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1. Introduction

The theory of special functions and orthogonal polynomials have seen major develop-
ments since the late 1960’s. Among the achievements were the discoveries of the Askey—
Wilson polynomials and orthogonal polynomials in several variables, advances in the
general theory of orthogonal polynomials in one variable, emergence of a combinatorial
theory and number theoretic applications, developments of multiple and matrix-valued
orthogonal polynomials, and the development of techniques in the qualitative and quan-
titative theory of orthogonal polynomials.

Let {pn(z)}22, be a sequence of orthonormal polynomials with positive leading terms
and degpy,(x) = n. It is well-known that these polynomials satisfy a three-term recur-
rence relation of the form

TPn(T) = bpg1Pn+1(x) + anpp(x) + bppp—1(x) for n > 1, (1.1)

with the initial conditions po(z) = 1,p1(x) = (& — ag)/b1, where a,, € R for n > 0 and
b, > 0 for n > 0. When the recurrence coefficients are rational functions of n or of ¢",
where ¢ is a fixed real number, one can formally replace n by n+~. If a5, € R,n > 0 and
bpi~y > 0,n > 0, then (1.1) generates a set of associated orthogonal polynomials. From the
connection with the theory of continued J-fractions, it is sufficient to consider the case
v € [0,1) to determine the orthogonality measure of the new polynomials. One important
early paper on the development of associated polynomials systems is the memoir [26]
by Felix Pollaczek who treated a general class of polynomials orthogonal on [—1,1]
including what is now known as the Pollaczek polynomials. Askey and Wimp [3] studied
the associated Laguerre and Hermite polynomials. Ismail, Lettesier and Valent [16] gave
another treatment of the associated Laguerre and Hermite polynomials and pointed out
a second family of associated orthogonal polynomials which comes from interpreting the
recurrence coefficients as birth and death rates of birth and death chains. This hierarchy
of associated classical orthogonal polynomials can be put in a scheme similar to the Askey
scheme [19] with the associated Askey—Wilson polynomials [17] at the top. Masson [23]
studied recurrence relations for associated Wilson polynomials and provided spectral
analysis on the corresponding Jacobi matrix. Groenevelt [11,12] investigated the Wilson
function transforms.

Masson and Repka [24] considered the case when the recurrence relation (1.1) is
defined for all integer values of n. When such recursion is written in matrix form, the
corresponding tridiagonal Jacobi matrix is doubly infinite, that is,

A= bo a9 by , an ER, b, >0 forallneZ. (1.2)
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They proved that if
— 1 1
Z — =o0 and — =00, (1.3)

then the doubly infinite Jacobi matrix A is self-adjoint and its spectral measure is related
to a four-element matrix of measures

_ (dpoo(z)  dpor(z)
i = (Gl ) =

with dpo1(z) = dpio(x). It is noted that both dugy and dpq; are positive probabil-
ity measures but duog; = duio is a signed measure; see (1.8) below. Two sequences of
polynomials {PT(LO) (z)}nez and {P,gl)(x)}nez are generated by the recurrence relation

2P () = bpyp1Pnt1(2) + anpn () + bypn—1(z) for n € Z, (1.5)
and the initial conditions:
P(2)=1,P" (@) =0,  PAP(z)=0,P"(z) =1 (1.6)

For any non-real z, the matrix elements of the resolvent (2I — A)~! are given by

oy [ dpoo(z)  dpor () [ PA(x)
w1 =47 = [ (P00 P0@) (hnte) ) (p,gn(x))’

R
(1.7)

where e,, := (0,;un )mez is the standard orthonormal basis in (?(Z); see Masson and Repka
[24, Theorem 2.3]. Considering the leading term of the above formula as z — oo, one
obtains the following four-term orthogonality for the polynomials P,(LO)(x) and P,(ll)(a?):

Z P (x)Péj)(x)duij () = dmn- (1.8)
% .3=0

By choosing m = n = 0 or m = n = 1, we obtain that dug and dui; are probability
measures. If m =1 and n =0, or m = 0 and n = 1, we observe that

R/dﬂlo(x) = R/dﬂm(x) =0,

which implies that duig and dug; are signed measures.
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The theory of matrix-valued orthogonal polynomials has been developed by Duréan,
Griinbaum, and their collaborators; see [7—9]. Damanik, Pushnitski and Simon [6] ob-
served a close connection between doubly infinite Jacobi matrices with certain block
structure and matrix-valued orthogonal polynomials. Indeed, they pointed out that the
Mason-Repka theory is essentially equivalent to the theory of 2 x 2 matrix orthogonal
polynomials. For n > —1, let us define the matrix of polynomials

POy p
Pole) im ( (@) ZLz<)>>

e
It is readily seen from (1.5) and (1.6) that P, (x) satisfies the following matrix three-term
recurrence relation:

bon1 0 bn O
( nt bn+1)7>n+1(x)+( 0 bﬂ)Pn_l(:c)

o Q_p—_1 0
= [x]—( 0 aﬂ)}Pn(x) for n > 0,

with initial conditions:

Po(x) = <(x - (110)/% _blo/b()) o Palz) = ((w - 20)/50 —b?ﬂ’O) '

Moreover, from (1.8), one obtains the following orthogonality relation of P, (x):

/Pm(m)d,u(ac)P;;(m) = Omnd, for m,n > 0,
R

where I is the identity matrix and du(x) is the matrix measure given in (1.4). We refer
to [4,6,13,14,20] and references therein for previous works on matrix-valued orthogonal
polynomials.

It is worth mentioning that the spectral theory of the two-sided Jacobi matrices is very
different from the corresponding theory of the semi-infinite Jacobi matrix. For instance,
Stampach and Sfoviek [29] studied the indeterminate moment problem associated with
the one-sided Jacobi matrix for the Lommel polynomials when ¢ > 1. Ismail and Stam-
pach [18] investigated the special two-sided Lommel polynomials when the coefficients in
the recurrence relation are linear polynomials in ¢”. It is noted that, for the two moment
problems associated with the upper-half and lower-half of the Jacobi matrix respectively,
one is determinate while the other one is indeterminate.

The objective of this paper is to study the resolvent of the doubly-infinite Jacobi
matrix and the orthogonality measure for the corresponding matrix orthogonal polyno-
mials for three specific models. In Section 2, several general properties for the resolvent
and its spectral measure are discussed. As some special applications in the discrete,
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continuous and g-orthogonal polynomials, we will investigate the doubly infinite Jacobi
matrix for Lommel polynomials, associated ultraspherical polynomials, Al-Salam—Ismail
polynomials in Sections 3—6, respectively.

It must be noted that specific models where their representations and spectral mea-
sures are explicit are important for two reasons. First, there is usually more structure
to systems with explicit simple looking exact formulas. Second, good models can guide
us in developing a general qualitative for polynomials associated with bilateral Jacobi
matrices.

2. Resolvent and spectral measure

In this section, we provide some properties of the resolvent operator and spectral
measure for the doubly infinite Jacobi matrix. Throughout this section, we assume that
an € R, b, > 0 for all n € Z and (1.3) are satisfied. Note that (1.7) and (1.8) indicate
that the Stieltjes transform of the spectral measure dy;;(x) is simply a matrix element
of the resolvent (21 — A)~1:

Sij(z) = / dg%(;c) = (ei, (2 — A)"tey) fori,5 =0,1. (2.1)
R

Moreover, Masson and Repka [24, Theorem 2.5, Eq. (4.3) and (4.4)] gave a continued
fraction representation for the matrix elements of the resolvent:

1

(€n, (2] — A)_len> = = & (2.2)
00 — ) 1—k
z—an + K2, L — Z_k] + K2, {72 — aJ

and

(eo, (21 = A)ex)

b1
et KRG a)e —at KR e -8 Y

Here, K° [ux/vi] is the continued fraction defined as

oo | Uk
i [

} -
=1
Uk, V1 A+ e

For convenience, we introduce two types of continued fractions:

—b?
Kfi=z—a;+ K>, |tk 2.4
; Z—aj 4+ Ky L—aﬂk ) (2.4)
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— _bz—k+1
It is readily seen that
Sii(2) ! = 0,1 (2.6)
ii\Z) = — , 1=0U,1, .
K vk, —Ga)
by

501(2) = 510(2) (27)

T KKy b

Remark 1. Equations (2.1)—(2.3) show that both dugg and djq1 are probability measures,
while dpo; is not. Actually, by comparing leading terms on both sides of (2.1) when
z — 00, we obtain

/dﬂoo(ﬂf) = /duu(ﬂf) =1 and /dM01(9U) =0.
R R R

In the following theorem, we provide a sufficient condition on {ay, by} such that the
spectral measure for the doubly infinite Jacobi matrix A is discrete.

Theorem 1. Let a,, € R, b, > 0 for alln € Z. If (1.3) holds and the coefficients satisfy
the following conditions:

2
b =L<

lim a, =00 or —oo, and limsup ) (2.8)

n—4oo n—too Unln—1

] =

then dpi;(y), 4,7 = 0,1 in (1.4) are discrete measures.

Proof. By [22, Theorem 3.2], the condition (2.8) implies that all of the continued fractions
in (2.2) and (2.3) are meromorphic functions. Therefore, the matrix entries (e;, (21 —
A)~le;) with 4,5 = 0,1 are also meromorphic functions. From (2.1), one can see that
the measures du;;(y), i,j = 0,1, are all discrete. O

Since the continued fractions in the right-hand sides of (2.2)—(2.3) can be expressed as
a limit of the ratio of two orthogonal polynomials satisfying the same difference equation,
we can also rewrite the left-hand sides (i.e., the matrix elements of the resolvent) as a
limit of a rational function given in terms of orthogonal polynomials. More precisely, we
have the following result.

Proposition 1. Let {PF(2)}52_, be two sequences of monic orthogonal polynomials sat-
isfying the following three-term recurrence relations

P (z) = (z—ay) P (2) = b2 P (), n >0, (2.9)

n nt n—1
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and

Po(2)=(z—an)P, (2) =b]_, P, ,(2), n>0, (2.10)

with PE(z) = 1 and PE(2) = 0; respectively. Let {QE(2)}5 | be the numerator

n=-—1
polynomials corresponding to Pf (2); namely, they satisfy the same difference equations
(2.9)(2.10) with initial conditions QT () = 0 and QT (z) = 1. Then, we have

(eo, (2I — A)reg) = lim R, (2), (2.11)

n—oo

where Ry (z) is a rational function defined as

_ Q1(:)8:()
B G R e 6 - cwdeeE

Proof. From Ismail [15, Sec. 2.6], we have

QN () 1
i Pf(z)  z—ao+ K2 [-b2/(z —ay))’ (2.13)

and

- Qn(2) _ 1
i v (2)  z—ao+ K2 -0,/ (2 —a_p)] (2.14)

Substituting the above formulas into (2.2) gives (2.11). O

Remark 2. A similar formula for (ej, (21 — A)~'e;) can be obtained by changing the
recurrence coefficients in (2.9) and (2.10) from {a,, b, } and {a_,,b1_n} to {ans+1,bn41}
and {aj_n,bs_n}, respectively. The formula for {eg, (21 — A)~'e;) has a slightly different
expression, but can be still derived from a similar approach as given in the above proof.

It is interesting to note that the rational function in (2.11) has interlacing zeros and
poles on the real axis.

Proposition 2. Let P () be any two sets of monic orthogonal polynomials and Q:F(z)
the corresponding numerator polynomials. Then, the rational function R,(z) defined in
(2.12) has interlacing zeros and poles on the real axis.

Proof. Note that QF(z) and PF(z) are monic polynomials with degQF(z) = n — 1
and deg P (z) = n. Let fff,k =1,---,n—1 and n,zct,k =1,---,n denote the zeros of
QF(z) and PF(z), respectively. They are all real simple zeros and satisfy the following
interlacing property
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+ + + + +
n <& < <My <&q <My

Moreover, we have

!

Q(ENHPT(E <0 forallk, Q) (& )P, (&) <0 forallj. (2.15)
We consider the consecutive zeros of the numerator Q;7(2)Q;, (z). First, let us assume
that Q;F(z) and @}, (z) have no common zeros, that is & # S,j for any j and k. Then,
there are four cases for the consecutive zeros, namely,

Logh<ghy L& <gh ML g <&; IV & <&,

For simplicity, we only provide the details for the first case 5; < 5,‘:_*_1; the other
three cases can be investigated in a similar manner. The values of the denominator at
these points are P} (§7)Q,, (§F) and P (¢, 1)Q;, (&,,) and we will show that they have
different signs. As & and f,':“ are consecutive zeros of Q' (2)Q;, (z), we have

Q4 (2)Qn (N |— [ (2)Q ()] | gy, <0
= Q' (&)@ (EHQE (€ )Qn (&1.,) <.

Note that, (2.15) gives us

QL (ENHPHENQL (G )P (EH,) > 0.

Multiplying the above two formulas gives us P, (§)@Q, (60 P (65.1)@, (§5,) < 0.
Then, there is at least one zero of the denominator in (flj, 52'“). Similarly, one can also
prove that the denominator has at least one zero in the other three cases.

If Q}(z) and @, (2) have one common zero (that is §; = & for certain j and k),
the situation is similar. Note that there is one common factor z — ;" or z — E,j in both
the numerator and denominator. Canceling this common factor, we find the value of the
denominator at &;

PHENQL (&) + Py (e)Qt (&),

Its value at &, is Pn*(ﬁj_ﬂ)Qj[(ﬁj_H) divided by a positive number ;7 ; — & We

may assume {;; is the next zero on the right, that is {7}, < f,jﬂ (the critical case
§i = 5:—&-1 will be considered later). This gives us Qil(ﬁlj)Q;f (§541) > 0. Combining
(2.15), we have

PHENQL (&) <.

As Q‘I(fj_)Q_l(ﬁ-_ ) < 0, using (2.15) again, we have

n n J+1
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!/

Py (6P, (§51) <0 and P (&5,)Q, (§5) > 0.

The above two formulas give us

PENQ () + Pr(e)Qt (60| Pr(&,1)Qi (641) <0,

which means the denominator has at least one zero in (£, ;).

Now, we consider the critical case when Q;'(2) and @, (2) have two consecutive com-
mon zeros §; = &5 and i = S,jﬂ. To show that the rational function R, (z) has
at least one pole between these two zeros, we need to cancel out the common factor
(z =& )(2—¢&;41) in the fraction and show that the simplified denominator has different
signs at these two zeros. We take the values of the denominator of the reduced rational
function R, (2) at §; and £, respectively, and obtain

[PHENQL (&) + Pre)QE &1/ — &)
and

/

[P (&5)Qn () + P (6@ (6 )1/ (65 = &5)-

It remains to prove that

/

[PHENQL (&) + Py (€)@ (EDIIPHEL D@ (E1) + Py (671)Q (65,1)]

is positive. Expanding the above product gives a sum of four products. It is clear from
the interlacing property of orthogonal polynomials that

/

P (6@ ()P (6500 (631) > 0

and

Py ()R (6P (6,)Q7E (65, > 0.

The remaining two products are also positive on account of (2.15) and the interlac-
ing property of orthogonal polynomials. Thus, we have proved that, between any two
consecutive zeros of R, (z), there exists at least one pole of R, (z).

To conclude the proof, we shall find two more poles which lie to the right of the
largest zero and to the left of the smallest zero, respectively. Without loss of generali‘cy7
let £ | and & be the largest and smallest zero of Q; (2)Q;, (2). Note that PF (¢ ;) <0,

Q;( 1-’2_—1) > 07

. ]>0, foroddn ey ) >0, for odd n
Pn (fl ) and Qn (fl )
<0, forevenn <0, forevenn
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and

Pl (2)Q5 (2) + Py (2)QF (2) = (2 — a0)Qi (2)Qn (2) ~ 2" as z — Foo.

The above three formulas yield that there are at least two more zeros in the intervals
(&5 1, +00) and (—00, & ). As the total degree of the denominator is 2n — 1, then all the

zeros are simple and interlace with the zeros of Q;' (2)Q;, (2). O

We then have the following result.

Theorem 2. Let the coefficients {a,, b, } with n € Z satisfy the conditions in Theorem 1.
The meromorphic function {(eg, (21 — A)~Leo) maps the upper half-plane onto the upper

half-plane, and its poles are all real and simple. The same result holds for {(e1,(zI —
A)_1€1>.

Proof. It follows from Propositions 1 and 2 that the function (eg, (21 — A)"tey) (or
{e1, (2I — A)~tey)) is uniformly approximated in a bounded region by the rational func-
tion in (2.12) with real interlacing roots and poles. According to Levin [21, p. 310], this
function maps the upper half-plane onto the upper half-plane, and its poles are all real
and simple. O

Now, we introduce the truncated Jacobi matrix:

a_n bi_n
bi—n ai—n ba_n

AN = bo ao b1 . (2.16)

bnv—1 an—1 by
bN an

Let P, (x) be the solution to (1.5) with initial conditions P_y_1(z) = 0 and P_y(x) = 1.
It is readily seen that Pyi1(z) is a polynomial of degree 2N + 1 whose zeros coincide
with the eigenvalues of Ay. By a theorem of Chihara [5], we have the upper and lower
bounds of the eigenvalues for Ap; see also [15, Theorem 7.2.3].

Proposition 3. All eigenvalues of Ay (namely, all zeros of Pyy1(x)) belong to (a,b) if
and only if (i) aj € (a,b) for =N < j < N; and (i) the sequence b3 /[(x — a;)(x —a;_1)]
with —N < 7 < N is a chain sequence at v = a and x = b.

Here, we say {c; : =N < j < N} is a chain sequence if there exists another sequence
{g; : =N < j < N} such that ¢, = gn(1 — gn—1) for —N < j < N, where g_n € [0,1)
and g; € (0,1) for —N < j < N. Especially, if 0 < ¢; < 1/4 for all —-N < j < N, then
c; with —N < j < N is a chain sequence.
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3. Lommel polynomials

It is well-known that the Bessel functions satisfy the following recurrence relation

Tyar(z) = %”Jy(z) —Jya(2). (3.1)

By iterating the above formula, we can express J,,(z) as a linear combination of J, (z)
and J,_1(2):

Jun(2) = Rn,u(z)‘]l/(z) - Rn—l,l/-i-l(z)']l/—l(z)a (3.2)

where {R,, ,(z)} -, are obtained from the recurrence relation

2(n+v)

Rn+1,u(2’) = >

R, (2) — Rp—1,.(2) (3.3)

with initial conditions R_; ,(2) = 0 and Ry, (z) = 1. It is readily seen that R,, , (z) with
n > 0 is a polynomial of degree n with respect to 1/z. Moreover, we have

[n/2] T (n—r) (). . n—2r
Rop(s)= 3 C =0 () (g) . 54

— (n—2r)!(v), z

In the literature, R,, ,(z) is named as the Lommel polynomial. Hurwitz proved that the
limit

lim (2/2)"" Rpp11(2)
n—oo  D(n+v+41)

= J,(2), (3.5)

which holds uniformly on compact subsets of C. This formula establishes the validity of

00 -1
7 = () (36)

for all finite z when J,_1(2) # 0, and the continued fraction converges uniformly over all
compact subsets of C not containing z = 0 or any zero of 217" .J,_1(z). The case v = 1/2
of formula (3.6) was known to Lambert in 1761 who used it to prove the irrationality of
because the continued fraction (3.6) becomes a continued fraction for tan z. According to
Wallisser [30], Lambert gave explicit formulas for the polynomials Ry, 1 /2(2) and R, 3/2(2)
from which he established Hurwitz’s theorem in the cases v = —1/2,1/2 then proved
(3.6) for v = 1/2. This is remarkable since Lambert studied the polynomials without
free parameters and parameter-dependent explicit formulas are actually much easier to
prove.
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The modified Lommel polynomials [31] is defined as

A )" (n—r) (V)p—r
fn(2) 1= B (1/2) = Z ( 1)' (72 — 273; ((V))T

r=0

(22)" 7%, (3.7)

Rewriting (3.3) in terms of h,, . (z), we have
2z(n+ v)hpu(2) = hng1,0(2) + hp—1,0(2)

with initial conditions h_1 ,(z) = 0 and ho(z) = 1. It is evident that {h, . (2)}5%, is a
system of orthogonal polynomials when v > 0. We also note that h, ,(z) with n > 0 is
actually a polynomial in both variables v and z of the same degree n. Now, we treat z as
a parameter and v as a variable. To be more specific, we define a sequence of polynomials:

1
Yn(x):hm_x(—z), n > 0.

It is readily seen that Y, (x) satisfies the following simple difference equation:

oY, (z) = §Yn+1(x) +nY,(z) + gYn_l(m)

for n > 1. This motivates us to consider the doubly infinite Jacobi matrix

2 1 o

A= ¢/2 0 ¢/2 . (3.8)

c/2 +1 ¢/2

The corresponding difference equation is

c c
xpp(z) = §pn+1(x) + npn(x) + Epn_l(x) for n € Z. (3.9)
By symmetry, if p, () is a solution of the above difference equation, so is (—1)"p_,(—x).
Using the notations in (1.5), we have
c
ap=n and b, = 3 (3.10)

By Theorem 1, the spectral measure of A is discrete. Actually, the formulas for du;;(z) in
(1.8) can be derived explicitly. To achieve this goal, we use (3.1) and symmetry property
to find two linearly independent solutions for the difference equation (3.9):

Y,H(z) = (—=1)" Jn_z(c), Y, (x) = Jp—n(c).
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The solutions Y, (x) are also called right and left minimal (or subdominant) solutions,
respectively, in the sense that they satisfy the following properties: for any z ¢ o(A),

Y,F(2) <Y, (2) asn— oo, and Y, (2) <Y, [ (2) asn— —oo.

Actually, the minimal (or subdominant) solutions Y;*(z) are square summable (as a
doubly infinite sequence) in Z and uniquely determined upon a constant multiplication;
see [24]. Using the properties of the Bessel functions (cf. [25, (10.5.1)] or [31, §3.2 and
§3.12]), we calculate the Wronskian of the above two solutions as

¢ —1)"*+sin[(n — )7 sin(zm
W= S @Y () - Vi ()Y (o) = e 0T snem)

s s

Note that W is a constant independent of n. The spectral measures dpu;;(x) are given in
the following result.

Theorem 3. For the doubly infinite Jacobi matriz A given in (3.8) and ¢ > 0, the measures
oo (), por(x) and pi1(x) are all discrete measures supported on Z. Their masses at
x=k,k €Z are given by

moo(k) = [Jk(@,  moi(k) = Jk(c)Ju—1(c),  mu(k) = [La (), (3.11)
where Ji(x) are the Bessel functions.

Proof. By [24, Theorem 2.4], the entries of the resolvent of the two-sided Jacobi matrix A
in (3.8) are given by

Yo (2)Y (=)

w
_ (=1)"Jem(c)In—z(c)
sin(zm)/m

<em7 (ZI - A)_len> =

for m < n. (3.12)

From the above formula, we find that

/duoo(J?) — leo, (2] — A)Leg) = Ja(e)J—=(c) _ 3 k(o) (3.13)

z—x sin(zm) /7

dum(l‘) _ <€0, (z[ B A>_1€1> N _Jz(c)Jl—z(c) _ Z Jk(c)‘]k—l(c) (314)

y— 1 - sin(zm)/7

= (e1, (2] — A)7tey) = —Jo-1(0) 12 (c) _ Z M (3.15)

z—x sin(zm)/m

This establishes (3.11). O
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Note from (3.11) that the determinant of the 2 x 2 mass matrix

m(k) = (moo(k) m01(k)>

m10(k’) mi1 (k‘)

vanishes. It then follows from [6, Theorems 2.27-2.28] that the eigenvalues of the doubly
infinite Jacobi matrix A are all simple.

Remark 3. As we have seen in (2.2) and (2.3) in Section 2, it is also possible to compute
the resolvent and spectral measure by studying the corresponding continued fractions.
From (3.6), we have

—2J_.(¢c) 1

cJ_.—1(c) - Z+K;§i1[(—62/4)/(z—k)]; (3.16)

see also Schwartz [27] and Watson [31]. Replacing z by —z in the above formula gives

2J.(c) 1
clooa(e) 2+ K2 [(=c2/4)/(z + k)]

(3.17)

Then, combining (2.2), (3.16) and (3.17), we obtain

B 1 sz(C)JZ(C)
(e, (2] — A)Leg) = = ’
S e e el

which coincides with (3.13). Here we have used the property of the Bessel functions in
(3.1). On account of (2.2) and (3.10), we replace z by z — 1 in the formula of (eq, (21 —
A)~leg) to obtain

_ Jlfz(C)szl(C)'

e1, (24 — ey -
fer, (21 = 4) ) —sin(zm)/m

This is the same as (3.15). Finally, in view of (3.16) and (3.17), we have

Kf =2+ K2, [(~2/4)/(z—j — k)] = %
Kj = 2= 4 KRl a)/ (=4 1) = G,

Substituting the above two formulas into (2.3) yields

)

02] Y A (O DAY )
4

(eo, (2 = A)ler) = g {KTKO— 4 sin(zm) /7

which agrees with (3.14).
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4. Associated ultraspherical polynomials

The associated ultraspherical polynomials with associated parameter v € [0,1) are
determined by the recurrence relation:

(n+y+ 10 (2;8) =2z(n+ B+7)C(2;8) — 28+ n+v—1)Cp_y (2 5).

Let

_ OB+ Da
p"(x)¢ B0+ 28, ) -y

be the orthonormal polynomials. We have

TPy (%) = byt 1Pn41(x) + anpn () + bppp—1(z) (4.2)

with

o =0 b= | oty +26-1)

(4.3)

To study the doubly infinite Jacobi matrix, we have to ensure b2 > 0 for all n € Z. This
requires v # 0 and

—2<B<(1-%)/2 o  (2-9)/2<B<B-7)/2 (4.4)
Indeed, the above condition for b2 > 0 is a necessary and sufficient one.
Lemma 1. Lety € (0,1). We have b2 > 0 for alln € Z if and only if 28+~ € (0,1)U(2,3).

Proof. If v € (0,1) and 28+~ € (0,1), then S+~ = (26+7)/2+~/2 € (0,1). We have
m+7v)/(n+v+p)>0and (n—1+26+~)/(n—1+F+~) >0 for all n € Z. This
implies b2 > 0 for all n € Z.

If v € (0,1) and 26+ v € (2,3), then S +v = (28 +7)/2 +v/2 € (1,2). Thus,
(n+v)/(n+B+~v—1)>0and (n+26+~v—1)/(n+ S +~) >0 for all n € Z, which
again, implies that b2 > 0 for all n € Z.

On the other hand, if 28 + v € N, then b2 cannot be positive at n =1 — (28 + 7).

If 26 +v € (1,2), then (n+v)(n+28+~—1) > 0 for all n € Z. However, (n + v+
B)(n + v+ B — 1) cannot be positive when n € [—y — 3, —vy — 3 + 1]. Thus, b2 is not
positive for some integer n € [—y — 3, —y — 5+ 1]. Such integer exists because the length
of the interval is one.

If 284+~ > 3, then 8 > (3—v)/2 > 1 and n+vy < n+y+5—1 < n+y+8 < n+y+25—1.
We claim that either b2, or b2, is not positive. Otherwise, if b2, > 0, we have y+ 3 < 2,
which together with b2, > 0 implies that v + 23 < 3, a contradiction.
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Finally, we consider the case when 23 + v < 0. Since v € (0,1), we have 8 < 0 and
n+y+28—1<n+~y+B—-1<n+~v+p8<n+~. We will show that either b3 or b?
is not positive. Otherwise, from b2 > 0 we have v + 8 > 0, which together with b3 > 0
implies that v 4+ 28 > 0, a contradiction.

Therefore, we have verified that 28+~ € (0,1) U (2,3) is a necessary and sufficient
condition to guarantee the positiveness of b2 for all n € Z. This completes the proof. O

Let us go back to the difference equation (4.2). It possesses two linearly independent
solutions given explicitly as follows

oy B+ Dy + Dn op-12
Yn (Jﬁ) _\/ (’Y+5)n('y+2ﬁ)n R—”—‘Y-ﬁ—l/Q(x)7 (45)

1 n 1 n —1/2
Vi (@) = \/ OO R ) (46)

where

VAL (v + p+ 1) (a® = 1)#/?
2u+1xl/+u+1
2P W/2+ /24 Lv/24 )2+ 1/20 4 3/2;1/2)
I'(v+3/2)

R (z) ==

v

is related to the associated Legendre function of second kind [25, (14.3.7) and (14.3.10)].
Moreover, in view of the asymptotic behavior of associated Legendre function of sec-
ond kind [25, (14.15.14)], the solutions Y, (z) are one-sided subdominant solutions, i.e.,
Y, <Y, asn—ooandY, <Y, asn— —oo. The Wronskian of these two solutions

is
W = b [V,[ ()Y, 54 (2) = V1 (@)Y, (@), (4.7)
which can be computed explicitly as follows.

Proposition 4. We have

W =T cos[m(y+ 5 —1/2)]T(y + 25). (4.8)

2(y + B) sin(7my)L(y + 1)

Proof. To calculate W, we shall use some properties of associated Legendre functions.
Let

m—i—l)“m oFi(—v, v+ 11— pu;1/2 — x/2)
rz—1

P = ( e |
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e/l (v + p+ 1) (x? — 1)#/2
2u+1xl/+u+1

QU(r) i= e R (z) =

Fi(v/24 p/2+1,v/2+ /24 1/2;v + 3/2;1/2?)
% T(v+3/2) '

It follows from [1, (8.1.8)] that

dQi(x) dP}(z) ,,
de  dx @ (@)l

TR (/2 4 pf2 4 D)2+ 2+ 1/2)
M'v/2 —p/24+D(v/2 — p/2+1/2)

(a* = D[P} (x)

Since

Q" (x) = etk cos(mr)P;“(a:) + sinfr (v + p)| Q4 ()

sinfr(v— p)

by [1, (8.2.2)], we obtain

(@2 = D[Q", 4 (@) Tea®) g

_ we? T cos(vm) 22T (v /2 4 /2 + D0 (v/2 4 /2 +1/2)
S[r(v — )T /2 — if2 + DE(/2 — /2 + 172)

Furthermore, we have from [1, (8.5.3) and (8.5.4)] that

@~ )M O _ (1)@l ) - (v + DeQh(e),

dQ”, _, (x)

(2 — 1) in

=—(v+1D2Q%, 1 (2) + (v —p+1QL, 5(x);

the first is obtained by subtracting [1, (8.5.3)] from [1, (8.5.4)], while the second replacing
v by —v—11n [1, (8.5.4)]. It is readily seen that

Qﬁy_l(l')Qﬁ.;.l(i') - Qiy_z(x)Qﬁ(x)
T os(um) 2T (/2 + /2 + DD/2 4 /2 1 1/2)
= Wt Dl — w02 — 52+ T2 — a2 4 13)

Note that R¥(x) = e **"QH(x), we then have

Rliuq(x)Rﬁﬂ(m) - R, (2) R ()

meos(vm)22# T (v/2 + p/2 + DT (v/2 + p/2 + 1/2)
(v—p+)sin[r(v —w)T(v/2 —p/2+ DT(v/2 — p/2+1/2)°

In view of I'(2)T'(z + 1/2) = /7 ['(22)/2%*~1, we obtain
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RY meos(vm)I'(v + pn+ 1)
sin[r(v — )Ty —p+2)

—v—1

)Ry, (x) — RE, (2)RY(2) =

A combination of (4.5)—(4.7) and the above formula yields

W= (n+v+1)(n+~+2p) (y+B+n)(y+1),
dn+y+B8+Dm+y+8)\ (v +8)(y+26)n

(V+B+n+1)(y+ Dur1 —meoswmD(v+p+1)
(B +28)nr1 (v — WL —p+2)’

where p =3 —1/2and v =n+ v+ 5 — 1/2. A simple calculation gives us

W = (v + Dpsr . —meos[r(n+y+ B —1/2)|]0(n + v +28)
2(v+ B) (v +28)n sin[m(n +7)T(n+7+2)

Finally, (4.8) follows from the above formula. O

Similar to Theorem 3, with the exact formula for the Wronskian given in the above
proposition, we are ready to derive the spectral measures.

Theorem 4. Let vy € (0,1) and 28+~ € (0,1)U(2,3). For the coefficients a,, and by, given
in (4.3), the spectral measures dp;;j(x), i,j = 0,1, are continuous measures supported on
[—1,1] with the following exact expressions:

(1- x2)1/2_5 dpoo () _ —42* fIT(y+ B+ D)I(—y — S+ 1)
dx L(v/2+ BT (v/2+1/2)T(—/2)T(—v/2 = B+ 1/2)
N [Ty + B+ DI (=y =B +1)
C(v/2+B+1/2)T(v/2+ )T (/2 + 1/2)T (/2 = B+ 1)’
(4.9)
(1— 22)/2-8 dpoi(z) [(y+B)(v+B+1)
dx (v+1)(v+28)
_ zfifal(=y =B+ DI(B+ v +2)
D(=/2)0(=v/2 = B+1/2)0(v/2+ B+ DI'(v/2 + 3/2)
n zfofsl(—y — B+ 1B+ v +2) (4.10)
D(=v/2+1/2)T(=y/2 = B+ 1T(v/2+ B+ 1/2)T(v/2 + 1)’ '
and
(1= 42)1/2-8 dpai(x) _ —42? f3T0(y + B+ 2)T(—y — B)
dx P(v/2+B+1/2)0(v/2+ 1l (—v/2 = 1/2)(—v/2 - B)
N fiT(y + B+ 2)T (= = B) (4.11)
C(v/2+ B+ D0(v/2+3/2)T(—/2)T(=v/2 = B +1/2) '
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where f; withi=1,---4, are oF1 functions defined as follows:

fri=oF(v/2+ B+1/2,—7/24+1/2;3/2;2%), (4.12)
foi=2F1(v/2+ B,—7/2:1/2;27), (4.13)
fai=2F1(v/2+ B+ 1,-7/2;3/2;27), (4.14)
fii= P (v/24+ B+ 1/2,—v/2 - 1/2:1/2;27). (4.15)

Proof. By [24, Theorem 2.4], we have for m < n,

Vi ()Y, (2) _ 2(v+ B)sin(my) (v +1)
w —msin[m(y + B)]T(y + 28)

(em, (21 — A)eyn) = Y, (2)Y(2).

n

When m,n = 0,1, we obtain, for z € C\ (—o0, 1],

2 _ 1\B-1/2
Swa(z) = [ 20 = R/ B 122+ G+ B+ 151/5)
R

X o By (—7/24+1/2,—7/2 —y — B+ 1;1/2%),

and
_ [dpor(y)  (FE=1FY2 L (v 1)(y +28)
Sm(z)_ﬂz zmy 22 (v 4B (v + B +1)
X o F1(v/24 B+ 1,7/24+ B+ 1/27+ B+ 21/27)
X o1 (—7/2 +1/2,—7/2; —y — B+ 1;1/77),
and

d 52 _ 1)8-1/2
su(e) = [ E O TRz B L2 54 127+ 6+ 51/2)
R
X o F1(=7/2,=7/2 = 1/2; =y — B;1/27),
where (22 — 1)%1/2 with z ¢ (—o0,1] and 2?° with z ¢ (—o0,0] take their principal
branches. To calculate the spectral measures, we shall make use of the following identity
for hypergeometric functions [1, (15.3.7)]:

oF(a,b;¢;2) = (—z)f“gFl(a,l—c—Fa;l—b—Fa; 1/2)

(—=2) 2P (b, 1 —c+ b1 —a+b;1/2).
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For x € (—1,1), we take the limit from upper-half and lower-half planes respectively. It
then follows that

WP (/24 B+1/2,7/2+ By + B+ 1;1/2?)
_ PO +8+DI(=1/2) T2/ 128+ )
L(v/2+B)(v/2+1/2)

PO+ B+ DD/2)  inyj248) 028 ¢
L(v/2+B+1/2)T(v/2+1) .

+

and

2Fi(—7/2+41/2,—v/2; —y = B+ 1;1/2?)
= L=y — 5+ DT(-1/2) eFim(=1/241/2) p=t1 g
L(=y/2)L(=v/2 - B+1/2)
Doy —B+DTA/2)  rin(-y,—
T(=y/2+1/2)0(=7/2 = B+1) >

where fi and fo are the oF; functions given in (4.12) and (4.13). For 4,5 = 0,1 and
x € (—1,1), we denote S; (x) := lim._,o+ Si;(x £ ie). Since

lim (2% — l)ifl/2 = (1 — %) 1/2eEim(5=1/2) for x € (—1,1),

zZ—T

we obtain
Soo(@)
(1-— x2)5—1/2
_ [ I'(y+B8+1I(-1/2)
P(v/2+B)(v/2+1/2)
{ L(— =B+ 1DI(-1/2)
D(=y/2)T(=v/2 - B+ 1/2)

C(y+B+1)I(1/2)
(v/2+B8+1/2)0(v/2+1)

L(—y -4+ 1I(1/2) fQ]
(=v/2+1/2)T(=y/2 -8 +1)

(~0)fi+ 5 Fir.]

(Fiz)f1 + T

2(y + B) sin(Bm)x f1.f2 drl(y+ B+ DI(—y = B+ 1)

= ix? f?
T mlBn TR BTG 22N (72— B 1/2)
cif? Ty + B8+ 1Dy =B +1)
T(/24 B+ 12T /2+ DT (/2 + 12T (/2 — B+ 1)
Recall the Plemelj formula, if ®(z) = 2i7m / %dt, then
1
O, () —P_(z) = p(x) for z € 1. (4.16)

Therefore, the above two formulas give us (4.9).
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Similarly, we rewrite

2P (v/24 B+ 1,7/24 B+1/27+ B+ 2;1/27)

_ Py +B8+2)r(-1/2) (/2 BHD) 42642
T(v/2+B+1/2)T(7/2+1) ’

v+ 8+2)'(1/2) eyﬂ(w/2+5+1/2)$7+25+1f
T(v/2+ B+ 1)I(v/2 +3/2) b

and

2Fi(=v/2,—7/2 = 1/2;—y — B;1/2?)

IV IVE ) R,
L(—/2-1/2)0(—v/2 - B)

I(—y—p)ra/2) €$iw(7y/271/2)x7771f
(—/2T(—/2 - B+1/2) v

where f3 and f4 are the o F functions given in (4.14) and (4.15). It then follows that

T

255 (2) \/(wﬂ)(wﬂﬂ)
(1—a2)f=12\ (y+1)(v+2p)

_ [ﬁ.xf D(—y— B+ 1)I(-1/2) L D(—y—pB+1)I(1/2) }
'T(—y/2T(—y/2—-B+1/2) " ’T(—7/2+1/2)T(—/2— B+ 1)
" [imf F(y+B8+2)0(=-1/2) P(y+ 8+ 2)T(1/2) }
T(v/2+B+1/2)0(v/2+1) "*T(v/2+ B+ 1)I(/2+3/2) ]
and
S5 (x)
(1— xQ)ﬁ*1/2
_ [iixf C(y+B+2)T(-1/2) iy D(y+ B8 +2)T(1/2) ]
T(v/2+B+1/2)T(v/2+1) "*T(v/2+ B+ DI (v/2+3/2)

D(—y - BD(~1/2)
x [g”f (/2 1/2)T (/2 )

SN

R T (2 - A 1))

Combining the Plemelj formula in (4.16) and the above formulas, we have (4.10) and
(4.11). O

For simplicity, we denote two constants:

_ T(y + 8+ DI(—y — B)
N P24 B+ 12T (/2 + DD (—7/2 + 1/2)T(—7/2 = B+ 1)’

(4.17)
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L(y+B8+1DI'(— - B)
L(v/2+ B8+ 1)0(v/2+3/2)T(—/2)T(=/2 - B+1/2)

go = (4.18)

The spectral measures (4.9)—(4.11) can be rewritten as

(1= 22)/27F dpgo ()

v+ dx
(1—a®)V2F dpg (x)

VO+BG+8+1) du
(1 =227 dpns ()

v+ 6+1 dx

=(v+28)(v+ D2 fLg2 — fion,

= /(7 +28)(y + Da(f1 f1g2 + f2f391),

= —(y+28)(y + )22 f2g1 + f2go.

Recall that dpugg and dpi; are probability measures, while dug; = duig has zero total
integral. This gives us some nontrivial inequalities and identities related to the hyperge-
ometric functions f1, fa, f3, f4 defined in (4.12)—(4.15).

Corollary 1. Let the constants g1 and g2 be given in (4.17) and (4.18). We have the
following inequalities

(v +28)(y + D)gz2?f1(2) > 1 f3 (x)  forz € (-1,1) (4.19)

and

g2 fi(x) > (v +2B)(y + Vg1 a® f5(x)  for z € (=1,1). (4.20)

Moreover, we have

1
/ (v + 28) (v zrll)g;;;?ff(g) —9fi@), - Jlr - (4.21)
-1
1
+28)(y + Vg1 2% f3(x) — g2 /7 1
/ . = (1 )9;11:21;1/23(? 2l g, - Cy+B+T 422)
Z1
1
/* bt 1 = a);)ﬁifé( DIs@) 4 — g, (4.23)

-1
Now, we calculate the determinant:

(1 _ 332)1*2[3 2
(y+B)(y+B+1)

dz dz
dpio(w)  dpai(x)
dx dx

dpoo(z)  dpoi () )
=—g192 [(’Y +28)(v+ V)a"fifs + fafa

(4.24)
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It is interesting to note that, the quantity involving hypergeometric functions on the
right hand side of the above formula reduces to the following elementary function

(y+28) (v + D)a® fufs + fofa = (1 — 2®)/27P, (4.25)

To see it, we make use of (4.12)—(4.15) and calculate the coefficient of 2>" in the series
expansion of left-hand side of (4.25) as

— (v/24+ 8+ Dp(—/2)s(v/2+ B+ 1/2)n—t—1(—7/2 4+ 1/2)pn—k—1
(r+26)(y+1 Z 3/2)k(3/2)m 1K (n —k — 1)]

k=0
" (3/2 4 B)i(=1/Dk(1/2 + B+ 1/2) 0 i(=7/2 = 1/2),-
> /20 (D Hn ) ‘

. [7/2+ﬂ (=/2(v/2+ B+ 1/2)nk(=7/2 = 1/2)ns

- (1/2)x(1/2)n—rk!(n — k)!
(2k —n+1/2)(v/2+ 8 —1/2)
(k+1/2)(y/2+B+n—k—1/2)
_ (v/2+B8-1/2)n(—g/2-1/2),
B (—1/2),n!
« « F *TL,*TL+1/2,*n/2+5/4,’7/2+ﬂ,7’}//2 ‘1
T —n/241/4,—n+7/24+3/2,—n— B — /24 3/2,3/2
n! ’

which is the same as the coefficient of 22" in the series expansion of (1 —x2)'/2=#, Here,
in the last step of the above equation, we have made use of Dixon’s identity; see [28,
(I11.13)).

Now, combining (4.24) and (4.25), we obtain

duoo(z)  dpor(x)
) S | = (v B+ B+ 1)g192
dz dzx

_ 0+ B8y + B+ sin(my) sin[x(y + 26)]
w2(y + 1)(v + 28) sin[x (v + 5)]

As v € (0,1) and 28 + v € (0,1) U (2,3), one can see that the above determinant is
positive constant. This means the multiplicity of the spectrum [—1,1] is equal to 2.

It is well-known that Chebyshev polynomials of the first and second kinds T),(z) and
U, (z) satisfy the same recurrence relation:

(4.26)

S 1@ 4 pur (@) = apala)  forn> 1,
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We consider the doubly infinite Jacobi matrix corresponding to the two-sided difference
equation:

Sn1(@) +pur () = apala)  forne.

Two one-sided subdominant solutions to the above equation are given by
V@) = (a—VaZ— 1), V(@)= (v + Va1

such that Y,; < Y, asn — oo and Y, < Y,} as n — —oo. The Wronskian of these
two solutions is

W =W{Y,F(2),Y, (2)} =Y, (2)Y, . ,(z) - Y|

n n n+1 n+1(x>Yn_ (‘T) =2vr? —1.

By a similar calculation as in the proof of Theorem 4, we have

dpioo(y) _ -1 _ 1
/ﬁ = <€07(ZI—A) eo) = \/ﬁ’
R
and
— /22 -1
/du01<y) _ <€0,(ZI—A)_1€1> _ Z Z
zZ=Y V22 -1
R
and
1
[ e o - )t =
J zZ=y 22 -1

for z € C\ [-1,1]. Using the Plemelj formula in (4.16) again, we obtain

dpoo  dpn 1 1 1 1
_ _ 1 S R 4.27
dx dx 2mi {( 332—1)Jr ( x2—1) } /1 — 22 (4.27)
and
dpior 1 [ z—+Va?2 -1 r— Va2 -1 T
ZroL — | = 4.28
dz 2mi [( x2 —1 J+ = 2 —1 ) ™1 —a? (4.28)
for z € (—1,1).

Remark 4. Note that Chebyshev polynomials are special case of associated ultraspherical
polynomials with 8 = 0. We shall demonstrate that (4.9), (4.10) and (4.11) can be
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reduced to (4.27) and (4.28). First, we recall the following formulas for hypergeometric
functions with special parameters:

sin[(2a — 1)0]

o Fy ( a; %,sln 9) = cos(2ah), o F (a, 1—a;2;sin 9) Ba—1)smo’

a; 29
see [25, (15.4.12) and (15.4.16)]. Let « = sin6 in (4.12), (4.13), (4.14) and (4.15) and
make use of the above formulas, then the functions f;, i = 1,-- -4, are rewritten as

sin[(y +1)6)]

in(~0
5= sin(vy0) fa=cos(v0), f3= (y+1)sing’

~sin®’

f1 = cos|(y + 1)6].

Note that T'(2)T'(1 — z) = 7/ sin(7z), then we have

Ly +DI'(=) _ 1

D(v/2 +1/2)T(=v/2 +1/2)T(y/2 + DI'(—=v/2) 27’

Substituting the above formulas into (4.9), (4.10) and (4.11), we have

dpoo(x) _ dpan(x) 1 dpor(z) _ @ z € (-1,1).

dx o dx 7'(\/]_—(527 dx 7-(—,/1_5527

5. Al-Salam-Ismail polynomials

Al-Salam and Ismail [2] considered the monic orthogonal polynomials satisfying the
difference equation

bqnfl
(1 +ag™)(1+ag"1)

Tnt1(z; a,b) = zmp(z;a,b) — Tn—1(x;a,0), n>1 (5.1)

with initial conditions my(x;a,b) = 1 and w1 (x;a,b) = x, where ¢ € (0,1), a > —1 and
b > 0. It was shown that the measure du(z) for Al-Salam—Ismail polynomials is purely
discrete. Moreover, its Stieltjes transform has following explicit expression:

du(r) _ F(gbz"?;qa)
= -2
/ z—x  2F(bz=%a)’ 2 & supp(dp), (52)
where F(x;a) is an entire function defined as
= i ¢ —z)k. (5.3)
= ( —a;q)k

In this section, we study the doubly infinite Jacobi matrix associated with the difference
equation
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IPn (LU; a, b) = bn+1pn+1(x; a, b) + anpn (1‘; a, b) + bnpnfl(m§ a, b)a n €z, (54)

where

bqn—l
n=0, b,= .
¢ ¢ (1+ag)(1+ ag")

Here, we require positiveness of both a and b so that b, > 0 for all n € Z. On account
of (5.2), we have the following continued fraction representation:
_bi

F(bz~2;
KS_ZZZ+K1331|:7]_ 2Fibe ;)

~ F(gbz~2;qa) (5:5)

Note that b;_,, has the same expression as b,, by replacing @ and b with ¢~ ! and ba~2,
respectively. Thus, we have

—b? 2F(b(az)"%a71)
Ky =2+ K2y |—5 = ’ : 5.6
e i | T = S (>
Substituting the above two formulas into (2.2) gives
_ 1 F(gbz"? qa)F(gb(az) *qa™")
T— A) ten) = = ! ’ , 5.7
(eo, (2 )" eo) K(-)i— YKy -2 2G(22;a,b) (5.7)

where

G(t;a,b) == F(tb;a)F(tgba™?;qa™ ") + F(tqb; qa) F (tba™*;a™ ")
— F(tgb; qa)F(tgba™?;qa™).

Let G(t;a,b) = ZGnt". Making use of (5.3), the coefficient G,, is given explicitly as
=0
follows: !
G — Z [ (7b)qu(k71)(7qb/a2)lql(l71) N (fqb)qu(kfl)(*b/aQ)lql(lfl)
! (@ Or(—a; Orla i(—a/a; 0 (@ k(—qa; Qr(g; a)i(—1/a; q)

k+l=n

(=gb)*q** D (—gb/a?)'q' "V
N (Q§Q)k<_qa§Q>k<QQQ)l<_Q/CLZQ)l}

B Z (_b)na—2lqk2+l2—n(ql + qka)
2 @ a)(—aas )i(g: a)i(—a/as q)i(1 + a)

n

=" (bfa)" Y ¢

k=0

a2k—nq2k(k—n)(qn—k¢ +qka)
¢ ) 6(—q0; Q)1 (¢ On—r(—q/a; Q) n—1(1 +a)’

To simplify the above formula for G,,, we make use of the following lemma.
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Lemma 2. For any 0 < ¢ <1, a >0 and n € N, we have

S =

(@ )k(=90; k(@ Dn-r(=a/a; Dn-r(1+a) — (40)n

n a2k7nq2k(k:7n)(qnfk + qka) qfn(nfl)/Z

Proof. Note that

(Q;Q)n _(_1\k, k@2n—k+1)/2(,,—n.
Goer — D @, (5.8)

(—q/a;q)n — g Fgk@n—kt1)/2(_o—n.
Cajaamy =" 1 U (—ag™ @)k, (5.9)
(—=q/a;q)n(1+a) = (—1/a;q)n(1 + ¢ "a)q", (5.10)

1 _|_q2k—na _ (iql_"/2\/6; q)k(—iql_"/2\/a; Q)k (5 11)

14+ ¢ "a (ig="/2\/a; Q) (—ig~"/2\/a; q),

Then, the above formulas give us

o Z”: akfnqzk(kfn)Jrnfk(l + qzkfna)(il)qu(zn—kﬂ)(q—n; q)k(faq*"; Q)k
= (¢ D (=4q0; (¢ Dn(=1/0;¢)n (1 + g~ "a)g"

_ a " zn: (Cag " (a5 Delia” " PVE O (ia " PVEG ke

3 ’ ‘ q
(@ Dn(—1/a;0)n = (¢ D)r(—qa; Q) (ig™"/2V/a; q)i(—ig=/Va; )y,
Next, we make use of the limit

lim (1/; q)x(1/e; q)re? = ¥+
e—0

to obtain another expression

a*’n
S = lim
e=0 (¢;@)n(—1/a;q)n

X 6 —aqg™" ¢ " igt"?a —igt%\/a 1/e 1/e
655 —qa ig*Ja —ig"?\/a —caq'™" —caq'™"

- qa£2> .
By [10, p. 238, (I1.21)], we have

—n

S — Jim a (—aq" ™" @)n(—caq' " q)n g
=0 (¢ Q)n(—1/a;q)n (—€2aq'="; @)n(—c%aq =" @) (@ @)n

—n(n—1)/2

This completes the proof. 0O
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From the above lemma, we have G,, = (—b/a)"¢"™~Y/2/(q; q),, and consequently,

x©  n(n—1)/2

G(t;a,b) Z a (=bt/a)" = (bt/a: @)oo, (5.12)

7

where we have used the Euler’s theorem [15, (12.2.25)].

To calculate the other matrix entries of the resolvent, we need to find K" and K .
Note that by41 has the same expression as by with a and b multiplied by g. Consequently,
we obtain

2F(qbz72%; qa)
F(g?bz=2;¢2a)’

2F(q~"b(az) "% (qa) ")
F(b(az)=2;a71)

—b?
K =2+K2, [ §+1} -

- o
K =2+ K2, . =

It follows from (2.2) and (2.3) that

B 1 F(¢?bz~2,¢%a) F(b(az)"%a7)
I _ A 1 _ = ’ :
<€17 (Z ) el> Kil» 4 K; — 2 ZG(Zfz; a, b) 5
_ by F(¢*bz=2 ¢%a)F(gb(az)2; qa~")by
T A le) — = -
(eo, (2 )" er) KKy — b3 z?H (2% a,b) 7

where G(¢;a,b) is given in (5.12), and

tF (tq?b; ¢*a) F (tgba=2;qa=1)b

H(t;a,b) := F(tqb; qa)F(tba*;a~") — (1+a)(1+ qa)

(5.13)

Again let H(t;a,b) = Z H,t". Adopting the similar analysis used in deriving G(¢t; a, )

n=0
n (5.12), we find the explicit formula for H,, by using (5.3):

Hy= 3 (( gb)*q** =1 (=b/a?)'q"" "V

¢ Or(—qa;9)k(g; 9)i(=1/a; q)i
Z (_q2b)qu(k—1)(_qb/a2)lql(l—1)b
(¢ Dr(—¢*a;9)r(g; 9)i(—q/a; )1(1 + a)(1 + qa)
g n a2k—nq2k2—2kn+k(1 +q2k—n+1a)
e b/a) Z:: (¢ Dr(—a?a; (@ @) n—k(—1/a; )1 (1 + qa)

k+l=n

k+l=n—1

n 2k: n 2k(k— n)(qn7k+qk+1a)

_ (n—1) a n q
a (=b/a) ZO —0°0; Q)i (G Dn—r(—1/a; @)n—k(1 + qa)
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Note that the sum on the right-hand side is the same as the sum expression for S in
Lemma 2 where a is replaced by qa. We obtain H,, = G,, and thus

H(t;a,b) = G(t;a,b) = (bt/a; ¢)co- (5.14)
Summarizing the above results, we have the following results.

Theorem 5. Let a,b > 0, the spectral measures for the doubly infinite Jacobi matriz with

an =0, b, = b
N (T4 agn) (1 + agnt)

have discrete mass points at +x = ++/bg* /a for all k = 0,1,---. Moreover, the masses
at txi are given by

_ F(¢" *a; qa) (' *a=t;qa™t)
moo(ﬂ:xk) = ( )k(q7q)oo s (515)
_ F(¢*a;¢*a)F(gFa™"a7")
mu () = 2(47%;q) (a5 0o ’ (5.16)
F( 2—k ,QZCL)F(ql k —1 qa 1)
mo1(xxr) = 5.17
) = S E @ ) (LT O+ g a T (547

Proof. The Stieltjes transforms of the spectral measures have the explicit expressions:

dpoo(x)  F(gbz~? qa)F(gb(az) % qa™")

]R/ z—x 2(b272/a;q) o ’ (5.18)
dpni(z) _ F(¢*bz7? ¢%a)F(b(az)"?a™")

]R/ 2—x 2(bz272/a; q) o ’ (5.19)
dpor(z)  F(q*bz"?;¢%a)F(qb(az) "% qa™" )by

R/ z—x 22(bz72/a;q) oo ’ (5.20)

where by = /b/[(1 + a)(1 + ga)]. Taking the residues at z, gives the desired results. O

From (5.15)—(5.17) and m19 = mo1, we calculate the determinant

moo(£xr)  mor(£xy) F(¢* %a;q*a)F(¢'*a=1;qa™")
mio(Exg) mar (k) 207" @)k (g 9)c)?

where H is the function defined in (5.13). In view of (5.14), we have H(q %*;a,a) =
(7%, @)oo = 0, and consequently,
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moo(iajk) m()l(:tlfk) 70
mlo(:i:a:k) mll(:ta:k) ’

This together with [6, Theorems 2.27-2.28] implies that any point spectrum of the doubly
infinite Jacobi matrix is a simple eigenvalue (i.e., with multiplicity one).

We note that the point z = 0 is the limit of the discrete mass points +xj, hence
is in the spectrum. However, the point z = 0 can not be a mass point. Otherwise, let
{vn}nez € 12(Z) be the eigenvector associated with zero. It follows from (5.4) that

Un+1 o bn o 1+ aanrl
Un—1 b1 Q(l + aqn_l) '

From the above relation, we obtain the explicit expressions for v,, as follows:

[ 1+ ag®

Vo = vo(— 1)y | ———,

2 0( ) qn(1+a)
( 1)n 1+aq2n+1
Vopt1 = v1(— —_.
2n+1 1 qn(1+aq)

Since vy and v; can not be identically zero, we have either |vg,| — 00 or |va,41| — oo as

and

n — 0o, which contradicts to the square summability of v,. Applying Theorem 5 gives
the following identity

F(gbz"? qa)F(gb(az) *qa™") i 2F(¢"*a;qa)F(¢' *a";qa™")

2(b272/a3¢)oo - (7% r(q; @)oo (22 — bg* /a) (5.21)

k=0

6. Non-symmetric Al-Salam-Ismail polynomials

Let 7, (x; a,b) be the monic Al-Salam-Ismail polynomials defined from the difference
equation (5.1). The polynomials Uy, (z;a,b) = (—a;q)nmn(2;a,b) satisfy the following
difference equation

Upi1(z;a,b) = 2(1 + a¢™)Up(z;5a,b) — bq”_lUn,l(x; a,b) (6.1)

for n > 1, and the initial values are Uy(z;a,b) = 1 and Uy (z;a,b) = z(1 4 a). Note that,
if we replace a by a+c¢/x for ¢ € R, we still obtain a sequence of orthogonal polynomials

Un(z;a,b,¢) := Uy, (x;a + ¢/x,b), (6.2)

which satisfy the following difference equation
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(~Jn+1(x; a,b,c) =[z(1+aq") + cq”]ﬁn(x; a,b) — bq”_lffn,l(x; a,b) (6.3)

for n > 1, and the initial values are [70(33;@7197 ¢) =1 and ﬁl(x;cub, c)=xz(14+a)+ec
We refer U, (z;a,b,c) as the non-symmetric Al-Salam—Ismail polynomials. Tt is easy to
see that

Tj'; (z;a,b,c) = (1+ a)ﬁn,l(x; aq, bq, cq), (6.4)
where ﬁ;(x, a, b, ¢) is corresponding numerator polynomial with the initial values

ﬁg(x;a,b,c) =0, ﬁf(m;a,b,c) =1+a.

As in the previous sections, let us study the doubly infinite Jacobi matrix associated
with the difference equation

rpy(z) = gnJrlanrl(m) + anpn() +F5npn71(x), n € Z, (6.5)

with

~ cq” 3 bgn—1!
an = — )y On = )
1+ ag” (1+ag™)(1 +ag""1)

where a,b > 0 and ¢ € R. To calculate the continued fractions I?S' and f(o_ , we recall
their relation with orthogonal polynomials in (2.13) and (2.14). As U,(z;a,b,c) and

U} (z;a,b,c) have the same leading coefficients when n > 1, we obtain from (2.13):

~ - 752 fjn ; 7b7
Ki :=z—ao+ K2, E_| = lim M. (6.6)
Z =k n—o0 ¥ (z;a,b,c)
By (6.2) and (6.4), we have
= ﬁn ; 7b7 U’ﬂ > 7b
K} = lim In(z:0,b,¢) = lim (10 +c/2b) (6.7)

n—co (1 + a)U,_1(2;aq,bq,cq) e (L+a)Un—1(2;aq + cq/2,bq)

A similar argument as above gives us that

U, (z;a,b)
K+ _ 1. ) )
0= B (1+a)Up—1(z;a,b)

; (6.8)

where KO+ is the continued fraction associated with the symmetric Al-Salam—Ismail
polynomials U, (z; a,b) in (5.5). Then, combining the above two formulas and (5.5), we
have

[z +c/(1+a)]F(bz"%a+ ¢/z)

K=
0 F(qbz=2;qa + qc/z)

. (6.9)
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The computation for IN((; is similar. Now the associated orthogonal polynomial
U, (z;a,b,c) satisfies the following difference equation

[7;+1(I; a,b,c) =[z(a+q¢") + c]ﬁ,: (z;a,b) — bq"ilﬁ;_l(x; a,b) (6.10)
for n > 1, and the initial values are (70_(z;a, b,c) =1 and (71_ (z;a,b,¢) = x(a+ 1) +
c. Let U, "*(x;a,b,¢) be corresponding numerator polynomial with the initial values
Uy " (x;a,b,¢) =0 and Uy " (z;a,b,c) = a+ 1. Then, similar to (6.4), we have

U'n_’*(x; a,b,c) =(1+ a)q"_lﬁnil(x;a/q, b/q,c/q). (6.11)

Again, since (777 (z;a,b,c) and ﬁn_’*(z;a,b, ¢) have the same leading coefficients when
n > 1, it follows from (2.14) that

~_ [7’(2'(1 be) .. ﬁ;(z;a,b,c)
K; = lim ="~~~ im L
n—oo [, *(z;a,b,c) oo (14 a)g" U, _,(z;a/q,b/q,¢c/q)
= lim : Uy (zia+c/2b) . (6.12)
n—oe (14 a)g" U, (z;a/q + ¢/(q2),bq)
Note that
Ky = lim Uy (z:0,b) (6.13)

n—oo (14 a)g™ U, _,(z;a,b) ’

where K is the continued fraction given in (5.6), we have from the above two formulas

~ ()P )
Ky = ; e (“Zfo te/z” (6.14)
(az+c)?? a+c/z)

Coupling the formulas for K and Ko in (6.9) and (6.14), we obtain

Soo(2) = ! - F(q_b.qa+£)F(%;#c/z)
K++K_ (z+ lia) ( 1+a)G(22»a+ ,0) ,

where G(t;a + ¢/z,b) takes the same form of the G(¢;a,b) in the previous section with
a replaced by a + ¢/z. To be more spec1ﬁc G(t;a+ ¢/z, b) (bt/(a+c/2);9) 00

Next, we derive the formulas for K from those of K where the parameters a,b, c
are multiplied by a common factor of q.

, (6.15)

~ N —b (= + 1155 F (%90 + %)
Kf=z-a + K2, [Z—§:i11 — 1+qa =)

F(z_27q a+%)
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e b . 1
T — ~ o0 [ —ba_y, ‘| _ (z+ H—qa)F(q(az-'rC)27 qa+qa/z) (6.16)

K =z—a + K2 =
' ' s —d F('(a—zic)z? _a+10/_z)

Using a similar argument as in the previous section, we obtain

SH( ) 1 _ F( 22 ?q %a + qz >F( az+c)2’ a+c/z)
K+ K - (z—a’n (2 + 1155)G(Fia+ £,0) 7
S ( ) gl F( 254 a + < C)F<W7 a+c/z)b1
01 = c
KiKy -2 (24 152) (2 + 152G (5a+ £,b)

where in the last equation we have made use of the identities b2 = b/[(1 + a)(1 + aq)]
and

c qc
1—|—a)(2+ 1+ qa

(z+ )(1+a)(1+aq):22(1+a+§)(1+qa+ %),

Summarizing the above formulas for the Stieltjes transformations of the spectral mea-
sures, we obtain the following theorem.

Theorem 6. Let a,b > 0 and ¢ € R, the spectral measures for the doubly infinite Jacobi
matriz with

~ cq” ~ bgn—1
ap = — ’ b, =
1+ agn (14+ag™)(1 + ag™ 1)

have discrete mass points at x,f = (—cx+/c+4abg*)/(2a) for all k =0,1,---. More-
over, the masses at xf are given by

1+k w:t 2 mi 2
( ) bqu(( )2; (q ki)s)F(q(Zkk—)lb; ((zk,izb) (6 17)
mool\Zy ) = ' :
" (2axy +C)(fff ) (@7 k(g5 0o
+k :z)i 2 mj: 2
mll €T = .
" (2amy; +C)(Ik + 1)@ %:0)k(¢5 0 oo
k +\2 +4\2
ba* \ | e (s T t) F (5 G)
mo1(z) = 8 L LU (6.19)

 Qazy + o)z + t59) (@ + 250 k(g 9o
Proof. Note that the zeros of

1 c b
G(Z_27a+;7b):(

az? +cz’

satisfy the equation
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b k
+ —1
az® +cz
for some k =0,1,---. Solving the above quadratic equation gives

4 —cxn/c2+4bgk
z=uap = 5a :

The masses at xf are obtained by simple application of residue theorem. O

On account of @ := a + c/af = bg"/(xif)?, we calculate the determinant

+ +
(bg*)2 F( q*b .q“’“b)F( (z)? . (= )2)H( L_.ab)

(@) (@) /" VeI R ()2

(o + 1) (5 4 29)[azy + ) (a7 @)k(g 0)oo)?

moo({L‘i) m01(ac
mlo(l'k ) mll(xk )

)

where H is the function defined in (5.13). In view of (5.14), we have H(@%)Q;d,b) =
k

(7%, ¢)o0 = 0, and consequently,

moo (Jﬁi) mo1 (xi)

mio(zy,)  ma(ey) =0

This together with [6, Theorems 2.27-2.28] implies that any element of the point spec-
trum of the doubly infinite Jacobi matrix is a simple eigenvalue (i.e., with multiplicity
one).

Remark 5. If x,f are the only discrete mass points of the spectral measure dpgp(z), we
then have for z # x,i

F(%5q0 + ©)F (% o5tr)

(az+c)??
G+ )0+ 50)
14k +12 +12
> bqu((z?)z; t(lkar)S) ((Z(fkk¥)1b; Z(If’iib)

= (2azy + o) (xf + )@ k(5 @)oo (2 — )

00 bqu( ab_. ¢"t*b

(wp)? (2)?

kZ:O (2azy +c)(@y + 15) @ k(@ @)oo (2 — )

z;)? z7)?

2k—1p> qk—lb

(6.20)

where xf = (—c %/ + 4abg*)/(2a). We leave the proof of the above equality as an
open problem.
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