — 3/2)B(z)°
T =0/ D sin(nnz — B /2)
e 2=B/2 sin(nmz — f/2)

Ax(2) = nrw(nz — 3/2)B(z)* @19

Vi(z):=

(2.13)

Lemma 2.3. For each k € N, the singularity of R(z) at the node X, = k%m

Res._x, R(z) = 0.

is removable, that is,

Proof. For any £ € N with £k > n, we have X} = k+TB/2 > 1since 1 < B < 2. From (2.13), it is
evident that the residue of V4 (2) at 2 = X is Res.—x, V1(2) = w(nXj — B/Z)B(Xk)z. From (2.10),
we also note that the residue of Q2(z) at z = X, is Q1(X}) multiplied by w(nXy — 3/2)B(X)>.
Thus, it follows from (2.12b) that the residue of Ri>(z) = Q12(2) — V4(2)Q11(z) at z = X}, is zero.
Similarly, one can show that Res,—x, R»(2) = 0. Since R;1(2) = Q11(2) and R»(2) = @Q21(2), and
since (Q11(z) and (11(z) are analytic by Proposition 2.2, the residues of R;i(z) and R;((z) at X}, are
zero. For any k € N with k£ < n, we have X}, = k%ﬂ/z < lsince 1 < B < 2. From (2.8), (2.11) and
(2.14), we observe that

N2

ZEGS Ai(z) mH(Xk X]) s
J#k

QuXy T L

RS, Q)= i, — 7z L =07
J;ﬁk

Thus, the residue of Rj1(2) = Q11(2) — AL(2)Q12(2) at z = X}, is zero. Similarly, one can prove that
the residue of R,((z) at z = X}, is also zero. Since R>(z) = @12(z) and Ry (2) = @2(2), and since
Q12(2) and Q1 (2) are analytic by Proposition 2.2, the residues of R1,(z) and Ry (z) at X}, are zero. This
completes the proof of the lemma. O

From the definition in (2.12a) and Lemma 2.3, the jump conditions of R(z) given in the follow propo-
sition are easily verified.

Proposition 2.4. Let 'y be the oriented contour shown in Fig. 1. Denote by R (z) and R_(z), respec-
tively, the limiting values of R(z) on X' taken from the left and from the right of the contour. The jump
matrix Jp(z) := R_(2)"' R (2) has the following explicit expressions. ForRe z = 1 andIm z € (=4, ),
we have

_(1-24:(x)Vi(z) Vi(2)
JR(Z)—< —AL(2) 1 > (2.15)
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On the positive real line, we have

1 0
Tr(@) = (A_(gc) — AL (z) 1>
forxz € (0,1), and

ey — < V@ V+<x>>

for x € (1,00). Furthermore, we have

1 0
Tr(2) = <Ai<z> 1)

for z =1ilmz withIm z € (—0,9) and z = Re z £ 16 withRe z € (0, 1), and

= (o V5O

for z=Rez+id withRe z € (1, ).
For simplicity, we define
0(z) :=nmnz — fn/2,
v(z) := —zloge,
C .= 2inciﬁ/2n5,

o (n2)'~PT(nz + B/2)
W& = =5

In view of (2.4) and the above notations, the functions defined in (2.13) and (2.14) become

C2P~1'W B2 4 A 2i sin feLi0+mv
= an = .
2i sin feTif+nv + Cz8—1W B2

Vi
It is easy to see that

ALV, = e+
for z € CL. Also,

V_ -V, =—-Cz’le™WRB?
for z =z € (1, 00), and

4sin” 0

A-— 4y = Czb-le—ml¥ B2

for z =z € (0,1).

(2.16a)

(2.16b)

(2.17a)

(2.17b)

(2.18)
(2.19)
(2.20)

2.21)

(2.22)
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Proposition 2.5. The matrix-valued function R(z) defined in (2.12) is the unique solution of the follow-
ing Riemann—Hilbert problem:

(R1) R(z) is analytic in C\ Xg;
R2) for z € X, Ri(2) = R_(2)JRr(2), where the jump matrix Jr(2) is given in Proposition 2.4;
(R3) forz € C\ Xr, R(z) = [+ O(|z| ") as z — <.

Proof. It follows readily from Proposition 2.2 and the definition of R(2)in (2.12). O

3. Some auxiliary functions

To construct our parametrix, we should introduce some auxiliary functions. First, define the two con-
stants

1 - 1
a:= ve and b:= +ﬁ.
1+/c 1—./c

These constants are the two turning points for the Meixner polynomials; see [8], formula (2.6). Let

\/bz—1+\/az—1_l Vzi—a++Vz—b

3.1

9(2) = zlog Vbz —1—+az—1 ©8 Vzi—a—+Vz—b (3:22)
for z € C\ (—o0, b] and
%(z)::zlog\/l_az—’_\/l_bz—l vVb—z++a—z (3.2b)

V1—az—+1—-bz Og\/b—z—\/a—z

for z € C\ (—00,0] U [a,00). These two functions are analogues of the ¢-function and &-funotion
in [18]. It is clear from the definitions that

B(2) = P(z) £in(l — 2) (3.3)

for z € C4. As z — oo, we have

\/l_)—l-\/a b—a 1
() = zlog——— —log z + lo —1+0<—>.
¢ S - va % g
Here we have used the fact that ab = 1. Put
h—
[ :=2log 4“_2, (3.4)

and recall the definition of v(2) in (2.19). Since (Vb + \/5)/(\/5 —y/a) = 1/y/cby (3.1), it follows from
the above two equations that

—¢(2) + v(2)/2 +1/2 = log z + o(i) (3.5)
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as z — oo. For convenience, we define

2/3

F(z):= Bngb(z)} 7’ and ﬁ(z) = [—zng(z)} . (3.6)

Note by (3.2) that ¢(b) = 0 and

V1—=bz++1—-az

Vbz—1++Vaz—1 o
gx/l—bz—\/l—az.

Vbz—1—+az—1

Using (3.3), it is readily seen that ¢~)(a) =0and (;3(0) = % log c. The mapping properties of the functions

¢(2) and (5(2) are illustrated in Fig. 2. From this figure and the definitions (3.2a), (3.2b) and (3.6), we
have the following proposition.

1

¢'(2) = log (3.7

Proposition 3.1. For z € C\ [a, b], we have
+arg F(z) € (—m, ) and arg F(2) € (—m, 7). (3.8)
ForRe z € (a,b) and =Im z € [0, 8], we have
+arg F(z) € (n/3,n] and TFargF(z) € (/3, l. (3.9)
For x > 0 and ¢ sufficient small, we have
P(x), z 2D,

Re ¢(x + i) ~ ¢ —20 arctan

1
1’ a<zx<hb, (3.10)
%(SU)—T[(S, 0<zx<a.

Proof. Tt is easy to prove (3.8) and (3.9) by using (3.2a), (3.2b), (3.6) and Fig. 2. For small § > 0, we
have from a two-term Taylor expansion

Re ¢(z +16) ~ Re ¢4 (z) F 6 Im ¢/, (z).

Note by (3.7) that

0, x>=b,
[1—
Im ¢, (¥) = { 42 arctan %, a<z<b,
x_
+T, 0<z<a.

Moreover, (3.2a), (3.2b) and (3.3) imply

¢(x), = =0,
Regbi(:c):{g, a<zx<b,
o(x), 0<z<a.

Thus, (3.10) follows from the above three equations. O
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¢(b) =0
¢+ (a) =im(a—1)
s ¢4(0) = logc —im
0 a b - ¢—(0) = gloge+im

¢_(a) =im(1 —a)
¢(b) =0

z-plane ¢-plane

4(0) = Yloge

G4 (b) = im(1 - )

d_(b) =im(b—1)
$(0) = 1loge

z-plane ¢-plane

Fig. 2. The z-plane under the mappings ¢(z) and q~$(z).



220 X.-S. Wang and R. Wong / Global asymptotics of the Meixner polynomials

Define
E=D"P(Vzmatvz=b/2"  —i-DP P (Vzma—Vz=b)/2)°
N(z) = (z—a)! /4 (z=b)1/* (z—a)' /4 z—b)/*
' i=D""P2(Vzma—vz=b/2*"P =D D2(VzmatVz=b)/2 "
(Z*(l)l/4(27b)1/4 (Z*G,)l/4(27b)l/4

It is easy to verify that N(z) is analytic in C \ [a, b] and

|y — 1181
N+(m):N_(x)(|x_01‘1g Iz 01‘ >’ x € (a,b).

(3.11)

(3.12)

The matrix N(z) is analogous to the matrix N(z) in [5,15]. Now we introduce the Airy parametrix which

is also similar to the one in [5,15]. For z € C4, define

_( Ai(z) —iBi(z)\ (1 F1/)2
A(z) 1= (iAi’(z) Bi'(2) )(0 1/2)'

It is clear that
1 -1
A) = A (@) ( b )

on the real line. For convenience, set w = e2™/3. Note that (cf. [1], formula (10.4.9))
2w Ai(wz) = — Ai(z) +iBi(z) and 2w Ai(w’z) = — Ai(z) — i Bi(2).
We obtain from (3.13)

Ai(z)  Ww?Ai(w?2)
(iAi/(Z) iw Ai/(wzz)) > z€Cy,

Ai(z2) —wAi(wz)
<iAi’(z) —iw? Ai’(wz)) , z€C.

A(z) =

Furthermore, in view of (cf. [1], formula (10.4.7))

Ai(2) + w Ai(wz) + w? Ai(w?z) =0,

we have
—wAi(wz)  w?Ai(w?z) L eC
A( )( 1 O) _ —iw? Ai'(wz)  iwAi'(W?2) )’ +
FNEL 1) T /P AWR) —wAi(wz) e
CiwAT(W?2) iAWz ) T

(3.13)

(3.14)

(3.15)

(3.16)

Recall the asymptotic expansions of the Airy function and its derivative (cf. [12], p. 392, or [16], p. 47)

L—1/4 S (—Du 2174 3/2
Ai(2) —/3)z S A~ e @2 —
@~ /me L amane MA@~ 2. @5y

(3.17)
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as z — oo with | arg z| < 7, where us, vs are constants with ug = vg = 1. For arg z € (—m, 0], we have
arg(wz) € (—mn/3,2m/3]. Thus, by using (3.17) we obtain as z — oo with arg z € (—, 0],

—1/4 c,—1/4
_w(wz) / e_(2/3)(wz)3/2 - —1z / 6(2/3)Z3/2
2V 2v/n ’

- 1/4 1/a

e e

For arg z € [0, 1), we have arg(w?z) € [4m/3,7m/3). Here, we cannot use (3.17) with z replaced by
w?z. However, since w?z = w™ 'z and arg(w™!2) € [—27/3, t/3), we can use (3.17) with z replaced by
w2 and obtain, as z — oo with arg z € [0, ),

—w Ai(wz) ~

—iw? Al (wz) ~

2¢, ,—1 . \—1/4 c—1/4
w (w z) / e_(2/3)(w71’z)3/2 - —1Z / e(2/3)23/2
NG NG :

. —1N1/4 1/4
_lw(w Z) / e—(2/3)(wflz)3/2 -~ V4 / 6(2/3)23/2.

AVER 27
Applying (3.17) and the above four formulas to (3.15) gives

w? Ai(w?2) = WP Ai(w'2) ~

iw Ai’(wzz) = iw Ai’(w_lz) ~

Z_U3/4 1 —i _3/2 —(2/3)23/20'3
as z — oo with argz € (—m, ). For argz € (n/3, 7], we have arg(w™2z) € (—m,—7/3] and
arg(w~'2) € (—m/3,m/3]. Thus, by using (3.17) we obtain as z — oo with arg z € (7/3, 7]

oy \—1/4 _
—w(w 22) @AW P 1/467(2/3”3/2

2/ NG :
N iw2(w—22)1/4e_(2/3)(w_2z)3/2 N —izl/4e_(2/3)z3/2

e e

—wAi(W2) = —wAi(w?z) ~

—iw? Ai'(w2) = —iw? Ai' (w™%2)

and

20, ,—1,\—1/4 i,—1/4
w (w z) / e_(2/3)(w712)3/2 - —1z / e(2/3)23/2
NG NG ’

: —1.\1/4 1/4
—iww 2" o— @AW 2V o2/3232

2V NE

For arg z € [—m, —m/3), we have arg(w?z) € [n/3, ) and arg(wz) € [—7/3,7/3). Thus, as z — oo
with arg z € [—m, —1t/3), we obtain from (3.17) that

Ww? Ai(wzz) = w? Ai(w_lz) ~

iw Ai’(w2z) = iw Ai’(wilz) ~

20, 2. \—1/4 —1/4

N NG :
: 2 _\1/4 . 1/4
w(w?z) / e_(2/3)(“’zz)3/2 iz / e_(2/3)z3/2

2/ 2/

—w? Ai(w?z) ~

—iw Al (w?2) ~
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and

—1/4 1,—1/4
—(JJ(U)Z) / e_(2/3)(wz)3/2 - —1z / 6(2/3)23/2

_ A ~
w Al(wz) Ve e
—iw? Ai'(w2) ~ Meﬂ/wwzﬁﬂ ~ 2/ 0@/
2ym 2yn

Applying the last eight formulas to (3.16) gives

1 O Z—O’3/4 1 s B - vy
A(Z)(il 1) V-2 <_i 11> (I +0(|z[72))e=@/P=" (3.19)

as z — oo with | arg z| € (1t/3, 7t]. Here the sign &+ means plus sign when z is in the upper half plane,
and minus sign when z is in the lower half plane. Finally, we introduce a crucial function which enables
us to obtain global asymptotic formulas without any cut in the complex plane; see a statement in the
second last paragraph of Section 1. For z not on the imaginary line, we define

e™T(nz — 3/2+ 1)

V27 (nz)nrta=8/2" Rez >0,
D(z) = T —nz)-neHB-1/2 (3.20)
, Rez <.
e " I'(—nz + 3/2) €z
The jump of D(z) on the imaginary line is given by
Jp(2) := D_(2)"'D4(2) = R2isinn(nz — 3/2)et 72 =8/2) — | _ oF2n(nz=6/2), (3.21)

where D, (z) (D_(2)) is the limiting value of D(z) taken from the left (right) of the imaginary axis. It
will be seen in the proof of Lemma 4.1 that the usage of D(z) is to cancel the jump 1 — e+2im(nz=0/2)
across the imaginary axis. The explicit formula of D(z) is obtained by solving a one-dimensional
Riemann-Hilbert problem and calculating a Cauchy integral. As n — oo, applying Stirling’s formula
(cf. [1], formula (6.1.40)) to (3.20), we have

D(z) =14 0(1/n) (3.22)

uniformly for z bounded away from the origin.

4. Construction of parametrix

ForRez ¢ [0,1] or Im z ¢ [—4, §], we define

D(Z)Zem)(z) ] 03/2

- s e (1 o
R(z) = Va[Ce™| P N(z)(z — )@/ (i 1>F(z) »/4A(F)[Czﬁf3(z)2

(4.1a)
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ForRez € (0,1) and Im z € (-4, d), we define
é(z) — (—1)"+1\/§[Ce”l}g3/2]\7(z)(1 _ Z)((ﬁ—l)/2)03 ( } i > ﬁ(z)—vs/‘*alA(ﬁ)o—l

4 sin® 0(2) D(z)2e™@173/2
C2P~1B(z)?

(4.1b)

Note that R(z) has jumps across the negative real axis and the imaginary axis; they are caused by the
functions z°~! and D(z), respectively. Our parametrix R(z) is analogous to that in [4], formula (4.54).
The main difference is that the parametrix here has a factor involving the auxiliary function D(z) defined
in (3.20). This factor will make our asymptotic formulas valid in much bigger regions, one of which
includes the cut (—o0, 0]. As z — o0, a combination of (3.5), (3.6) and (3.18) gives

\/E (1 ; ) F(Z)O'3/4A(F) — e-ﬂ¢0'3 |:I + O(l)] — e(—nv/2—nl/2)a3zna3 |:I + O(l)] .

i z z
Furthermore, it is easily seen from the definitions (2.8), (3.11) and (3.20) that we have respectively
B(z) ~ 2", N(z) ~ I and D(z) ~ 1 as z — oo. Thus we obtain from (4.1a) and the above formula
that

nuv g /2
/5y _ nl193/2 (B-1)/2)o l (—nwv/2—nl/2)o3 no © }
R(z)=[Ce™]™ 2 3 {I-FO(Z e . C2B—1,2n
=140 <l> 4.2)
z
as z — oo. Define
K(z) = (Ce") " R(z)R(z)~" (Ce™) T/, (4.3)
It is clear from (4.2) and Proposition 2.5 that
1
K(z) =1+ o(z> (4.4)

as z — oo. Let X' denote the oriented contour consisting of X' in Fig. 1, the negative real axis, and
the two infinite lines from z = +id to z = +ico on the imaginary axis. The jump matrix of K(z) is
given by

Jr(2) 1= K_(2) K (2) = (Ce™) " R_(2)Jr(2) R (2) " (Ce™) /. (4.5)
Lemma4.1. Jx(z) =1+ O(1/n)and K(z) =1+ O(1/n) as n — oc.

Proof. In view of the structure of the contour Y'x-, we divide our discussion into eight cases and consider
each case separately.
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Casel.ForRez = 1 and £Imz € [0, ], we have from (2.15) and (2.22) that

] — e*2if CzA-1B2wW
isi Fif+nv
JR(Z) = —Disin ge:t19+'n/u 2isin 061 .
C2P-1B2W

This together with (4.1a), (4.1b) and (4.5) gives

. 1 —F2¢ oY) +i6
2e 1 > o —iD"We
Jr(2) = N(2)(z — 1)((5 1))/203 {(1 i))F(Z) 3/4A(F)} ( Eieii’ . )
Do 2sin 6

. —1
X [(1 i)ﬁ(z)—@/“alA(ﬁ)al} (1 — 2) =B/ N () =1 (1t (4.6)

On account of (3.6), we obtain from (3.19) that as n — oo,

(0 e [rol )52 (4 0

Ki i) ﬁ(z)_‘”/“mA(ﬁ)m} - vn ( ) T) endos [I + o(l)].

From (2.18) and (3.3) we have

and

eng _ (_l)nemb:FiH:Finﬁ/Z.
As n — o0, applying Stirling’s formula (cf. [1], formula (6.1.40)) to (2.21) yields
W(z) =1+ 0(1/n) 4.7

uniformly for z bounded away from the negative real axis. Applying the last four equations and (3.22)
to (4.6) gives

) 1 +(1 — D2W)e—2néins
Tw(2) = N(z)z — 1)B=D/2os )
K( ) ( )( ) $(1 o D72W71)62n¢ 1 — ei216(2 _ DZW o D72W71)

X (z — D=/ Nz {I + o( ﬂ

1
n
1
—I1+0 ( _) .
n
Here we have used the fact that in the present case, Re ¢(z) < 0 and Re 5(2) = 0; see Fig. 2.

Case 1I. For z = z € [1, o0), we have from (2.16) and (2.22)

1 —-C B—IBZW —nv
JR(;U):<O v . ¢ )
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This together with (3.14), (4.1a), (4.1b) and (4.5) gives

Jr(x) = [N(:c)(:p — 1)B=D/203 (1 i)F(x)og/zxA(F)] <(1) 1- ll)ZW)

. -1
X {N(x)(x— 1)B=D/2es (} i) F(a:)‘”/“A(F)} . (4.8)

Note that the matrices N(z) and F(z)"3/ 4 are both discontinuous across the interval [1, b). But a com-
bination of them makes the jumps vanish. Observe from Fig. 2 and (3.6) that arg ¢+ (z) = £37n/2 and
arg Fi(z) = +7 for z € [1,b). Thus, we have F(z)?/* = F_(z)73/%"?3/2_ It then follows from
(3.12) that the matrix

N)(z — 1)((5*1)/2)03 (1 i) F(Z)03/4
i
has no jump on the interval [1,b). Applying (3.22) and (4.7) to (4.8) gives Jx(z) = I + O(1/n).
Case 11I. For z = x € [0, 1], we can proceed in a similar manner as in Case II and obtain Jx (x) =
I+0(1/n).
Case IV. For z = Re z + 16 with Re z € (1, o0), we have from (2.17b) and (2.22)
CzP-1B2W

| QRS2 -t | A
Jp(z) = 2i sin feFi0+nv ) '
() (0 :

This together with (4.1a), (4.1b) and (4.5) gives
D2W672n¢i2i9 >

Ji(2) = N(2)(z — 1)((5—1)/2)03 {( 1 i > F(Z)J3/4A(F)en¢a3:| ((1) 2 sinlgeiie

. —1
X Ki i)F(z)ffz“A(F)e"W] (z — DA=P/273 N ()1, (4.9)

Note from (3.8) that in this case, we have arg F'(z) € (—m, ). Thus, coupling (3.6) and (3.18), we obtain

1 o3/ néos _ L l)
C JF@ A(F)e ‘\EP+OQ .

Applying this to (4.9) yields

1
n

¢M@%J+O().

Here we have used the facts that F2isinfe™@ = 1 — e*2? ~ [ as n — oo and Re(—n¢ + i6) =
—n(Re ¢ + 1d) < 0; see (2.18) and (3.10).
Case V. For z = x + i with x € (0, 1), we have from (2.17a) and (2.22)

1 0
JR(Z) == ( 2i sin QeLif+nv 1 ) .
CzP-1B2W
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This together with (4.1a), (4.1b) and (4.5) gives

Tr(2) = (=" TIN(2)(1 — 2)B=D/2
Loi\ &5 o34 ~ 2sinf 0
X |:(1 1> F(z) O'IA(F)O'I:| (iDZWIeiie (251119)1)

. -1
X [(} i)F(z)‘“/“A(F)} (z — D)\I=B/2a3 N~ (4.10)

Note from (3.8) that in this case, arg F'(z) € (—m, ) and arg ﬁ(z) € (—m, ). Thus, we obtain from
(3.6) and (3.18)

e_n¢a3

N

<? i) P~ o A(F)or = {I ! OGH

1 n

and

(1 1) reriam)] = v [rro( L))

1
n

Applying the last two equations to (4.10) yields

1yt i fend—noLin(1—B)/2
k@:N@u—MWWm< 2D smie 5 e )
. _ _ i0Ti _ end—noFin(1—3)/2
i(— 1)n+] D2 W enetnoLifFin(i—p)/2 2(_])j+1 —

X (z — D=/ Nz~ [I + o(%)} :
Using (2.18), (3.2a), (3.2b), (3.3) and (3.10), one can show that
Re{n¢ + ng +i0} = Re{2n¢} < 0
and
2(— 1y sin G 9ERA=B)/2 — —0i gin getil — | — ¢*20 o 1.
Thus, we again have

1
Jk(z):I+O<E>, as n — 0o.

Case V1. For z = +iy with y € (0, §), we have from (2.17) and (2.22)

1 0
JR(Z) = ( 2isin eFif0+nv 1) :
CzP-1B2W
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This together with (4.1a), (4.1b) and (4.5) gives

2D_sinf
- i\ = - ~ >, 0
Ti(2) = (=" IN()(1 = )0/ Kl 1)F(z) "3/4a]A<F>a]}< e D, )
DyD_W  2D_sin6

. —1
X [(} i)F(z)‘”/“A(F)} (z — D)A=P/2o3 Ny )T, 4.11)

Note from (3.8) that in this case, arg F'(z) € (—m, ) and arg ﬁ’(z) € (—m, ). Thus, as in Case IV we
have from (3.6) and (3.18)

<1 i) P~ Ao = {I ! O(%ﬂ

e—mbag

N

and

Ki i) F(z)‘”/“A(F)}_I = /me"?% {I + 0(1)}.

n

Applying the above two equations to (4.11) yields

2(:1)n+' sin 0
/2 né—noFin(l—pB)/2
JK(Z) — N(Z)(Z _ 1)((/8 )/ )o3 ( Jpe ke J n$7n¢q:i;((l—,8)/2 )
n Re D¢
O(e ) A=) Tsind

x (z — DU=A/293 N ()~ {1 + o(%ﬂ :

Here we have used (2.21), (3.20) and the asymptotic formula for I'(z + iy) as y — +o0. Since

2(—1y" sin 0en¢>fn$iin(l*ﬁ)/2 =1 et = g

and Re ¢(z) < 0, as before we again have Jx(z) = I +0(1/n) asn — oco. As mgntioned in a statement
following (3.21), the usage of D(z) defined in (3.20) is to cancel the jump 1 — e®2¢ = | — eF2in(nz—5/2),
Without this function, the jump matrix Jg(2) is not asymptotically equal to the identity matrix in this
case.

Case VIL. For Re z = 0 and | Im z| > §, we have Jr(z) = I; see Fig. 1. Thus, (4.1a), (4.1b) and (4.5)
imply

Te@) = [N = D00 (1) P A 157
. —1
X {N(z)(z — =D/ <} i) F(z)@/“A(F)} : (4.12)

Note that by (3.21), Jp = 1 — e*2™™2=5/2) j5 exponentially small for |Im z| > §. From (4.12), it again
follows that Jx = I + O(1/n) in this case.
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Case VIII. For z = x € (—o0,0), we have Jr(x) = I. Thus, (4.1a), (4.1b) and (4.5) imply
_ NGB0 Gn(-B /e (11 o3/4 ng_os | Gin(B—1)os
Jr(z) = N(x)(1 — x) e [( O ) F_(x)"A(F_)e e

. -1
> [(i 1) F+(33)U3/4A(F+)en¢+a3} a1 - 3:‘)((1_’6)/2)036:0“(1_’8)/2)03N(x)_1. (4.13)

Here we have used the fact that e™®+—9-) = 2™ — | for x < 0; see (3.2). Note from (3.8) that
arg FL € (—m, ) in this case. Hence, we obtain from (3.6) and (3.18)

i 1 1
(1 i) Fi(x)7/*A(Fp)e"?+7 = NG {1 + O(E)}

Applying the last equation to (4.13) yields

Jr(2) = N(z)(1 — x)((ﬁ*1)/2)03e(iﬂ(1*/3)/2)03eiﬂ(ﬂfl)@

> e(in(lfﬁ)/Z)aa(l _ x)((lfﬁ)/baaN(x)*l {I + O( ! )} =]+ O(l)

n n

In conclusion, we have shown that Jx(z) = I 4+ O(1/n) on the contour of K(z). It is not difficult
to verify that the multiplicative cyclic condition (3.30) in [14] holds for the jump matrix Jx(z). An
application of Theorem 3.8 in [14] then gives K(z) = I + O(1/n)asn — oco. O

Combining Lemma 4.1 with (2.5), (2.8), (2.9), (2.12a)—(2.12¢c) and (4.3), we obtain

1
n

mn(nz — B/2) = n"B(2)Ry1(2) [I + O( )] (4.14a)

forRez ¢ [0,1] or Im z ¢ [—§, 0], and

Tu(nz — 3/2) = n"B(2)[Ri1(2) + As(2)Ria(2)] [I + o(%ﬂ (4.14b)

forRez € (0,1) and Im z € (0, £96).

5. Main results

Theorem 5.1. As n — oo, we have

Tn(nz — B/2)
a nu(2)/24nl )2 ((\/z—a—l—\/z—b)/2)ﬂ+((\/z—a—\/z—b)/Z)ﬁ
=n"V/7mD(2)e { STV — ) AG — b EG)

(VEma+Vz=0)/2 - (VE—a—Vz=1)/2)" Al( F)} {1 n 0(1)]
2B8=D/2(z — a)l/4(z — D)V/AF(2)1/4 ! n

Ai(F)

(5.1)
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forRez ¢ [0,1] orIm z ¢ [—0, 6], and

n(nz — 3/2)
= (_n)"\/_D(Z)env(Z)/2+nl/2
{((\/b —z4+va—2)/2)° + (Wb -z —+a—2)/2)°
2B=D/2(h — 2)1/4(q — 2)/4F(2)~1/4

LWzt Va2 - (Vb z - a=2)2)
2B=D/2(b — 2)1/4(a — 2)!/*F(2)!/*

« {1 4 o(%ﬂ (52)

forRez € (0,1) and Im z € (—0,0), where the constant | is given in (3.4) and the functions v(z), F'(z)
and D(z) are respectively given in (2.19), (3.6) and (3.20). The asymptotic formula on the boundary of
the two regions can be obtained by taking limits from either side.

[cos § Ai(F) — sin 0 Bi(F)]

[cos § Ai'(F) — sin 6 Bi'(F)] }

Proof. From (3.11), (3.13), (4.1a), (4.1b) and (4.14a), it is easy to obtain (5.1). We now prove (5.2).
Define

Q) := R(z) < Ai(z) (1’) (5.3)

From (4.14b), we have
~ 1
Tn(nz — B/2) = n"B(2)Q11(2) {I + O(E)} (5.4)
Thus, we only need to calculate @11(2). First, we observe from (2.22), (4.1a), (4.1b) and (5.3) that

Q) = (1" V/a[Ce"| PPN ()1 — 2) D/ ( 1 i ) F(z)" /o1 A(F)a

X < 1 0) [4 sin? a(z)D(Z)Zenvwrs/z
et — '
DWW e | C2P-1B(z)
Second, (3.11) gives
N(z)(1 — 2)@=D/2es (1 i )
i1
Y Vo L Y Y Ve S (Y, e Ve i (Y e eV
(b—2)/4a—2)1/4 e
(Vb=z+va—2)/2 P~ (/b=z—va—2)/2* P (Vb—z+Va—2)/2* PH(/b—z—Va—2)/2)* P
—i(b—2)!/*a—2)1/4 (=) a—z)1/*
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Finally, (3.13) implies

alA(ﬁ)(;l( ieiie 0)(2sin0)"3
%DZWsinG N
_( Bi'(F) iAW) 12 0 25sinf 0
- (iBi(F) Ai(F) ) (il /2 1> (iD—Zw—‘eiiG @ sina)—1>
( sin @ Bi'(F) — [cos 6 + (D2W ! — De* 0 AY'(F)  TALE) )

—i{sin @ Bi(F) — [cos § + (D2W ™! — Detl] Ai(F)} 240

Applying the last three equations to (5.4) gives

Tn(nz — 3/2)

_ (_n)nﬁD(z)env(z)/Z—‘,-nl/Z{(( Vv b—z + vVa— z)/Z)B =+ ((\/ b—z— vVa— Z)/z)ﬁ
o 2B=D/2(h — 2)1/4(q — z)‘/4}f~“(z)—‘/4

x [cos 6 Ai(F) — sin @ Bi(F) + e (D2W =" — 1) Ai(F)]

LWt Va=9/) = (W -z = Va=2)/)F
2B-D/2(h — 2)V/4(a — 2)I/4F(2)!/4

x [cos O Ai'(F) — sin  Bi'(F) + e (D2W~! — 1) Ai'(F)] } {I +0 (l)] .
n
On account of (3.2), (3.6) and (3.17), Ai(ﬁ’ ) and Ai’ (ﬁ) are exponentially small when z approaches the

origin; by (3.22) and (4.7), wejllso have D2W-1—-1 = O~(1/n) for z # 0. Since we can always neglect
the terms (D 2W ! — 1) Ai(F') and (D>W ! — 1) Ai'(F), formula (5.2) is proved. O

To justify that the asymptotic formula on the curve separating the two regions can be obtain by taking
limits from either side, we just note that the regions of validity of both formulas (5.1) and (5.2) can be
slightly extended beyond their boundaries, and that in the overlapping region these two formulas are
asymptotically equal.

Remark 5.2. We would like to mention that our results coincide with those obtained in [8,9]. The for-
mulas (6.9) in [8] and (2.35) in [9] are asymptotically equal to (5.1) in the present paper, while the
formulas (6.27) in [8] and (4.19) in [9] are asymptotically equal to (5.2).
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