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OPTIMAL INTEGRATION OF TWO OR THREE PPS
SURVEYS WITH COMMON SAMPLE SIZE 7 > |
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Indian Statistical Institute_

SUMMARY. We consider a plan P for integration of % surveys for the, special case of
a sample size one for each survey and n independent repetitions of P so as to ensure a sample
gize n for each survey. We restrict our attention only to the plans of this type which we denote
by Pn. A plan is called optimal if it minimizes the expected number of distinct units in the
inftegrated survey. It is shown that when % = 2 and P is obtained through the Mitra-Pathak
algorithm then P is indeed optimal in the above sense. The same is also true for k = 3 if ;< 1.

We recall that 0, = 2 P,,; where Py is the probability of selecting the j-th population unit
i=

a8 specified by the ¢.th survey and Py,s € Py < Ps; ate the ordered values when P,j, Pyy and
Py; are arranged in increasing order. When 6, > 1 we identify a plan P which is optimal for
n =1 and has the following properties : P» is optimal for sufficiently large sample size n. A
sufficient condition is stated under which P is optimal for all sample sizes n. Numerical com-
putation shows that even when P# is not optimal the loss in usmg Pn is numerically

insignificant.

1. INTRODUCTION

The algorithms for optimal integration of two or three surveys in Mitra
and Pathak (1984) and the ones modified in Krishnamoorthy and Mitra (1986)
to suit other cost functions essentially refer to optimality in the context of
a sample size one drawn from each of the population. The object of the
present paper is to present some results for optlmal integration for a general
sample size 7» when observations are drawn with probability proportional to
gize and with replacement. For two surveys the problem of optimal integra-
tion in the context of general sample size n was posed and satisfactorily solved
by Keyfitz (1951) and Lahiri (1954) for a somewhat different cost function.
Des Raj (1956) formulated this problem as a linear programming problem.
This approach is further explored in Arthanari and Dodge (1981) and more
recently in Causey, Cox and Ernst (1985) who apparently are unaware of
the work of Arthanari and Dodge. ~
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We shall consider the case where the cost of the integrated survey depends
exclusively on », the number of distinct population units that required to be
studied, and is infact a linear function of » with a positive slope. As we
noted earlier this case has already been satisfactorily solved by Keyfitz (1951).
We show that independent repetitions of Mitra-Pathak algorithm infact gives
optimal results for a general sample size n. The argument infact extends
itself for a fairly large class of situations encountered in respect of three surveys
where we note that independent repetitions of Mitra-Pathak algorithm indeed
produces optimal results. The same however may not be said about certain
other classes and our research efforts in this paper are directed to these sub-
classes. We are able to isolate two integration plans that broadly come
under plans derivable through the Mitra-Pathak algorithm which seem to
play a very crucial role here. One of them can be easily shown to be optimal
for large sample sizes. We conjecture that between themselves the two
will cover the entire range of sample sizes n > 1. Our Theorem 5 shows that

when these two plans are identical, then the common plan is indeed optimal
for all sample sizes.

2. NOTATIONS AND SOME PRELIMINARY RESULTS

Consider a finite population of N units serially numbered 1, 2, ..., N.
Let & denote the set {1,2,...,N}. It is proposed to carry out k separate
surveys on this population. Let Py denote the probability that the j-th
population unit is included in the ¢-th survey and X; denote the random
variable associated with the ¢-th survey such that P(X;=j)= Py on

N
S(1<KiKk, 1<j< N)and & Py=1. An integrated survey is a joint probability
j=1 _

distribution of random variables X, X,, ..., Xx on S§¥, the k-th cartesian power
of §, which realizes for X; the same marginal distribution as the one deter-
mined by the i-th survey. Leta = (2,,%,, ..., ¥x) be the observed sample
in the integrated survey and »(a) denote the number of distinct integers
appearing in the k coordinates of . An integrated survey is called optimal
if it minimizes E v(X).

A matrix ((a)); x y of nonnegative numbers will be called a configuration
if the row totals are all equal. In the configuration of Py’s, let Py; denote
the i-th smallest entry in j-th column and let -

N
0‘ == z P(‘)’, i= l,_2, ey k.
=1

Further, let .
Si={@ @) =ihi=1,2..,k

H
!
r
!

oo
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We record here the definition of majorization and a theorem concerning
the same which we shall make use of later in this paper. For & = (x;, 5, ..., Zn)
€ 72", let the coordinates be arranged in a nondecreasing order and the ordered
coordinate values be denoted by x4, %) .-y Ty Ta) L T K o0 < Timy-
The n-tuple g is said to be majorized by the n-tuple y(y majorizes &) if

n n
Z oz < oy 1=23,..,mn
i=t I=t
and ” .

I zyg = X Yy

j=1 j=1

Theorem 1: Let a, y e 2. If y majorizes & then for all convex func-

tions g,
n "
2 gl < I glys).
=1 i=1

For a proof of Theorem 1, see Marhsall and Olkin (1979, page 115).

Consider a plan P for integration of k surveys for the special case of a
sample size one for each survey. Let P;denote the probability that the j-th
population unit is selected for atleast one of the k surveys. We have seen
in Mitra and Pathak (1984) that the expected number of distinct units is

N
equal to ¥ P;. The following lemma can be similarly established.
j=1

Lemma 1: If the plan is independently repeated n times to achieve the
desired sample size, n for each survey then the expected number of distinct units
in the inlegrated survey is given by

Eve— 3 (1—(1—PyV).
f=1

Since we propose to consider only plans of this type any integration plan
can henceforth be identified with the vector P = (P,, P,, ..., Py). We
have seen in Krishnamoorthy and Mitra (1986) that the vector P is not unique
even for the optimal plans derived from Mitra-Pathak algorithms. Let »
denote the class of such optimal integration plans P. '

The following lemma can be easily established.

Lemma 2 : The set 2 is a closed convex set.

We have seen in Mitra and Pathak (1984) and more explicitly in
Krishnamoorthy and Mitra (1986) that for a plan belonging to »

] Py < Py < Payyt+Piay— Py
for every j.
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- The next lemma gives an upper bound for P, in terms of 6,.
Lemma 3 : ‘ Py < 2—0, for all 5.

Proof : Lemma 3 is trivially true if 6, < 1. Consider the case 6, > 1.
For some j, let

P(a)j‘f‘ez"‘l > L

In the j-th column of the stochastic matrix of Pg’s, assume without any
loss of generality, that Py; = P, Py = Py and Py = Py Since P
= max (Pyq, Paq, Pyq) for all a,

Z . (P(a)a_P(l)a)
aFj

2 X (Pia—Pua)
aFj

N
= % (Pra—Pq)
a=1
Adding this inequality with the previous one, we get
. 63+02—1—'01+P(1”‘ > 2—01
which implies that .
Py > 3—03—0, = 6,

N
which is impossible since 6; = X P),.
a=1

This completes the proof of Lemma 3.

In the following theorem we show that for any predetermined choice of

probabilities of selection of the N units, subject to certain conditions there
exists a,corresp_onding optimal integration plan.

Theorem 2 : Consider a stochastic matriz for three surveys for which 0, > 1.
Let ey, e, ..., ex.be numbers such that

Pay< ¢ < Pgyst-min {Pgs—Pquy, ,—1}
and 0y e = 2—06,.
=1
Then there e:msts an optimal integration plan for whwh P, e, =12,..,N.
Proof : By Lemma 3 it is seen that ¢; <1 for all §.

Let us consider the configuration as it stands after the smallest entries
are zeroed out in all the columns. Each row total in this configuration is
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now equal to 1—6,. Assume without loss of generality that in the j-th column
Pyj = Pyyj, Pyg = Py and Pyy= Py Suppose that Puy—Puy > 6,—1

and e = Py+60,—1. Then the condition IZI} e = 2—¢, implies that
: i=1

1 e¢ = Py, 1 =1,2,..., Nt #j). In this case Mitra-Pathak algorithms can
be applied so that P;=v¢, i =1,2,...,N. Let Pgy—Pyy< 0,—1 for
all 7, and ej = P34+ P 55— P;)5—965. For P; to be equal to e; it is necessary.
that the points of the type (z,7, ), z # 4, in &, should have a total mass of
0j = Pgyj-+Pgy;—Pyy5—e;. Out of the available masses in the configuration we
have committed ourselves an amount & from both P ;— Py and Pgyy— Py
What remains, namely P ;—Py;—38 and Py);—P;);—06; we shall call them
residual masses which will play a crucial role in determining the odd member

N
z in the triplet (2,7,5). The condition £ ¢; = 2—6, is equivalent to

f=1

x :

2 d;=1—0,. To prove Theorem 2 it is therefore suffices to show that
=1

the available residual masses are just sufficient to fix all the odd members in
this plan.

As in Theorem 4 of Krishnamoorthy and Mitra (1986), let I'y denote
the set of indices of those columns for which the i-th row contains k-th smallest
column entry (¢, k¥ = 1,2, 3). The total demand for residual masses in row 1

is thus seen to be equal to Z &;and the total committed mass in row 1 is
jel'yy

equal to X 6. Since the first row total is 1—6, the available residuai
j€(T'12UTg)

mass in row 1 is equal to

i N
1-6,— I &= &— T &

Je(TUT5) f=1 Je(T'12UT5)
- % §— T &
Je(Ty UL UTg) - J&(T'12UT ')
=3 &
jel'y;

The available residual masses in row 1 is thus jusf sufficient to meet the
demand. : e

- The same argument applies to other rows.

Our next lemma shows that X is essentially a complete class in the sense
that for any integration plan P that is outside the class ® there exists a plan
P* in the class # such that P} Py for every j. -

B 3-12
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Lemma 4 : Consider a stochastic matriz of three surveys with 02 > 1t

For every plan P4¢p there exists a plan P* in P such that
P; Py
Jor every j and P < Py for some j.
| Proof : Note that, when 6, > 1, for an optimal plan Ev, = 2—6

Since the plan P is not an optimal one

N
J=1

and for some j, P; > P,y Reduce those Py’s (for which Py > Py) to P(s,,.,
or to some a; > Py such that the new Py’s (call them Pj) add upto 2— 0 ‘

Then, Theorem 2 ensures the existence of the plan P* = (P}, Py, ..., P},
P < Py for all j and Pj << Py for some j.

Let min{P);—P,);, 0,—1} be denoted by A;.

Lemma 5 : Consider a stochastic matriz for 3 surveys with 6, > 1,

P = (P4, P,, ..., Py) is an extreme point in P if and only if Py = Pg);or Py =

Py +Ay for all but at most one j. Further, if J, denotes the set of integers for
which P; = P gy and J, denotes the set of integers for which Py = P )+ then.

‘Z (Py—Pay) < 1—6;
jeJs

2 (Pgyy—Puy) < 6,—1.
jed,

Proof : Let P = (Py, Py, ..., Py) be an optimal integration plan such that|
Js = 8—(J4|JJ;) contains at most one integer. Without loss of generality
assume that J; = {2,8,...,m}, Jy={m+1, m+2,...,N} and J;={1}.

Tet P* and P’ be two vectors in &, such that

aP*4( 1—ajP’=

for. .some « in. (0, 1) Since Py= Py (2 <j< m) and Py= Pgyt-Agf

(m+1 <J < N), aP}+(1—a)P; = Pyimplies that

.P;= P;:—P]’ j=2’3’ .-f’N- e (].)r

N N N
-.Again a8 X Pj= I P;= I Pj, (1) implies that
1, 1 1

Pi= P,==P,

19}

1%

i
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Thus, we have
P'= P =P
and so P is an extreme point.

We now suppose that J, contains more than one mteger say, Jg =
{1,2,...,4}. Then, write

Py = Pgy+e,0<e <A,

Py, = Pgjte, 0 <ey <A,
Choose the numbers ¢, and ¢, such that

g < ¢ < min(A,, g;+¢,)

gy < @y < min(A,, g;+ey)
and define
P} = Py +¢1, P; = Pajates—(d1—ey)
Pi = Pgytei—(@—¢,), Pé = P(a)z+¢2 ) : :
and :
' P‘=(PLP;3P3""’PN)

= (Py, P,, Py, ..., Py).

Clearly the plans P* and P’ belong to & and their existence is guara,nteed
by Theorem 2. P can be written as

P =aP'4-(1—a)p’
where o= (¢2‘—€2)/(¢1_€1+¢2_€2)'

Thus, if J, contains more than one mteger P can not be an extreme pomt

We next show that

Z (Pay—Puy) < 0,—1.
. jed,
Let [ ¢ J; and - |
Py = Pgute, 0 <e < Puu—Pgy.

Since P is an optimal integration plan and 6;+46,+6, = 3.

N . .
!z P; = 2—0, = G;+6,—1. ‘ e (2
=1 :
~ Write N
% Pj= % P(au+ 2 (P(s)j+A1)+P(s)l+€l

- §=1 jed,

= E Pyt Z Ajte o
’ eJ 32 . . PR AW
= ﬂ”"'— & Byt ‘?"._ .o \ . (3)

jed,
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L

Equations (2) and (3) imply that

Y Ajde = 0,—1. T,
jeJs

As e >0 (g = 0 < J, is an empty set) from (4) we have

2 A 0,1
jed,
Hence Ay = P); —P; for each jeJ, and
Z {Puy; —Payg} < 6,—1.

JeJz
Similarly, writing

Z (Pay—Puy) = ?1 (Pyy— Poyg)— { z (P(z)j—Pu)fH-Ez}—(P(z)z—Pml—Sz

iy ¥ jed

= 0;—0,—(0,—1) —(Pou—Puyu—er) (using (4))
= 1=0,—(Pau—Pan—=)
and using the relation (P —Pyu—ei) > 0, we prove

‘2 (P(z)j—P(m) < 1-6,.

jeJd,
Lemma 6 : - Consider a stochastic madriz for which 6, > 1. Let P =
(Pys Py, ..., Py) be an extreme pomt tn P such that P, < Py < ... Py. Fof
any 1, 1 <1 N,

> Py < z P(s,,-i—ﬁ —1 e (8
1=t .
and A
. 121 Py > 2 (P(s)j+P(z)f—P(1u) (1—86y). e (6

Proof : Since P is an optimal plan, the relation E Py =2— —0,=04+0,-~

R
and the inequality” P; > Pg,y (for all j) imply that P, P g3+a; wherg :
0 oy mm{P(z,;—Pu,,, —1} for all j and Z oy = 6,—1. Therefore
we have

N N N
(Gr . L Py= X (Pgy+%) € T Pyyy+0,—1.
» i=t - 4=




n'.l.m’lu s .
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Define J,, J, and J; as in Lemma 5 and let 4; = {1,2,...,7}. Then "~

T P= I P+ T P+ T P
jedq je(dindy  jeldindd) | je(4indi)

= X Pgyt X (Pgit+Pa—Puws)
je(4dinJy) je(4ind,)

+ 3 (Peyt+tPoy—Pu)—(1—-0— % (Puy—Puy)
jel4inJa) jed,

2 X (Payyt+Poy—Puy)—(1—0y)

jed,y

since Jy contains at most one integer and

2 (Pgs—Pu) 2 & (Pay—Puyy)-
jeJy jeldindy)

3. MAIN RESULTS

In the initial configuration of Py’s for three surveys let 6, < 1

The following theorem shows that the plan derived through the Mitra-
Pathak algorithm, which is optimal for a sample size one, is also optimal for

a general sample size n when observations are drawn with probability pro-
portional to size and with replacement.

Theorem 3: For0,< 1, the plan P* = (P}, ..., P}) obtained through tiw
Mitra-Pathak algorithm is optimal for a geneml sample size m.

Proof : Since for any plan P, P; > P, g =1,2,..., N, from Lemma 1,
we have '

N N
Bon = 5 (—(0—P)" > £ 1—0—Puyr)

(We also know that Mitra-Pathak algorithm applied to the configuration of

Py’s, when 6, < 1, gives a plan P* such that P} = P(a)j for all j. Therefore

"P* is optimal.

We next consider the case 6, >1. We describe here two plans, namely,
Py = (Py, ..., Pey) and Pp = (Ppy, ..., Ppy) which can be derived through

‘the M_ltra-Pa,thak algorithms. Later in Theorem 5 we show that if the two

plans are identical, that is, P,= Pj, = P, then the common plan Pis optunal
for a general sample size n. '

Plan P;: ForajeS, we determine the value of P, as follows :
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Consider the initial configuration ((Py))syy. Let fy denote the columi
of ((P¢))3 y Which maximizes

{Peyst1in(Pg);—Pgy;, 6,— 1)}
over j€8. Define

PtN = P(s)tl\-”}'P(z)tN“PanN’if P(mN_P(IuN < 0—1

= P(WN+02~1, otherwise.

Similarly, if #; denotes the column which attains

N
‘E;L, = 1;“3: N [P(a)u+min {P(z)u‘—Pu)u’az—‘l—j_fﬂ(P(mj—P(mj)} ]
UFEb gy, FELN
then define
Ptk - Etk
, N
as long as Op—1— ,=§+1 (P(2>tj_P(1)tj) > 0.

Let m,; be an integer such that

N
6,—1— X P, —P >0
2 J=met2 ( (2)¢; (1)5_,') &=
and N
,—1— X (P, —P 0.
2 Jmmptt Py =Py <

Tor 1 < & < my, if & denotes the column which attains

E = max P(3)
B 1gijgnN P}
JF Ny o] F b

then define
P, = E,k = P(:m,;

‘Thus, we construct the plan P; as P; = (Pﬁ’ Ptz, wwr Py ) where Pﬁ' < Pt2

i N
<..<P, and X P"_ = 2—0,.

‘N )-1
Plan Pp: We here determine the values of Py’s as follows :
Let b, denote the column of ((Pg))sxx Which attains

£, = min {Pgyt+Paj—Pq—min(P g ;— Py 1—6,)}.
i 19i< N

Define

Py =%
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Since Pg);—P); < 106, for all 5, Pb1 = min {Pgy}. If by denotes
1€jS N
column which attains

E’bk = 1<mlan [ Psyy+Pgu—Pyy—min { Pyu—Puyus
<u
u;ébl, ...,u;ébk_l

k-1
=0~ % (Peayo,—P o)} |

then define

Pbk - E’bk

k-1 '
as long-as 1—0, — El (P(z)bj_Pu)b,) > 0.

Let mp denote an integer such that

mp
1—6,— 1§1 (P<2)b,-“Pmb,) >0

and
mb+l
1-6,— £ (P
J=1

(2)bj_P(1)bj) < 0.

For mp+2 € k < N, if by denotes the column which attains

E»bk = 1smjil<11v {Pay+Pai—Pwy}
5Dy o bR

Pbk = Ebk = P(a)bk+P(2)bk_P(1)bk'

then define

Thus, we construct the plan Py as Pp = (Pbl, oy PbN) where

N
Pbx < sz < - KL PbN and ;§1 ij = 2—0,.

293
the

Theorem 2 ensures that- the plans P; and P, can be. derived through the

Mitra-Pathak algorithms.
Suppose that the two plans are identical. That is, |
P, =P, = P
Without loss of generality assume that

P* = (P}, P;, ..., Py)and m; = mp = m.

e

v e e
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204
Then

[ P 1<j<m

[

Pi=1<{ Pgytay, Jj=m+l
Payy+Puoy—Puy m+2< i N
N
where g = G—1— X (Pa—Pqa)
a=m+2

m4l .
= X (Pga—Pqa)—(1—6)).
a=1 .
Consider a stochastic matriz for 3 surveys with 8, > 1.-

Theorem 4 :
be an extreme point in K such that P,l < P,2

Let Py=(P,, P, ..., P} )

< ... K PIN. Then

N
P> X Pl,, 1t =m+2, m+3, .., N (7)
i =t

Mz

(8)

M e

1
P X

P,,i=12 .., m
j=1 =1

and

where P} is the j-th component of P*.
Proof : In order to save the space and avoid notational complexity we
here prove only the particular case
N N '
P> Z Pli,i=N~2, N—-1,N . (9)
J=i =t -

of (7). The argument for proving (7) is exactly similar to the one for (9).
Write
j -
Ny = 1-0,— 21 Paoa—Paa) j=1,2,...,m
: a=

N
7] = Ej (P(2)G—P(1)a)’ j = m+2, veey AT.
a= ’

and. ~
We first prove that '
Pe+Py 2> P +Py . (10)
Siﬁce _P;, =P, , it follows from the definition of PtN that |
(11)

Py>Py. .
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IfPy,, > Plzv—l’ trivially (10) holds and so we assume that

P, , <P (12)

Jy
Let 4 ={1,2,..,m+1}, Bi={i, i+1, ..., N} and D; = §—(4 {J By).
Since PtN_1 = Py_;, the definition of PtN_1 implies that

Py_1 > Payt+Pay—Puy > Py
for any je Dy. So the set {Iy, Iy_,} ¢t Dy otherwise (12) will not hold.
Case i : Without loss of generality assume that

ly,edandly=N.

For any l; € 4, if Py_; < P, it follows from the definition of ’PtN , that
. ) e

P(zn,-“P(m‘ > 00— 1—yy
and _
Py = PtN_1 > P<3)l‘,+02—1——'yn.

Therefore, (12) implies that
:V—l > P(3)1N_i+02—‘1_—71}'

Since Iy = N, Py = P and we have

@)y

P;V—1+P(3)N = P(s)lN_1+P(3)lN+02—"1—YN
which implies . : A
Py_i+Py > P, +P,
because P,y +7y = Py and from Lemma 6,

) P(s)lN_1+P(s)tN+02';1 > Pl,’l'P

In—1’
Case 44 : Let {ly, ly_;} C A and without loss of generality assume that
Iy-y =t <j=Iy. Suppose that R
Py < Pay.
Since Py = P, , the definition of P, implies that '

Paywt+Pow—Paon—1-1 2 Pa S (18)
whgre

Ty > Pap—Pay+114 (because i, 7€ 4 and i < j). .. (14)
B 313
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Adding (13) and (14), we get

ST Py 2> Pay+Paw—Payt+ns_y. - (18)
If j. & m, then o ‘ -
: Py .2 P; = Py , —. (16)
and
-1 > Pay—Py - (17)

Combining (15), (16) and (17), we get

- Py+Py_y 2 Payj+Puoy—Pays+ Pyt Pau—Pay > P’N+P
If j = m4-1, then

Iy’

Py_y 2 P;= Pgys+-Puyj—Pui—1i ... (18)
and adding (15) to (18), we get

Py+Py. > P, +P

In—-i
We now suppose that

Py > Py (8 = Iyy)- o (19)
The assumptions that Iy e 4 and Py,_, < P,N imply that
Py > Py +0:—1—75 .. (20)
Thus, as in the case ¢, adding (19) and (20), we obtain
P;r"l'PiT-—l > P’N+P'N—1.
We next show that : - .

PystPyatPy > Py Py +Pp . . (21)
(21) holds obviously if P}_, > Py g 5o, we let

Py, < Py ) | ) (22)

Notice that, under the assumption (22), none of the units ly, Iy_; Iy_, is from
the'set Dy e
Case ¢ (@) : With loss of generality assume that
In=N,ly,=N—landIy_, ¢ A.
Since P‘N__2 =Pi < Plzvaz’ the ‘deﬁfﬁf:;(\')n of B‘N_% implies that

) -P;v-g > P(a)lﬂ;,~+ez—1 —VNa . , o .. (29)
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and from the above assumption

P(3)N+P(3)N—1‘ = P(3)1N+P(3”N_l- “es (24)
Adding (23) and (24), we get

P;-2+P(8)N+P(3)N—1+7N—l > P(3)1N+P(3”N—1+P(3"N—2+02-‘—1
which implies :
Py stPyat+Py2> Py +P  +Pp
since Pgyy+Payy+Yx-1 = Py+Py_; and from Lemma 6
P(a)lN+P(3uN—1+P(3"N—2+02—1 > P‘N+P'N—1+P'N—2'

Case it (a): We here assume that

L = N and {ly_y, Ly} C 4
ly = N implies that Py, > P, .

Using a similar argument as given in case (¢%) it can be easily shown that
P‘N—1+P;'—2 > PlN_1+'PlN_2
and so
P;'+P. —'1+P;—2 > PlN_1+PlN_2+PlN'

Case iii : Let {Iy_p ly_1, Iy} € A and without loss of generality, let
ve=21% Iy =4, ly="Fk and ¢ <j < k. Suppose that

Py < Py

Since Py = PbN, it follows from the definition of P oy that

Paw+Poy—Pan—1n_1 > Pa ... . (26)
where :

Nt 2 Pew—PautPay—P (;)1+ﬂk;1 ‘ .. (26)
: (because 1,5, ked, i <j<k).
Adding (25) and (26), we have ' _
Py 2 PgwtPen—PantPay—~Paytm - 27)
for k < m, i ‘
PN—1>P;;P(3)1 ,
¥—2 2 Py =Pay ... (28)
and - '
M1 2 Pan—Pun-

o A R AT T £ 18T e T e S e e
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From the inequalities given in (27) and (28), it can be easily seen that
Py+Py +Pyp > P1N+P1N—1+P1N—2'
For k= m+1,
PIV-I >P;:P(aﬂ

Py 2 2 Py = Pore+Por—Poe—1k e (29)
and combining (27) and (29), we get

Py+Py+Pyy > Py +P,  +P

Iy—1 Iy-g’

Suppose that Py > Py and Py < Py
- Again using a similar argument as given above, it can be easily shown
that :
Py 2 Pj+Poy—Pus+mer
and for k < m+1

Pyat+Py.o> Py +P (30)

IN-2

Thus, from (11) and (80), we have

PitPyo Py, > P +Py +P

Iy IN-g’

Finally, as the case P(y)y > Py and Pgy_; > Py is similar to case i(a),
we omit the proof of this case: - ~ -

We now show that

4 {

TP Z P, i=L12..,m
=1 = :

For the same reasons given earlier, we prove only the particular-case

R ] €
X Pi>% P, 1=12,3.
j>j=l 2

3=1
We first, prove that ) R _
: Pi+P, < Py +Py, e (31)

Since P} = P, , from the definition of P, it follows that

Pi<P,. . (32)



INTEGRATION OF SURVEYS WITH COMMON SAMPEE SIZE 299

Inequality (31) holds obviously when Pj P‘2 and so let

P;>P12. ' oo (33)
Let 4;=1{1,2,...,4}. Since Py = P, is the minimum of Pg),’s (2 < j < m),
under the assumption (33) the set {ll, L}t {2 3,...,m}
Case I: Without loss of generality, let I, =1, l,€ Bp,;. For any
lye By, if sz > Pli, then the definition of sz implies that

Py, —Pay, > 1—0—(Pen—Puy)
and
Py, < Py, +Pyy —P

wy,~ (1—01—Pay+Pay).
Since P, = P;, (33) imp].ies that

P‘ (3)1 +P(2)12 Wiy (1 61 P(2)1+P(1)1)' e (34‘)
As L=1, P(a)ll = Py, Pon—Pyn = P(z)ll'—P(l)l,-- - (35)

Combining (34) and (85), we get

2
P3+Pgy, < Py, +Peay,+ jz_ilp(zu,—Punj—(l—Bﬂ ... (36)

which implies that
P,+P; P11+P12

since P; = P, and from Lemma (6) the r.h.s. of (36) is less than or equal to
Pll—-l—Plz. '

Case II: Let {l;, l}€ Bmy,;. Without loss of generality assume that
L=it<j=1,. We first suppose that

: N
P(2)1""P(1)1 2 62_1"‘ z (P(z)a—'P(l)a)
a=j+1
B = Op—1—Y143.
Since P} = P, , according to the plan Py, we have

P (3)1+02_1—7.1+1 <P (3)1+P (2)1—'P (1)1 ' R (37)
and as i€ Bpy,, -

Py Py = Pay+Pai—Pan ' . (38)

T AT ST P Y T R S
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It follows from (37) and (38) that

Pi+P; < Py+Payu+Pas—PutPau—Pay— (60— 1—v14y)-

If i > m4-2, then

Poyy—Payy+Pan—Pay  Op—1—vsy -
and so from (39), we get
Pi+P; < PaytPan < PPy
If { = m-1, then
Py < Py = Pgy+-0,—=1—v14
and
Oy—1—Y54 2 Pgys— P s 4-(0s—1—v¢ ).
- Adding (37) and (40), and using (41), we obtain
P(3)1+P; = PI’*‘P; < P(3)1+P(3)i < P_12+P;1-
We now suppose that
Py —Payn < 03—1—Y44.
According to the plan P;,
PentPen—Pan < Peyt+Par—Pwy.
and since ¢ € By, according to the plan Py,
P} = Py < PaytPey—Pau—(Q1—0,— Py +Pay).
Adding (42) and (43) and after some simplifications we get

2
PI+P; = P +Pa;, < P(3"1+P(3)12+;§1 (Peayi;—Pyy)—(1—6,)

< Py 4Py, (from Lemma 6).
We next prove that
P}+Pj+P; < P 4P, +P,
which holds obviously when P;.< P,S. So 1et k

P;>Plg‘

Note that under the assumption (45), the set {I;, I, i3} ¢ {3, 4, ..., m}.

Casel (a): Without loss of generality assume that
l]_ = 1, lz = 2 and la € Bm_|_1.

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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Accordmg to the plan Py,

Py = Py, < P(3)13+P(2)18—P(1)13 a- 6,— 21 (Pay—Pay))-
Adding P 3, +Pyg), to both sides of the above inequality, we get

3

P;+P(3)1+P(3)2 < ’21 (P(a)lj‘*“P(z)l,—P(l)l,)—(1_01)
which implies that

Pi+P;+P; < P, +P +P (from Lemma 6).

Case II (a) : Let I € 4, and {l, 3} C B4y Further, without loss of
generality let I, =1 <j=1;. Since I}, ¢ 4,, we have
Using a similar argument as given for the case II, it can be easily shown that
P; < PiystPayy—Pay—(03—1—741)
and for ¢ > m+-1
P+ Py P12+P,s

and hence
Pi+P;+P; L P, +P +P

Case III : Let {I;, L, 3} C Bmy; and without loss of generality assume
that §, =4, [, =3, ly=Fk and ¢ < j <k. Further, let

Pen—Pay > 0—1—Ye-
According to the plan P,.

Py+0,—1—vk4y < Popt-Pak—Pax . .. (46)
which implies
P; < P(s)k"‘B(z)k'_;‘Pu)k—(oz—1—'Yk+1)-‘ L e (47)
Since 5 € By, ' ' o '
P < Py = Py5+Pey—Pay- L e (48)

Ifi> m-2, then
Py < P; = Pgy+P (,,(—-P i e (49)
0p—1—Yk41 2> Pay—Pay+P (,,,——P aytParx—Pa- ... (50)
Adding (47), (48) and (49), and using the relation (60), we get
P{+P3+ Py < Payt+Peay+Par ,
= Py, +Pau,+Pay, . (1)

and

o7 s o e
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If i = m--1, then
P; < P: = Payi+(0,—1—Y14y)

0, —1—Yk1 > Payy—Payit+Par—Pakt(02—1—V14)-

and

Adding (47), (48) and (52), and using (53), we can establish (51).

suppose that
Py —Pyy < 0p—1—Vey

Popy—Puy 2 Op—1—v44.
As in the above case one can easily show that

P; < P(3)1+P(2)1"'P(1)1—“(02—1'—')’I+1)

and

and for ¢ > m+1. _
Pi+P5 < Poyy+Panu < PP,
Since P} < P, (always holds), we have
PI+P;+P; L P,1+P,2+P,s.
Finally, we consider the case
Poy—Puy < O0g—1—yiy,

and
Pigyg—Pyy2 < Og—1—v4,,.

Then, according to the plan P,, we have

Pan+Pen—Pan < Py +P g, —Pay,
and ' '
P(3)2+P(2)2_P(1)2 < P(3)12+P(z)12_P(1)12

Since Py = Py, the definition of Pb3 implies that
. . 2
Py < P(s)ll"'P(zul_Pu)l‘—(1"01" JEI (Pays—Pays) )
~Adding (54), (55) and (56), we get
: . |
P;+P;+P; < El (P(3)1j+P(2)l’-—P(1)lj)_(l_01)

< P11+P12+P13 (from Lemma 6)

We now are in a position to prove the following theorem.

(52)
(83)

We now

(64)

(55)

(56)

Theorem 5: The plan P* is optimal in the context of a general sample

8ize n.°’
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Proof : Let X' denote the:set of extreme ‘points in the class ¥y Since

» is complete and convex, to prove that P* is an optimal plan it is enough to.

show that it is optimal in the set '

Let P = (P, Py, ..., Py)e 7. The inequalities (7) and (8) are equiva-
lent to
N N .
Z Py2 X Py, 1=2,3,..,N.
I=t I=t
which together with

N N N
S Pj=X Pj= X P
j=1 §=1 §=1

imply that P* majorizes any P ¢ #’. Since (1—2z)® is a convex function of
2(0 € z € 1), from Theorem 1, we have

N N

L (1-P)F > % (1—Py) =

§=1 3=1

N N
Z(1—(1-P})#) < Z (1—(1—Py)7)
§=1 §=1
for all Pep'.
We conclude this paper with the following examples.

Example 1 shows that any arbitrary plan derived through Mitra-Pathak
algorithm need not be better than the usual one if the surveys were éarried
out independently.

Example 1. Consider the following stochastic matrix for 8 surveys.

TABLE 1
values of Py
j 1 2 3 4
i
1 0.0 0.5 0.0 0.5 8 =0.0
2 0.6 0.0 0.2 0.2 fy =12
3 0.4 0.4 0.2 0.0 6, = 1.8

Mitra-Pathak algorithm gives the following plen :

qu = 0.1, P411 = 0.3, P’lz = 0.2, sta = 0.2, P“s = 0.2
and :
P, = 0.6, Py — 0.5, Py = 0.4, P, = 0.5 . (57)

where Py denotes PX,=14,X,= 3, X = k).
B.3-14 ‘

B s
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;. x1f phe:surveys were carried -out:independently, then™ for the integrated
pla,n _obtained as the product of the: margmal distributions of X, X2 and Xa,
it can be seen that :
wALTY L {Z)j =1—J—(1—P1’)(1—P.‘,J)(1——-P31), j =1,2,..., N. -

Therefore, for the present example,
P, = 0.76, P, =107, P;=0.36, P, = 0.6, .. (58)
For n > 7, the value Evy, of the plan (57) is greater than that of the plan (58).

In Example 1 note that the plans P, and P, are identical. That is,
Pl B L8, P =P =05 P —P =05 P =P —
4 4 iy by o by. o b
where =1Lt =2,t,=4and {, = 3.
We next give an exa,mpié where the plans P, and P are not identical.

Example 2 : Consider the stochﬁsﬁic matrix. given in Table 2.

TABLE 2 "

values of Py '

B T T A
0.0 15 0.0 20 .20 0.0 .05 .30 6, — 0.0
Ho ~fplo Y200t 16 0.0 .15 C.30 © 0.0 6,=1.15
12 A5 .15 0.0 .21 .27 0.0 .10 6, =185
Plan Py - ) .
P, =10, P, =.12, P, =.15, P, = 20.P, = .20,
P, =21, wa = 21P, = .36, Pbs — 40
where o by =4g, ji=12,...9.
Plan Pg . 7 . ; .
P, =.10,P, = .12, P, = .16, P, = .20, P, = .20,
s 4 s }

P 21, P =.30Pt = .30, P, = 42
LT tg £ty

where  fy=j,forj=1,2,..,/6,% =8, f=9andty="T. *
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We compute the value Ev, of the plans Py and: Py for n = 2, 3, ..., 10:and
present in the following table.

TABLE 3
values of Ey,, -
.n .Plan Py Plan P, . r s
T2 3.4736 3.1 e
3 4.5787 7 4.Bigg .oorivoiusn gomgen i
4 .5.4214 5.4201
5 6.0739 6.0732
6 6.5862 6.5863:: . . o ooeeihnL B d Sa
7 6.9936  6.9942
8 7.3208 7.3221
9 7.5865  7.5881 7
10 7.8040 7.8057

[ER R

The above table values show that Ev, of the plan-P, is greater tharn~that of

the plan Py for 2 ' n < 5 and less than that of the plan-P; for = > 6. Aldo"

note that the absolute difference between them is numerically 'insfglmﬁca,nt
for all n > 2. ' o e

“The following example shows that the plans P, and Pj,-are-not identical

but the value Ev, of the plan Pp'is smaller than that of the plin-P; for all

n'”> 2. L e

. [Fxample 3 : Consider the following ;iiécﬁa,sﬁic mdtﬁx _for_ié: sunvqys

TABLE 4 N -
values of Py R TEIERLG
N 1 2 3 4 5 6 7 8 9
: .
1 .10 0.0 .15 0.0 .20 .20 0.0 .05 .30 6, =00
2 .10 .10 0.0 .20 .16 0.0 .16 .30 0.0 6,=1.15
3 0.0 A2 0 (16 .15 0.0 .22 .26 0.0 10 63 =1.85

Plan Py : P, =.10, P, =.12, P, =.15 P, =20, P, = .20,

Pl96 = .22, Pb7 = .26, Pb3 = .35, Po,, = .40

¢ T AT AT
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‘whers. ... b= for j=1,2,...,9.
Plan P;: P, = .10, P, = .12, P, = .15, P, = .20, P, = .20,
. 17 to tg ty i5
P, = .22, P, = .30, P, = .30, P, = 4l

where fy=jforj=1,2,..,6, &, =8, =0 and t,="1.
Numerical computation shows that
» - 9
I (1-(1—=Ppr) < T (1—(1—Py)»)
§=1 g=1
and the difference between them is numerically insignificant for all n > 2.
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