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Summary. For a certain general class of distributions and for the one-parameter exponen-
tial family of distributions, it is shown that ordered parameters do not admit unbiased
estimators. It is also seen that these classes of distributions, for which non-existence of un-
biased estimators of ordered parameters is exhibited, can be enlarged.
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1. Introduction

The problem of point estimation of ordered parameters has been studied extensi-
vely, among others, by AraM (1967), BLUMENTHAL (1975, 1976), BLUMENTHAL
and COHEN (1968a, b, ¢) and Dupewicz (1971a, b, 1972, 1973). Such a problem is
of interest, for example, in the one-way Analysis of Variance setting with &
treatments where the hypothesis of equal treatment effects has been rejected and
the largest treatment effect is to be estimated. Different sampling schemes and a
variety of estimators, for example, maximum likelihood, maximum probability,
generalized BayEs, and PIrMaAN, especially in the case of ordered normal means,
have been proposed by the above authors. In case there exists an unbiased esti-
mator of an ordered parameter, a natural criterion is the variance of the estima-
tor. However, in the absence of unbiased estimators a criterion is the bias i abso-
lute value, as considered by BLuMENTHAL and COHEN (1968¢). Briefly, the problem
is as follows:—

Let ny, ..., m; be k(=2) populations with means g, ..., yy respectively and X; be
the mean of the sample from population =;, i=1, ..., k. It is well-known that X,
is an unbiased estimator of g, Let py=...=py and X;;=... =Xy, be ordered
population and sample means respectively. A natural estimator. of up,;, m=
=1, ..., k, in this case is' X,,, which has some nice asymptotic properties, for
example, asymptotic unbiasedness and strong consistency [see DUDEWICZ (1972)].
However, il mway be noted that EXp;=up;, since Xpgis a convex function of
(X4, ..., X3), with equality if and only if Xy;;is a linear function with probability 1.
The latter condition is equivalent to the condition that there exists a ko with P(X,, =
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= X, for each )= 1. Therefore, a natural question that arises is whether Ymy €BD
be estimated unbiasedly. :

In this paper, we establish that for certain families of distributions an unbiased
estimator of an ordered parameter does not exist. BLumENTHAL and COHEN
(1968¢) sketched a proof for the case of two normal population means. Here, we
generalize and extend that result.

2. Non-existence of Unbiased estimators of ordered parameters
in the case of one parameter exponential family of distributions

Let Xy, ..., Xy, =1, ..., k(=2) be a random sample of size n; from a population
whose distribution depends on a single real parameter 6;. Let the space of the

parameter 0= (0, ..., 0;) be a subset £ of the £-dimensional EvcrLibean space and
let p;=pl0;), i=1, ..., k, be non-constant estimable functions of the parameters.
We assume that 2+ {6: 6, =... = 8,}, othorwise the problem docs not mako sensc.

Let ppy=... =y, denote y, ..., y; in their numerical order and let T';=T (X, ...,
X;n) be a sufficient statistic for ;. In the following, for 6, 6" €2, Py<<P, means,
as usual, that the probability measure P, is absolutely continuous with respect to
the probability measure Py. For a given m=1, ..., k and for ¢=1, ..., k, define

Qi={0€Q: b=y} -

Theorem 2.1. If (T, ..., T}) is a complete statistic for 0 belonging to some Q,, with
Q) —Q,+0 for some §j and if Py<<Py forall 8, 67€Q, then for any m=1, ..., k, pipm
is not estimable.

Proof. Since ;. is estimable, there exists a function U(7';) of T';. only which esti-
mates u, unbiasedly. Since (T'y, ..., T}) is a sufficient statistic for 6€Q, without
loss of generality, suppose g(T'y, ..., T}) is an unbiased estimator of u,,;. Then we
must have

Ee (g(Tb veny Tk)'—U(Tv)]:O \7’06!2@,
which implies

Po [g(Ts, s TR) = U(Te)]=1 VOEL.
But Py<-P,. for all 66’ ¢ 2, hence

Pﬂ [g(Ti, veey Tk):U(Tl')]:l VGEQ,
so that

By g(Ty, .., T)=py VO€Q.

Corollary 2.1. If X, ..., X;,. 15 @ random sample from a distribution with prob-
ability density
~0,T(2)+W(z)

fx; 6)=h(0;) e ,i=1 ek,
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that is, if we have one-parameter exponential distributions, and if some ;. contains a
k-dimensional rectangle, i, is not estimable.

The proof follows easily using Theorem 2.1 above, Lemma 8 on page 52 and
Theorem 1 on page 132 of LEAMANN (1959).

Remark 2.1. In Theorem 2.1 above we have assumed that u;’s are estimable. We
justify this assumption as follows:

Let X;=(Xy, ..., X;,) be a random sample from a distribution with parameter
0, i=1, ..., k, 9(X;, ..., Xz) be an unbiased estimator of y,;and {6: 6,=...=0,}C
c £2. Then

L OEg(Xy, e X =gy VO
implies
Eg(Xi, ~"!ch):f'l‘1 if 61="':0k
so that g(X|, ..., X;) is an unbiased estimator of uy when X ;,(i=1, ..., k,j=1, ..., n))
are 1ndependent1y and identically distributed with parameter 6,. Thus if 0, admlts

a one-dimensional sufficient statistic y,,is not estimable if y; is not aqueerbloz‘—
, erhmab

3. Differentiability of estimable functions: applications to ordered
parameters

Below we give a different method of proving the nonexistence of unbiased estima-
tors of ordered parameters for a certain class of distributions. The results obtained
in this section are extensions of the BLumeENTHAL and COHEN (1968c) result. In
Theorem 3.1 below we establish that for populations with probability density
functions of a certain form, any estimable function of the parameters is differen-
tiable with respect to any one of the parameters. We shall need the following:

Lemma 3.1. For u=1and a=1

ua—ie—u“ ée—(u—i)“.

Proof. Since
log '+ (u—1) —u'=u""" +(u—1)"—
it suffices to show that
Wt (w—1)*—ut=0.

Since u=1, a=1, we have

1\e 1
(1——) =1——
U u

which implies
w b (u—1) —ut =0 .
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Theorem 3.1. Let X, ..., X, be k(= 2) independently distributed random variables
with probability density functions f (x—0y), ..., f (2 —0;) respectively, where f(-) is of
the form

fx)=Ce ™" =1, —co<g<oco.
Let ®(by, ..., 0;) be any estimable function of (0, ..., 0;). Then @(0y, ..., 6;) is differ-
entiable with respect to 0,, 1=1, ..., k. )

Proof: Let g(X, ..., X;) be an unbiased estimator of @(6;, ..., 6;). Without loss
of generality we prove that @(0;, ..., 6;) is differentiable with respect to 6.

We have

tho (P (0,+h, By, ..., ) —D(By, ..., B,))/B
k
— ~ - E
=Lt C* f fg(xl, o Ty e -0,
Bt e e

1 |
Xy fem M o T day . .

Since
de— 171 —611%

ao,

exists for all 6, =y, it suffices to prove that [see CRAMER (1946), pp. 67—68],

e —m—m“} —

1 .
Lt — fe~m~0 " _¢

roh

de~ 17 —0;)%

a9,

, 50(.901, 01), ‘V’O, +=&y and VB;
01 =26

in some neighbourhood of 6, where G(x;, 6,) is such that

oo 3 _._Z_}i,’ ]zi_ai]a
[ gy, oo @) Gy, B)) € 7 dz, ... dzy<oo .

Now, for 0y =z,
de"‘lxt_ellal

fa—1 ~lz _g}]a
=q|r — ©
del . l 1 91‘

6y =6

=ao~(z1=61-0% i1 lz;—0;|=1 (from Lemma 3.1)

92 @ ’
B L e L T S Y R e AT
Hence, for |6; —0)]<1 and |z, —6,] =2, we have
de— 1816112

_ —(‘xi_el]_?')a_ )
ae,

,=<ae
010

Also, it is easy to see that for |6, — ;] <1 and [z, — ;] <2, we can choose a constant
M =0 such that
de—121— 0%

T ae,

—8.1@
< Me~lm—0",
6,01
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Thus, take
Gy, 0y) ={ae:(m_e‘[_m’ RN
Me_l‘”'_ﬂ‘la, [, —6,]<2.
Then, clearly,
k
—~ 2 lw;—6;1%

Ct [ [ lgl@y, oo 2)| Gl 8)) @ i=2 dx, . dz,

E
o o f3—2 ~lgy—0+2|%— 3 |2;—05
k =
=aC* [ .. [ [ lgs .o zp)le i=2 dz, ... dx,
| 6, —~2|% ZL:‘ @
bl b —l2 =0y —~2|%—~ Z |z; -0
+aC* [ [ [lgly .. m)le =2 dw, ... dx;,
= Segk2
k
LT o Oy 42 - Zlz—6;®
+MCOE [ [ [ lg@y, . m)le T dz; ... dz,
— o0 —oo Gy —2

<3Eel+2,02,...,oklg(X1, wees X
+aEsl—2,92,...,ek|!](X1v o Xi)[ + MEq g, l9(X1) <.

Corollary 3.1. Let 0y;=... =0, denote by, ..., 6, in numerical order. Under the
assumptions of Theorem 3.1, Oy, is not estimable, m=1, ..., k.

Remark 3.1. Proof of Theorem 3.1 s{lggests that the conclusions will hold for all
distributions whose probability density functions f(x; 6) satisfy the following con-
dition: :

< ) af(x; 69) Vo’

0= i=1

’ df(=; )
de

in a neighbourhood of § where the integer r, numbers o; and parameter points
6% may depend on the neighbourhood of 6 but are independent of x. It is easily
verified that the uniform distribution on [0, 8] and PARETO’S distribution with
probability density function '

f(x; 0)=ab/z**!, a>1, x=6=>0

satisfy the above condition.

4. Concluding remarks

Remark 4.1. Whereas Theorem 2.1 covers a large class of distributions including
the exponential family, certain important distributions like uniform on [0, 6],
negative exponcntial with location parameter 6, double exponential with location
parameter 6, etc. are left out. These other distributions are covered by Theorem
3.1 and the associated Remark 3.1.
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Remark 4.2. When X (i=1, ..., k) are independent and have probability density
c;(0,) hi(z) e yith respect to a sigma-finite measure », the joint density of
Xy, ..., X, can be viewed as a density in the exponential family with parameter
(65, ..., 0,). Any estimable function ®(f,, ..., 6,) then is necessarily differentiable
with respect 0; (see, for example, LEHMANN (1959), Theorem 9, pp. 52—54, where
the restriction “Let @ be any bounded measurable function ...” can be replaced by
“Let @ be any integrable function . . .”’). This provides an alternative proof for the
results in Section 2. However, as the following remark shows, there are situations
in which only one of the proofs can be applied.

Remark 4.3. When k=2, 6 is not differentiable with respect to 6, at the point
6, = 0, and this fact is used to prove non-existence of an unbiased estimator of 6,
if the distribution is such that any cstimablo function has to be differontiable. As
such, in case parameter spaces for 6, and 8, do not intersect and the estimation of
62 remains meaningful (it is not if —eo<6; =0 and a4 <, < ), differentiability
argument is not applicable. As an example, suppose X and X, are independently
N(8;, 1) and N(0,, 1) respectively with —co<f; <a or b<0; <o and a<0,<b.
Theorem 2.1 implies non-estimability of 6, though 0y, is differentiable with re-
spect to 0. - ‘ .

An example, where Theorem 2.1 cannot be applied but differentiability argu-
ment is available to us, is provided by X; and X, independently distributed as
N(0,, 1) and N(0, 1) respectively with —co< 8 < co.
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