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SUMMARY. Lot S foliow a Wishart distribution, with n degrees of freedom and para-

meter X, Haff (1979b, 1980) has proposed estimators of Z which dominate the best multiples

of S under certain loss functions. We consider some other loss functions, show that these osti-

mators are cmpirical Bayes and compare one of them with the best multiples of 8.
1. INTRODUCTION
Let S be a pX p random matrix following a Wishart distribution with
its probability density proportional to

P —3t: =18
e o T (1.1)

We are interested in the estimation of £ under the loss functions

L(Z, &) = trE S 11y,

& tr(Z—Z)2S!
LZ, ) = *'r""("”tf'z:i S
A tr(y 2] -1

tr 2

The loss function L, was first used by Selliah (1964) and is essentially “squared
error”, L, is analogous to one considered by Efron and Morris (1976) for
estimating T and L, is similar to the loss function in Haff (1979a, 1981).
Whereas following Selliah (1964), loss function L, has received the attention
of many authors, for example Haff (1980), Sharma (1980),, Sugiura and
Fujimoto (1982), L, and L; have probably not appeared in the literature
earlier. It is well known that S/(n-+-p-1) is the best multiple of S under L,.
Various better estimators have been obtained; Selliah (1964) showed that
the best lower triangular equivariant estimator is such an estimator while
Haff (1980) proved this property for an estimator of the form

aS+b(tr -1 .. (1.2)
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In fact, Haff proved that the estimator (1.2) is better than the best multiple
a8 also under Stein’s loss function

L(Z,8) = tr E2-1—log det. ET-1—p

if b < 2(p—1)/n®. Haff gave an empirical Bayes interpretation to the esti-
mator. We point out in Section 2 that the estimator under the loss functions
L, and Ly also could be viewed as empirical Bayes and compare it with the
best multiples of S in Section 3. In Section 2, we also show that Haff’s
(1979b) estimator aS+b|S|¥/? I, which dominates the best multiple a8 under

the loss function 3 (815—0y)%qy;, where p J {645) and ¢y > 0, is empirical
ig]

Bayes under the loss functions L;, L, and L.

2. HAFPE’S ESTIMATORS AS EMPIRICAL BAYES ESTIMATORS

We need the following result due to Eaton (1970) to exhibit the empircal
Bayes nature of Haff’s (1979b, 1980) estimators.

Let (&, 8, #) be a probability space with Pep={P,:0¢0}, a
family of probability distributions. Consider a mapping ¢ : 0 — (A4, (, *)),
where {_A, (-, *)) is a finite dimensional inner product space with (-, -) the inner

product. Let 7 be a prior distribution on ® and the problem be one of
estimating g(0) with a loss function

L(®, a) = (9(6)—a, 7(8)(g(8)—a))

where a ¢ _{ is the action and 7(6) is a positive definite linear transformation,

for each A ¢ ®, from _g into _4. Then the Bayes estimator and the Bayes
risk are given by

Lemma 2.1 (Baton, 1970) : The Bayes estimaior a(X) of ¢(8) is
By 2 T®)E,, x (7(8)9(8))
with its Bayes risk equal io
E,9(8), 7(0)9(8))—Ex(Eq) x T(8)9(8), &(X)),

where B X Eg, and Egq \x denote the expeciations with respect to the marginal dis-
tribution of X, the prior distribution of @ and the posterior distribution of ©
respectively.

Designate the distribution assumption (1.1) by S~ Wp&, n). Assume
that Z-! = A (say) ~ Wp e, k). Then 4|8~ Wp((S+-cI)™, m), where
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m =n+k. Define an inner product on the vector space of all the PXP
matrices as (C, D) = tr CD' then, L, can be written as
L(Z,8) = -2, 7(2)E-3)),

where 7(Z) = E-1@ =-1. Here @ stands for the Kronecker product, that
is, for p Xp matrices C, D and H,

(CQ® D)H = CHD'. o (2.2)
The definition (2.2) is equivalent to

(2.3)

dnC ... dypC
con (10 10)

dplC DS dppC

with the understanding that in carrying out the operation (C ® D)H when
C @ D is defined by (2.3), the p X p matrix H is rearranged as a p?-dimensional
column vector with the original (3-+-1)-th column of H put below its ¢-th column.

Clearly, 7(&) is linear and is positive definite with respect to the inner
product (2.1). Thus, for the loss L;, from Lemmas 2.1, the Bayes estimator is

[Ems 4® A]-IEAls (A@ 4)4 = [Ems 4 ®A]—1EAISA. o (24)
To evaluate (2.4), let M = (S+cF)~!, MY/2 a symmetric matrix satisfying
(MY2)2 = M; and B = M-1Y2AM-'2, Then B|{S ~ Wy, m) and
By s (A® A) = By J(MBMY) @ (MV:BMY2)]
— B Sl @ M3)(B @ B)(MY: @ M%)
~ (MVAQMUHE, (B @ B) (M2 @ M),
Now, for any orthogonal R;
Bp,s(B® B) = Eg [(RBR) @ (RBR)]
= (R@ R)[Ep 4(BQB)I(R' @ R')I.
Hence,
[EBl (B @ B)]"I = N (say)
= (R@R)[Ep (BQ B (R' QR
= RNR'.

Choosing R to be a diagonal matrix with the diagonal elements 1 or —1,
it can be easily seen that N = anl for some real ay;. Thus,

(g, 5(B @ B = onl. . (2.5)
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To calculate ay,, we use the (2.3) definition of @, let I in (2.5) be a p*dimen-
sional vector and rewrite (2.5) as

tmlEp s(B@B)] = I . (2.6)

Equating the first components of the p?-dimensional vectors on the two sides
of the relation (2.6), we get

(M2 ~+-2m) 4o (p—1)m = 1

0 that oy = (m24-m(p+1))-1. Hence the Bayes estimator is

(SH-e)/(m+-p+1).

Similarly, L, can be written as

~ A ]_ -

L = (B2 . TS

o, &) (z Z, 5 B z))

so that 7(Z) = Z-'/tr £ is positive definite and linear. Now. for large =,

7(Z) is close to nXZ~/tr § and so using Lemma 2.1, the Bayes estimator is
approximated by

%141 z e S+l
[EZIS"{-,}TS“! Ezls<tr Sg) =By s O = 222 (29

As L,(Z, f:)/n, for large n, is close to Ly(Z, ), an approximate Bayes estimator
for L, also is (84-cI)/m.

Whether we consider the Bayes estimator (S--cI)/(m+p--1) under L,
or the approximate Bayes estimator (S+-cI)/m under L, and L,, the main idea
is to estimate ¢ and arrive at an estimator of £ which is better than the best
multiple of S in the frequency sense.

From the fact that the marginal density of S is proportional to
| 8 |#=2-D/2 cpk/2] | S4-cI | m/2, .. (2.8)

Haff (1980) has proved that g(8S)oc (tr S§-1)-1is a generalized maximum likelihood
estimator of ¢ and so the estimator (1.2) with an appropriate a can be des-
cribed as empirical Bayes under I; (¢ = 1, 2, 3).

From (2.8), we also notice that E|S8|#2ccc??/2. Take f = 2/p, then
E|S|VYPoce. Substituting the estimator of ¢ in the Bayes or approximate
Bayes estimator of £ obtained above, Haff’s (1979b) estimator aS+-5b| S| ¥21
also can be seen to be empirical Bayes under Iy ({ = 1, 2, 3).

The results in the next section concern the estimator (1.2). We shall
use the notation R; for the risk under the loss function L.
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3. THE ESTIMATORS aS-+b(tr S-1)-11

We first state Haff’s (1979b) identity which we need for proving the
dominance results in this section.

For any pxp matrix M = (m;(S)) of the pxp matrix S, define
M) = (m;) where

r mijy for ¢+ = 7
L oemy  for 4 #j,

aund D*M = XX0m;;/0s;;. Suppose now S —~ W,(Z, n), A(S) is real-valued
and T = T(S) is a p X p matrix then

Elh(S)tl‘ Tz—j] = 2Eh(S)D*T(I/2)+2E tr [—as’ T(]/Z)]

+(n—p—1)E[R(S)tr S71T]. .. (3.1)
Yor the validity of (3.1), the reader is referred to Haff (1979b).

Next, we show that the best choice of o among estimators a8 is n~!
under L,.

Theorem 3.1 1 For the loss function Ly, the best multiple of S is Sfn. 1t
s also the best unbiased estimator of Z.

Proof : The risk of aS is
R, (Z, aS) = K tr(aS—Z)28 Yt B = a*n—2a+(n—p—1)71

and it has minimum value (p+1)n~(n—p—1)~' at a = n~1. The complete-
ness of 8 and the convexity of the loss function (see, for example, the proof
for L, in Sharma (1980)) imply that S/n is the best unbiased estimator of Z.

The following theorem shows that it is possible to choose b such that
aS—+b(tr S~1)- is better than oS under L,.

Theorem 3.2 : Let ﬁz be given by (1.2) with
a < (n—p+1)7, 0 <b < 2p[(n—p+1)~"—al . (8.2)
Then R,(Z, ﬁz) < Ry(Z, aS) for all Z.
Proof . Let RyE, y)—RyE, aS) = ay(Z), where

tr§1 | 2 tr §-1Z
() = b {b rS ap _, tr S ]

awePlorsip T us T wsT
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Now ay(Z) < 0 if
(b 2ap)E(tr S~1)-1—2E(tr S-18/tr §-1) < 0. .. (3.3)
However, (3.3) is true as proved below.

Using Haff’s identity (3.1),

—1— 2 —p—1 _trS8-1
Etr 87t = 2 B(tr 8-1)2r(S—2 )y o)+ — 2 E :rssf

2 tr S n—p—1 _ tr S-I1Z
'z‘) (tl' S__]_)z + P E & S—l . aen (3.4)

Hence, tr S72Z < tr S7Z tr S—! implies that

—1\—1 n—p+41 tr ST,
Etr S < > E P

s0 that a,(Z) < 0 if

(b+2ap)(n—p+1)/p—2< 0, 5> 0,
which is true from (3.2).

Under Stein’s loss function L, also S/n is the best multiple of S. Haff
(Theorem 4.3, 1980) has given estimators better than S/» under L,. His
result can be combined with Theorem 3.1 to obtain estimators of X which
are better than S/n both under L, and Stein’s loss function.

Corollary 3.1: Let f:z, 4 be the estimator S[n-+b(tr S71)U  with
0 <b< 2(p—1)n2. Then, for all Z, RyZ, f‘.&‘;) < Ry(Z, S/n) and
R(E, £, ,) < BAZ, Sn).

Theorems similar to 3.1 and 3.2, for the loss function L, are given below.

Theorem 3.3 :  For the loss function Lg, the best multiple of 8 is S/(n+p-+1).

Proof :  Ry(ZE, aS) = a2E tr S?E14+-tr Z—2akl tr 8)jtr Z. Since, from the

identity (3.1) or otherwise, ES? = n(n+1)Z*+nZ tr I, we have Ry(Z,aS)
= a®n{n+p-+1)—2an+1, which is minimized at a = (n+p+1)~".

Theorem 3.4 : Let &5 be the estimator (1.2) with
a < p/(np+2), 0 < b < 2[p—a(np+2)}/(n—p-+3). .. (3.5)
Then RyE, L) < By(E, aS) for all Z.

Proof : Let Ry(&, Zg)— By(E, aS) = ag(B),

b btrZ-1  2atrS=1 2p
where 0E) =5 B [ (tr 812 T HsT T trsa ]
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Now, from (3.1),

tr 21 4K tr(S-2%),,

‘ tr S
_ (tr S-1)2

(tr S—1)3 +(n_p—1)E—(tTS:1)Z < (n—-p—l—3)E'(tr S—l)—l

and ... (3.6)

tr ST

-2
Bipgr = Po+DEGsom S deSun 1y 5oy

= (np-+2)E(tr S-1)-1, (3.7}
From (3.6) and (3.7), it can be seen that ay(Z) < 0 if

b(n—p-+3)+2a(np+2)—2p < 0, b > 0,
which is true from (3.5).

Theorem 3.2 and 3.4 can be combined to get the following corollary.

Corollary 3.2 : Let :‘.‘.2.3 be the estimator (1.2) with

a << (n+1)7, 0 <b < min { ﬂp—;ﬂ:ﬂ_gz)]’ , 2p[1—nai11p—_g71+l)L}’

then, for all Z,
Ry(E, E,5) < Ry(S,a8) and RyE, £,,) < RS, aS).

Recall that S/(n-+p--1) is the best multiple of S under Selliah’s loss
function L, also. Combining Theorem 3.4 and Haff’s (1980) Theorem 4.5,

we get estimators better than S/(n--p--1) both under L, and Selliah’s loss
function. This is stated as Corollary 3.3 below.

Corollary 3.3: Let ﬁ1,a be the estimator S|(n+p-+1)-+b(tr S~1)-1, with
0<b< 2(p—1)n—p+3)ntp-+1)72, then for all Z,

R(Z, 2 y) < By(S, S/(nt+p+1) and Ry(Z, 8y 5) < By(E, S/(n+p+1)).
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