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The problem of estimating the common mean of several normal populations based on
independent samples available from all the populations is considered. Two combined
estimators are compared. One is the weighted average of the individnal sample means
with weights inversely proportional to their estimated standard errors (i) and another is
the traditional one which combines the individual sample means with weights inversely
proportional to their estimated variances (4i,). Exact expressions for the variances of i,
and /i, are derived. These estimators are compared numerically with respect to their
variances. Comparison studies indicate that j is superior to p, 1f the sample sizes are
small and/or the population variances are not far apart from each other. Further,
applications of these point estimates and the confidence intervals centered at these
estimates to practical examples are discussed.
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1. INTRODUCTION

Suppose that we have independent samples from k normal populations
with unknown common mean p but possibly different unknown
variances ¢3,...,0%. We consider the problem of estimating the
common mean based on all the samples. This problem can be stated in
its canonical forms as follows: We have xj,...,x;,57,... ,s,f: are all

statistically independent with

x;~ N(u,02) and m,-siz/olgmdxfm, (1.1)
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where N(p,o?) denotes the normal distribution with mean p and
variance o7, and X,zn‘ denotes the chi-squared random variable with
degrees of freedom myi=1,...,k Note that x;’s are independent
unbiased estimates of p, and s7’s are unbiased estimates o %’s. One
commonly used estimator combines the x;’s with weights inversely
proportional to the estimated variances, 5]’s. That is,

A Zf:l xi/s 12
o = L (1:2)
S V/s;

This estimator is a descendent of the best linear unbiased estimator of
i (when o{’s are known), obtained by replacing the variances with
their estimated values and is known in the literature as the Graybill-
Deal (1959) estimator. Note that the weights are directly proportional
to the estimated precision of the individual estimators x;’s. Since
standard error is also commonly used to measure the uncertainty of an
estimator, another intuitively reasonable estimator of u is found by
weighting the individual estimators with the inverse of their estimated
standard errors. That ts,

Zfl; Xi/$i

. (13
S 1s )

As =

Both estimators have some appealing features. They are unbiased,
affine invariant, and symmetric with respect to (x;, s;)’s. Further, it is
observed by Fairweather (1972) that i, is the center of the confidence
interval (I;) obtained by inverting the absolute sum of independent ¢-
test statistics for testing Ho : p = po. Jordan and Krishnamoorthy
(1996) pointed out that by inverting the sum of independent F-test
statistics one can obtain a confidence set ( 7,) for p. This confidence set
I, could be empty when the sample means are especially different
and is a finite interval centered at i, when it is nonempty. Further,
Jordan (1994) investigated several exact combined tests given in Zhou
and Mathew (1993) and Mathew er al. (1993) to develop exact
confidence sets for the common mean u. His study indicates that these
confidence sets are not always finite intervals; they could be either
empty or a union of disjoint intervals. Recently, Johnson and
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Krishnamoorthy (1995) observed similar results in the context of a
calibration problem. Since I is the only exact confidence set which is
always a finite interval, one mway want to consider the center ji, as a
point estimate of . In particular, it is of interest to see how good £ is
in comparison (o f, and the individual sample mesns. This is what
motivates the present work.

In the following we derive exact expressions for the variances of i,
and /i, for k > 2. To examine practically the general merit of ji, its
variance is compared to that of g, numerically. The comparison study
shows that if one or both sample sizes are small, or the ratio of the
population variances is not large, then /i is preferable to fi, otherwise
the latter performs better than the former. Further, we show that fi,
has larger variance than that of either of the independent estimators
x;'s if the difference between the population variances is too large, and
thus proving the conjecture of Jordon and Krishnamoorthy(1996). In
Section 3 we discuss the application of (f, ) and (,,/,} to the
practical examples considered in Jordon and Krishnamoorthy (1996)
in the context of the present problem.

2. MAIN RESULT

We derive exact expressions for the variance of i, and & by extending
the method of Nair (1980) who derived a variance formula for g,
when k=2, For simplicity and ease of presentation, we first derive the
variance of fi, for k = 3.

Let a; = oim/(aim) and a = olmy/(adm;). Assume without
loss of genmerality that 0 <a; £1, i —1,2. Let v = m,si/a? be

independent chi-squared random variables with degrees of freedom
(vi +v2 +v3). Note that w; and w; are independent beta random

variables with wy ~ B (m/2,m,/2) and w; - B((mey | m2)/2,m5/2).
It is easy to show that

L+ cumoy Jlmmvs) + aaman [{mava)

var(ji,) = nzﬁ;[ =
! i {1+ cavy/va + @y /va)”
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Using the identities v /vy = w; /(1 — wy) and v;/v3 = wiwa/(1 — w»)
and after some minor simplification, it can be shown that

(1~w|)(1—wz)+a1m2w1(l 4-wz)/m14a2m3w1wz(1—w1)/m1}
[l*[l—(I*Wl)(I—WZ)—(IIW](l - Wg) - &3)1/1W2(] - w,)]]z

1)

Var mv>=a%E[

Since J] - (l — Wl) (1 — Wz)— (X]Wl(l — Wz) - OQW]WQ(] - Wl) !( l,
using the Taylor series expansion and then taking term by term
expectations we get

-
W my nmy my + ny m3
varta) <ot 235 )3( 5 7))
c- r! rtrg _ry r
Z_;(’Jr]);m(*l) ayay

m m
X [B(—zl+r2+r3,—2+r1+r3+2>

2
B ml+n2r3,r*n—3+rl+rz+2
2 2
aymy (m m
+= 2B Lt +2, 2+
my 2 2
m+m m
] QA )
2 2
+aim’3B m i rz ‘rr‘j+2,@+r1+r3+2
Ty 2 2
my +m m
B<~1—2i+r3 +2,-2~3+ r +r2>} (2.2)

where R = {(r1,r2,73,14) : Z:’:Iri =rr>0,i=1,...,4}.

To evaluate Var (fi,)for a general k, let w;:E;:I v,/ Z]'i} v,

i= 1,.. <3k~ 1. Then wy,...,wxq arc all independent with wi~ B
(.5 Z}:l ny, Smyq) for i=1,...,k — 1. The variance can be expressed as

= wy) + Yk e (H}ﬂ Wi (1~ W/))
1-(1- {":-11 (T—w;) =32k ai(IT;J Wi Hi:l],t#i(l - WI)))]Z

(2.3)

Var(ji,) = }E
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It is shown in the appendix that | 1 — TTA5H(1 — wy) — 32} (T w
Hfz’ll il = wy)) |< 1. Thus, using the Taylor series expansion and

taking term by term expectations, we get

Var ( :al(H B(Sij, 5m,+1)> iz r—l—l)r' i
I

k
(H ar,+1> Zm]aj ! HB( 5Zm, +ZI,>1]r,
I=1

=1 =1

)f+rk+1

I

k
+ 2y, Smugr + Y Tipnri + 21[j7él+l]> (2.4)
i=1

where R= (rl,...,rk+1):zf.“:+11 ri=r,r;>0,i=1,....k+ 1}, o= 0}
miy1 /(o2 my),i=0,1,...,k — 1 and I is the indicator function.

The corresponding formula for Var(j,) is derived similarly. For
k>2,

[1-(1- i;l(l—w,»)s—Zf 11(0‘! H; 1 W Hl_l l;él(l_wl))‘s)]
(2.5)

1 1 (1 — Wi >+E:( 1] H]iﬂ Wijc_ll 17:1(1_""1)
’ 2
Var (i) =01E 3

and after expanding the denominator using the Taylor series and
taking expectations,

A 5 k—1 i o0 1)r| 1)r+rk+1
Var (i) = o} HB .Sij,.Smm ZZ—M~

i=1 r=0 R l 1 "
. k k— !
% Ham/zz H B(.SZmi+.SZl[i>1]ri1 + 150,
= 1 =1 =1
Smpy + ASZ[{#HHH +I[j¢l+1]>. (2.6)
i=1

It is shown in the appendix that this series converges when a;’s lie
between 0 and 1.

In the special case o;’s — 0, the most unfavorable case for fi,, we
find from (2.5) that Var(ﬂs) =21+ 2mt5) which is equal to
(3k —2)0? when m; =...=m; =3 and decreases to kol when
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m;’s — oco. This means that fi; is worse than x; when o} is especially
smaller than 02,1 = 2,... k; by symmetry f, is worse than x; when o 2
is much smaller than o] forj=1,...,i—1,i+1,...,k Since
Var (fi,) — o7 as a;'s—0 the same relation holds between j, and 7,
as between /i, and x;. On the other hand, when ¢;’s = 1 and m;’s = m
direct comparison of (2.3) and (2.5) shows that Var(f,) < Var(g,) for
all k and m. When computed numerically, the variance ratio
Var(jis)/Var(fi,) equals 0.85 when m= 1, k=2 and equals 0.76 when
m=1, k=3 and climbs towards 1 for larger values of m.

We computed the variance ratios using (2.4) and (2.6) for various
parameter values and present them in Table I. We used the Fortran
IMSI. function subroutine DBETA (double precision) to compute the
variance ratios.

It is clear from Table I that for k=2, if mjor m, are small, or the
ratios of the variances are not large, then £, is more efficient than /i, ;
otherwise fi, performs better. For the three sample case the same
trends seem to hold. However, the improvement of i, in the case of
equal variances and equal sample sizes is more substantial.

Remark 2.1 We found that the variance ratios estimated using
simulation (100 000 runs) are as accurate as (up to two decimal) the
ones computed using the series expressions (2.4) and (2.6) for k— 2 and
3. For ease of computation, we recommend simulation to estimate the
variance ratios for k >4. We computed the variance ratios using
simulation for k=4 and 5 (not repeated here), and found that [
becomes more efficient when the sample sizes are small and the
differences among the o 2’s are not too large; otherwise /i, can be much
worse than fi,.

3. DISCUSSION

The only desirable propertly j, has, which i, does not have, is that the
former is better than each sample mean provided mi; > 10 for
i=1,...,korm =9 and m; > 19 when k=2. It is to be noted that
both estimators are better than the individual sample means (even
when the sample sizes do not satisfy the above conditions) if the
population variances are not far apart from each other. This seems to
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TABLE 1 Var (ji,)/Var(j,) for Several values of m; and ¢?

M1M2(k:2)
o3/el 1,1 22 33 55 10,10 30,30 30,1 1,30 30,5 5,30 30,15 15,30

.85 86 87 9 94 98 8 8 93 93 97 97
86 88 91 94 98 B 87 93 93 97 97
.86 88 91 95 99 86 8 95 94 98 98
87 8% 92 9 100 8 80 95 95 99 99
.86 87 9 93 97 101 8 90 96 96 1.00 1.00
. 89 92 96100 103 87 92 99 99 1.03 1.02
.87 90 93 98102 106 87 94101 1.01 105 105
.88 .03 97 1.02 1.07 110 .88 9¢ 1.06 1.06 1.10 1.09
-89 95 1.01 106 1.11 1.14 9 101 1.10 1.09 1.14 1.13
. 1.06 1.15 123127 127 94 114127 123 128 127
98 120 134 148 144 142 1.00 1.29 148 138 144 141

RV
wn wn
o0 o0 0
W

B m= LA D R N b b e
w
%
(=2}

oo
=l
w

mymms (k= 3)

o3/o} o3/o7 LLY 222 3,33 555 10,10,]0 1510,5 30,1510 45,15,5
1 1 76 .76 19 85 91 .89 .94 91
1 2 7 .78 .81 .87 94 .92 97 93
1 5 78 .83 .89 .96 1.03 1.02 1.06 1.04
1 10 81 .90 .97 1.05 1.11 1.13 1.15 1.16
1 20 .83 .98 1.07 1.15 1.19 1.24 1.24 1.28
2 2 7 .78 .82 .88 94 92 97 94
2 3 77 .79 .84 .90 97 95 1.00 97
2 5 .78 .82 .88 05 1.02 1.01 1.06 1.03
2 10 .80 .88 96 1.04 1.11 1.11 1.15 1.14
5 5 .79 .85 95 1.02 1.10 1.08 1.13 1.10
S 10 .81 .90 1.00 1.11 1.20 1.19 1.24 1.22
5 20 83 97 1.10 1.23 1.30 1.33 1.35 1.36

be more likely in practical situations. Jordan and Krishnamoorthy
(1996) computed (uy,I;) and (u,,1,) for two real data sets (one is
concerned with the estimation of Selenium in non-fat milk powder by
combining the results of four different analytical methods, and the
other is concerned with the estimation of the percentage of albumin in
blood plasma protein by combining the results of four different
experiments) and found that there was only a minute difference
between fig, and i, and that Iy was nartower than 7, in one case and
almost equal to /i, in the other case. In light of these results, (f, I;),
seems to be a simple alternative to (4, I,) for practical usage and may
be preferable to (i, 1,) when the population variances are close (0
each other.
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APPENDIX

To show that the infinite series in (2.4) for Var(j,) converges we need
to prove that | 1 — [T/ (1 - w) - 25 o ([T TS (1 — w0))]
< 1 Since o;’s he between 0 and I, this inequality holds if

- w) + 304 (H]_1 w T {1 = wp)) < 2 The left-hand side
( lhs) of the mequahty can be factored as

k-1 k—1 i k—1
(1 —w) +wi(1—w) Z(ij H (l—w,)
i=2 i= j=2 1=2, I#i
k—1 i k-1
<1+(1/4) (HW, IT ¢ 1-w,))
=2 \ j=2 1=2, I#i
i k—1
<1+ (1/4) [wzﬂ(l—w,)+Wf 1~W2)Z Hw, 1T ¢ 1—w,))J
3 =3 Jj=3 1=3, I£i
k—~
<14 (1/4) [1+(1/4 (HWJ 1 1~w1))] (A.1)
j= =3, Ii

since w;’s lie between 0 and 1, [J(1 ~w,) < 1 and w;(1 ~ w;i) < 0.25.
Proceeding this way, it is seen that the right-hand side (rhs) of (A. 1)is
less than >.°,(1/4) = 4/3.
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The series expression (2.6) of Var(j) converges if

kel k1 / i k-1 3
H(l —w)? +Z(H w; H (1~ W:)) <2.
i~1 =1\ =t =l

TCactoring the lhs of this inequality, and using the facts that

VW, + VT —w; < V2 and v2y/T = w; + .5¢/w; < 3/2, we see that

k-1
(m+ JiTw w.) [V vimy/T =
i=2

k-1 i —1
S IT vicw
=2 j=2 1=2, 141
k—1
< (V2(1=wy) + \/76/2)1_[\/1 —w;
k—1 i 1
+5vwa(T=w) > [Tvw ] vi-w

i=3 j=3 1=3,1£i

k=1
< 3/2+(1/4)<\/W“3H\/14w,-
j=4
k=1 i k—1
+ /sl — w;;)ZH W H V1 -w;)
i=4 j=4 I=4, I
’ k=1 i k-1
< 3/24 (1/4)(1 ra TIve I Vo w,>. (A.2)
i=4 j=4 J=404i

Continuing this way, it is clear that the rhs of (A.2) is less than

3/2+ T2y(1/2) /4 =2,



