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2Department of Mathematics and Statistics, University of Maryland, Baltimore, Maryland

The problem of comparing several alternate sampling
devices to the Occupational Safety and Health Administration
(OSHA) standard, or the comparison of several sampling
devices among themselves, is considered. A test based on
the OSHA criterion that states that “90% of the readings of
the sampling device should be within £25% of the readings
obtained by the standard” is developed. Type I error rates and
powers of the test are studied using Monte Carlo simulation.
The study indicates that the proposed test is quite satisfactory
for applications. The method is illustrated using a simulated
data set.
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INTRODUCTION

he comparison of an alternate sampling device to an
Occupational Safety and Health Administration (OSHA)
standard, or the comparison of two sampling devices or that
of several sampling devices or methods, is a problem that
is frequently encountered while developing cheaper or more
efficient exposure assessment strategies. Applications of this
type are numerous in the occupational hygiene literature. Some
recent references include England et al.,'"’ Rudzinski et al.,?”
O’Brien et al.,”® Spicer and Gangloff,” Savely et al.,®) and
Wellons et al.®
Some of these authors have used the 7-test to compare the
means of the log-transformed data. Spicer and Gangloff®
consider an application of Spearman’s rank correlation for
checking the agreement between microbial data from two com-
parison zones. They conclude that the nonparametric statistical
analysis of bioaerosol data, as currently recommended for
building assessment, has serious drawbacks; a very high Type
I error (i.e., probability of not rejecting a false null hypothesis)
has been noted for small samples.
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First consider the problem of comparing just two monitoring
methods or devices and ask the following question: Using
sample data, how does one check if the two methods are
equivalent, or how does one check if a new and cheaper (or easy
to use) sampling device is equivalent to the OSHA standard?
Consider the following options:

(i) Assuming lognormal distributions, compare the geo-
metric means, i.e., means of the log-transformed data,
using a student’s # confidence interval or test

(ii) Assuming lognormal distributions, compare the arith-
metic means using an appropriate procedure

(iii) Assuming lognormal distributions, develop a proce-
dure for comparing the actual observations themselves
instead of comparing their means.

Option (i) is simple to carry out, but it is clearly inappropriate
because it merely compares the median of the original data
(since comparing the means of the log-transformed data is
equivalent to comparing the medians of the original data). Even
if the comparison shows that the medians are close to each
other, there is no guarantee that individual readings by the
standard device and the alternative device are close. Option (ii)
is an improvement as it does take into account the variability
because the arithmetic mean of a lognormal distribution is a
function of the mean and variance of the log-transformed data.

However, this is still not adequate to judge the closeness
of the individual measurements from the two devices. The
preferred approach toward solving the problem is to follow
Option (ii7), assuming that lognormality holds. In fact, OSHA
regulations allow the use of an alternate sampling device for
exposure monitoring, provided equivalence to the standard
device can be established following the criterion that 90% of
the readings of the sampling device be within plus or minus
25% of the readings obtained by the standard device, with a
95% confidence level as demonstrated by a statistically valid
protocol (see OSHA regulation document 1910.1043). Note
that this criterion requires that the actual observations, and
not the means be compared. Krishnamoorthy and Mathew'”
provided a method for testing if an alternative sampling device
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is equivalent to an OSHA standard, following the above
criterion. The necessary tables are also provided in their paper.

In this article, the authors adapted the approach in Krish-
namoorthy and Mathew” to test the equivalence of several
sampling devices simultaneously or to test if several sampling
devices are equivalent to an OSHA standard. For these
problems, the intersection-union principle (see Casella and
Berger,® Section 8.2.3) was used to justify the use of the
Krishnamoorthy and Mathew test, developed for comparing
just two devices. Thus, it was concluded that several sampling
devices are equivalent to an OSHA standard if each of them
is equivalent to the OSHA standard, where the latter equiv-
alence is concluded using the Krishnamoorthy and Mathew
test.

The intersection-union test is thus simple to use in appli-
cations, and it does not require any new table values. Indeed,
the same table values given in Krishnamoorthy and Mathew”
can be used to carry out the intersection-union test. Note also
that each individual test will be carried out at the same nominal
significance level, say 5%. This guarantees that the overall Type
I error probability will not exceed 5%. Thus, from a theoretical
point of view, no new test procedure is developed in this article.
The actual Type I error rate of the intersection-union test can
be significantly below the nominal level, and consequently,
the test can have low power. Another important point worth
noting is that the actual Type I error probability and power will
depend on the correlation among the measurements obtained
by the several sampling devices. This is a crucial part in
evaluating the Type I error rates and powers of the simultaneous
test.

The article is organized as follows: The setup and no-
tations are introduced in the next section. For the purpose
of establishing the equivalence of two sampling devices, the
Krishnamoorthy and Mathew'” test has been briefly reviewed.
The intersection-union test is then described to test if several
sampling devices are equivalent to an OSHA standard or if
several sampling devices are equivalent among themselves.
Numerical results are reported regarding the Type I error
probability and power of the proposed test. In particular,
the numerical results clearly bring out the dependence of
the Type I error probability and power on the underlying
correlation. Finally, an example is presented using simulated
data.

PRELIMINARIES

et (X;,Yy;,....,Y),j = 1,...,n, be readings taken

by the standard device (X) and the alternative devices
(Y;),i = 1,...,k. That is, X; denotes the reading by the
standard device on the jth sampling unit, and ¥;; denotes the
reading by the ith alternative device on the jth sampling unit.
Usually the readings are taken from the same unit or location,
and so it is commonly assumed that for a given sampling unit
J» X;,Yyj,..., Yy, are dependent. But the authors make the
realistic assumption that (X, Y1, ..., Y51), (X2, Y12, ..., Yi2)

16 Journal of Occupational and Environmental Hygiene

.. (X, Y1, ..., Yiy) are independent. To develop a test for
equivalency, the authors further assume a multivariate lognor-
mal distribution for (X, Yy, ..., Y;) or, equivalently, a mul-
tivariate normal distribution for (In(X), In(Yy), ..., In(Yy)).
Specifically, the authors assume that the random vector
(In(X), In(Yy), ..., In(Yy)) follows a (k 4+ 1) variate normal
distribution with

Mx
231
mean vector p = and covariance matrix
Mk
Oxx Oxl cer o Oxk
Oy 011 e Ok
Y= 1)
Okx  Ok2  *** Okk
Let D; = In(Y;)) — In(X),i = 1,...,k and let D =
(D1, ...,D)7, where T denotes the transpose of a matrix.

To identify the distribution of D, the authors write

In(X)
In(Yy)
D=A ) with
In(Y)/ syt
1 -1 0 --- 0
1 0 -1 0
A= @)
1 0 0o .- -1

kx(k+1)

Furthermore, it is well known that the distribution of D is
multivariate normal with

M1 — MUy Mai
M2 — MUy a2
mean vector p, = Ay = ) = ) , say,
Mk — My Mak
(3)
and
variance-covariance matrix Xp = AXA”
nr N2 - Nk
M1 M2 v Mk
=1. . . .| say. 4)
Nkl M2 -+ Nkk

Let 6, denote the proportion of Y; measurements that fall
between (1 —§)X and (1 4+ 6)X. Since all the random variables
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are positive, the authors can express

Y;
0;:P(1—5§}§l+8>=P(1n(1—8)

<In (é) <In(l + 8)) (5)
— P(In(1—8)<D;<In(1+8)), i=1,... k

To establish that all the alternative devices are equivalent to
the standard device, the authors should check if the collected
measurements provide evidence to conclude that 6; > 1 — p,
i =1,...,k, where p is a small value specified in advance,
usually, 0.1, 0.05, or 0.01. If one wants to use the OSHA
criterion to establish the equivalency of the devices, then one
should use 6 = 0.25. The authors want to test the statistical
hypotheses that

Hy:6; <1—pforsomeivs. H,:6; >1— pforalli. (6)

Also note that the hypotheses in Eq. 6 are set up so that rejection
of the null hypothesis indicates that all alternate devices are
equivalent to the standard device.

To develop a test for Eq. 6, the authors first define the
necessary summary statistics. Let xq,...,x, be a sample
of measurements obtained using the standard device and
Yil, - - - » Yin be measurements obtained using the i th alternative
device,i = 1, ..., k. Define

1 n
ui; =In(y;;) —1In(x;), j=1,....,n,4; = ; Zu,-j and
=1

1
n—1

2 _
Sui =

Z(Mz‘j—ﬁi)2, i=1,..., k. (7)
=

Notice that the sample mean #; is an estimate of the mean (4,
in (3) and the sample variance 331' is an estimate of the variance
nii in (4).

A TEST FOR EQUIVALENCY OF A SINGLE
ALTERNATIVE DEVICE TO THE STANDARD

or easy reference, Krishnamoorthy and Mathew’s”) test

for establishing the equivalency of a single alternative
device (say, the ith device) to the standard device is briefly
outlined. In this case, the hypotheses of interest are

Hy:0;, <1—pvs.H,:60; >1— p, (8)

where 6, = P(1 —8 <Y;/X <1468 = P(In(1 —9§) <
D; < In(1 + §)). Krishnamoorthy and Mathew pointed out
that the problem is somewhat easier to handle if a slightly
different hypotheses is used compared with those in Eq. 8. Let
a = In(1 —8) and b = In(1 + §). Noticing that D is normally
distributed with mean u,; and variance 7;;, it can be checked
that 6; > 1 — p if

a < fLai — Zi—pja/Mii and pgi + z21—ppp/mii < b, (9)
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where z. is the 100cth percentile of a standard normal
distribution. This is because the conditions in Eq. 9 are
equivalent to the condition that the tail probabilities P(D; < a)
and P (D; > b) are both less than or equal to p/2, which implies
that 6; = P(a < D; < b) > 1 — p. Thus, instead of the
hypotheses in Eq. 8, consider

Hoi @ fai — Z1—ppaa/Nii S aorb < g + 21—pja/Mii
vs. (10)

Hyi i a < pai — z1-ppp/Mii and wai + z1-pja/mic < b.

Itis easy to see that the Hy in Eq. 10 holds if Hj in Eq. 8 holds,
and the H, in Eq. 8 holds if H, in Eq. 10 holds. In other words,
whenever the Hj in Eq. 10 is rejected at the level o, the Hy in
Eq. 8 will also be rejected at a level not exceeding «.

As (@1, 551') is sample estimate of (w4, 17;;), a natural test
is the one that rejects the null hypothesis in (10) whenever
a < u; —cs,; and u; + c¢s,; < b, where u; and s,; are as
defined in Eq. 7, and the critical value c is to be determined so
that the Type I error rate

P(a < ii; — cs,; and it; + c¢s, < b|Hp) < a. (11)

Krishnamoorthy and Mathew'” have provided values of ¢ for
a=.01,.05and .1, 1 — p =.9,.95 and .99, and for various
values of n ranging from 5 to 1000 and oo. Thus, a test for
establishing equivalency of the jth alternative device to the
standard one, according to the OSHA criterion mentioned
earlier, can be easily carried out by choosing @ = In(1 — §) =
In(.75) = —0.28768 and b = In(1+46) = In(1.25) = 0.22314,
and then checking if a < it; — ¢s,; and ii; + ¢s,; < b; if these
inequalities hold, then it can be concluded that the jth device
is equivalent to the standard device at the level of significance
a.

A TEST FOR EQUIVALENCY OF SEVERAL
ALTERNATIVE DEVICES TO THE STANDARD

he above test, along with the intersection-union principle,
will now be used to develop a test for the hypotheses in
Eq. 6. For details about the intersection-union principle, see
Casella and Berger, ® Section 8.2.3. Consider the hypotheses

Hy : pgi — zi—pjaa/Mii <aorb
< Wai + zZ1—p2+/Nii for some i,
VS. (12)

Hy @ a < pai —z1-ppa~/Nii and La; + z1-pja+/nii < b forall i.

Itis easy to check that the above H, implies the H, in Eq. 6, and
so, whenever the Hj in Eq. 12 is rejected, the null hypothesis
in Eq. 6 is also rejected. So a test for Eq. 12 is developed using
intersection-union principle. Notice that the null hypothesis
in Eq. 12 is the union of Hy,’s in Eq. 10, and the alternative
hypothesis in Eq. 12 is the intersection of H,;’s in Eq. 10. That
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is, the hypotheses in Eq. 12 can be expressed as

k k
HO . UH(),' VS. Ha . mHaiv
i=1 i=1

where Hy; and H,; are given in Eq. 10. Notice that the null
hypothesis is true if one or more of the individual Hy;’s in
Eq. 10 is true, and so it will be rejected only when all H;’s are
false. Equivalently, the above H, will be rejected only when
all the alternative devices are equivalent to the standard one.
Thus, the intersection-union test rejects the null hypothesis if

a<iu—csyyandi; +cs,; <b, i=1,...,k,

or equivalently, if all the intervals i} & cs,1, ..., Ur £ CSur
are contained in the interval (a, b) = (In(1 — &), In(1 + §)). In
other words, if all these intervals lie within (a, b), then it can
be concluded that all the alternate devices are equivalent to the
standard one at the overall level «. The value of ¢ is determined
by Eq. 11, and it does not depend on the number of devices to
be compared; as mentioned earlier, the values of ¢ have been
tabulated in Krishnamoorthy and Mathew,” and so the test is

easy to apply.

SIZE AND POWER PROPERTIES OF THE
INTERSECTION-UNION TEST

he intersection-union test is known to be a level « test;

that is, the Type I error rate never exceeds the nominal
level «. However, the test could be very conservative. As a
consequence, it may not be very powerful. To appraise the
Type I error rates and powers of the test, they are estimated
using Monte Carlo simulation consisting of 100,000 runs. To
estimate the maximum Type I error rate of the test, consider the
situation of comparing two alternative devices to a standard.
For this, the authors chose parameters (g = o = (a + b)/2
and /n;; = o9 = (b —a)/(2z1-p2,,1 = 1, 2, which lie at the
boundary of the parameter space underH, in Eq. 12; that is,
when (i, o/Nii) = (o, 00), they have wyi — z1-p /i =
a and fg; + z1-pj24/Mii = b, i =1, 2. The values of ¢ and
b were chosen according to the OSHA criterion, and they are
a =1In(l —6) =1In(1 —.25) = —0.287682, b = In(1 + 6) =
In(1 4 .25) = 0.223144, p = 0.1 and o« = 0.05. The Type
I error rate also depends on the correlation between D; and
D, (where Dy and D, are defined below Eq. 1). To find the
Type Lerrors, the values of (141, 041) and (L2, 042) are chosen
so that they are within or at the boundaries of the parameter
space under Hj in Eq. 12. The estimated Type I error rates are
reported in Table I. The estimated Type I error rates are within
the nominal level 0.05, as they should be. Also, it is observed
that the Type I error rates are close to the nominal level for large
samples and/or for large values of the correlation coefficient .
This implies (as will be seen later) that the test will be more
powerful if the correlation coefficient between D and D, is
large.

18 Journal of Occupational and Environmental Hygiene

TABLE 1. Type | Error Rates of the Intersection-
Union Test

n=10 n=20 n =50

(Bas0a)s (e, 0a)  p (23754 (2.064) (1.873)

+0.820  0.020 0.022  0.023
+0.912  0.027 0.029  0.031
+0.995  0.047 0.048  0.048
+0.323  0.029 0.045  0.050
£+0.500  0.037 0.047  0.049
+0.998  0.050 0.050  0.050

(10, 00) , (L0, 00)
(0, 00) , (L0, 00)
(105 00) » (o, 00)
(10, 00) , (o, 1)
(10, 00) , (o, 1)
(10, 00) , (o, 1)

Notes: a = In(1 — 8) = In(.75), b = In(1 + §) = In(1.25);

no = (a+b)/2 = —0.032269; 00 = (b — a)/(2z.95) = 0.15228;

p =0.1 and @ = 0.05; p = correlation between D and D>.

AThe numbers in parentheses are the critical values ¢ satisfying Eq. 11 when
p =0.1 and @ = 0.05; these values are taken from Table I of Krishnamoorthy
and Mathew.(”)

The authors also estimated the power of the test for some
parameter values under H, in Eq. 12 and for some values
of p, and they are given in Table II. Notice that the values
of (aq1,041) and (a2, 042) in Table II are chosen so that
they are within the parameter space under H, in Eq. 12. In
Table II, for fixed parameters and p, the power increases as the
sample size increases, which is a natural requirement of a test.
Furthermore, if D; = In(Y;) — In(X) and D, = In(Y;) — In(X)
are highly correlated, then the Type I error rates are very
close to the nominal level (Table I), and as a result, the test
is expected to be more powerful when the true parameters
lie in the parameter space under H, (Table II). In general, it
is observed that, for a fixed value of (war, /N1, Ka2, /T22),
the power is increasing with increasing p. In the present
problem, as the measurements are obtained using different
devices from the same unit or location, one can expect that
X, Yy, and Y, are highly correlated, and so Dy and D, are also
expected to be strongly correlated. Thus, it is expected that

TABLE Il. Powers of the Intersection-Union Test

n =10 Y n =50
(g, s0a,)s (Kays Tay) P (2.375)4 (2.064) (1.873)

+0.580  0.326 0.729  0.993
+0.864  0.423 0.787  0.995
£0.909  0.448 0.798  0.995

(0,-1),( 1o,.1)
(o0,-1),( 1o,.1)
(0,-1),( 1o,.1)

(—.05,.1),(—.1,1)  £0.500 0.143 0289  0.520
(=05, 1),(—1,1)  +£0.750 0.172 0306  0.528
(=05, ),(—1,1)  £0950 0211 0323  0.540

Notes: a = In(1 — §) = In(.75), b = In(1 4 §) = In(1.25);

o = (a+b)/2 = —0.032269; 09 = (b — a)/(2z.95) = 0.152280;

p = correlation coefficient between D and D>.

AThe numbers in parentheses are the critical values ¢ satisfying Eq. 11 when
p =0.1 and o = 0.05; these values are taken from Table I of Krishnamoorthy
and Mathew.”
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the proposed test will be very satisfactory and powerful for
practical applications.

Also note that if a given power is desired at a specified set of
parameter values, numerical results similar to those in Table 11
can be used to determine the value of the sample size n. Other
quantities being fixed, the required sample size is a decreasing
function of |p|, as already noted.

UNION INTERSECTION TEST FOR COMPARING
SEVERAL DEVICES

uppose one wants to assess the equivalency of k devices.
Let y;1, ..., yin be a sample of measurements obtained
using the 7/th device, i = 1...., k. Define

0;=Pa<Wn¥)—In(Y;,)<b), i>j j=1,....k

The hypotheses of interest are

Hy:0;; <1—pforsomei > jvs.H,:0;; >1—p
foralli > j, j=1,...,k. (13)

For this problem, define summary statistics as follows. Let
Wij = ln(yl»;) — ll’l(yj]), i > j,l = 1, ey N Define

n 1 n
= 1 2 TERY
wij = Z Wi ji and Sij = Z(ww — w,-j) s
oon—1
=1 =1

The null hypothesis in Eq. 13 will be rejected if all k(k — 1)/2
intervals w;; & c¢s;;, i > j, j = 1,...,k, are contained in
the interval (a, b). Again, the value of ¢ does not depend on
k, and it is determined solely by the sample size n, p and «.
Furthermore, note that the overall Type I error rate of the test
will not exceed .

AN ILLUSTRATIVE EXAMPLE

A s mentioned in the Introduction, there are several papers
addressing the problem of comparing several devices,
and some of them reported only the means and variances of
the measurements, obtained using the different devices. As
these test procedures check the closeness of the measurements,
individual measurements are needed to apply the test. Since
the authors were unable to obtain any published data, for
illustration purposes, generated a sample of 20 observations
from a trivariate normal distribution (which can be regarded as
log-transformed data from a trivariate lognormal distribution)
were generated and are reported in Table III.

If dealing with a practical data set, then one has to check
the assumption of normality. That is, one needs to verify that
the data (In(x), In(y;), In(y,)) are from a trivariate normal
distribution. Even though the data was generated from such
a distribution, for the sake of illustration, one checks the as-
sumption of normality using an approach given in Johnson and
Wichern. 717D Toward this, let X; = (In(x;), In(y;), In(y2:)),

i>j, j=1,... k. i =1, ..., 20. The sample mean vector X and the sample
TABLE Illl. Simulated Data
Unit In(x) In(y;) In (y,) u u In(yy) — In(y;) Q;
1 1.430 1.449 1.460 —0.019 —0.030 —0.011 0.231
2 4.461 4.395 4.583 0.066 —0.122 —0.188 0.272
3 2.462 2.539 2.441 —0.077 0.021 0.098 0.431
4 2.985 2.929 2.925 0.056 0.060 0.004 0.906
5 4.296 4.055 4.324 0.241 —0.028 —0.269 1.736
6 1.428 1.177 1.494 0.251 —0.066 —0.317 2.043
7 4.787 4.486 4.643 0.301 0.144 —0.157 2.143
8 5.275 5.296 5.271 —0.021 0.004 0.025 2.384
9 3.691 3.966 3.782 —0.275 —0.091 0.184 2.464
10 3.471 3.523 3.495 —0.052 —0.024 0.028 2.625
11 1.200 1.100 1.179 0.100 0.021 —0.079 2.686
12 4.498 4.566 4414 —0.068 0.084 0.152 2.946
13 3.537 3.500 3.528 0.037 0.009 —0.028 2.949
14 2.298 2.540 2.268 —0.242 0.030 0.272 3.485
15 3.778 4.119 3.739 —0.341 0.039 0.380 3.544
16 1.229 1.184 1.271 0.045 —0.042 —0.087 3.789
17 1.920 2.027 1.829 —0.107 0.091 0.198 4.013
18 1.704 1.793 1.648 —0.089 0.056 0.145 4.816
19 3.858 4.199 3.923 —0.341 —0.065 0.276 4.888
20 2.944 2.929 3.050 0.015 —0.106 —0.121 8.650
Notes: In(x) = log-transformed measurements by the standard device, In(y;) = log-transformed measurements by the alternative devicei,i =1,2,u; = In(y;)—In(x);

Q;’s are observed quantiles in Eq. 14.

Journal of Occupational and Environmental Hygiene
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FIGURE 1. Quantile-quantile plot of simulated data

covariance matrix S of theX;’s were computed as

3.0626 1.6643 1.6699 1.6605
X =|3.0886 | andS = | 1.6699 1.7082 1.6672
3.0634 1.6605 1.6672 1.6615

Let
0;=X;—X)S'X; —=X), i=1,...,20. (14)

To verify the assumption of multivariate normality, one needs
to check that Q;’s fit a chi-square distribution with degrees of
freedom 3. The computed values of Q;’s are given in Table
I1I, and the quantile-quantile plot of the Q;’s and the x>
distribution with degrees of freedom 3 is given in Figure 1.
As the plot shows a linear pattern close to the 45° line, the
normality assumption is tenable.

The test for establishing equivalency of the y; and y, devices
to the standard device x is illustrated below. The necessary
summary statistics were computed as

i; = 0.0260, 5,1 = 0.181, ii, = 0.0008 and 5,2, = 0.070.

For n = 20, p = 0.10, and o = 0.05, the critical value c is
2.064; this value can be obtained from Table I of Krishnamoor-
thy and Mathew.” Using these values, the authors computed

it) £ cs,; = (—0.34758,0.39958) and
ity £ cs,0 = (—0.14348, 0.14548).

20 Journal of Occupational and Environmental Hygiene

Comparing these results with @ = 1n (0.75) = —0.287682 and
b =1n (1.25) = 0.223144, it can be seen that only the second
alternative device satisfies a < it — ¢s,2 and iin + cs,0 < b,
and so it cannot be concluded that both alternative devices
agree adequately with the standard device. Itis highly probable,
however, that the second device agrees adequately with the
standard device.

To compare all three devices among themselves (i.e.,
assume that device x is also one of the devices to be compared
with the other two), the mean and standard deviation of the
difference wi; = In(y;) — In(y2) needs to be computed.
The mean as w;; = 0.025 and the standard deviation as
s;p = 0.188. were computed. The interval to be compared
with (a, b) = (—0.28768, 0.22314) is wy £ (2.064)s1, = (-
0.36303, 0.39898). As this latter interval is not contained in
(a, b), it cannot be concluded that alternative devices 1 and 2
are equivalent.
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