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The conventional approach for testing the equality of two normal mean vectors is to
test first the equality of covariance matrices, and if the equality assumption is tenable,
then use the two-sample Hotelling T2 test. Otherwise one can use one of the approxi-
mate tests for the multivariate Behrens–Fisher problem. In this article, we study the
properties of the Hotelling T2 test, the conventional approach, and one of the best ap-
proximate invariant tests (Krishnamoorthy & Yu, 2004) for the Behrens–Fisher prob-
lem. Our simulation studies indicated that the conventional approach often leads to
inflated Type I error rates. The approximate test not only controls Type I error rates
very satisfactorily when covariance matrices were arbitrary but was also comparable
with the T2 test when covariance matrices were equal.

In this article, we are concerned about the choice of a test for equality of two nor-
mal mean vectors. The main purpose of this article is to bring to the attention of ap-
plied researchers a satisfactory test that can be used for testing the equality of two
normal mean vectors when the population covariance matrices are unknown and
arbitrary. Because the tests and the approaches that we discuss are generalizations
of the univariate results, for convenience and easy reference, we first review the re-
sults for the univariate normal case.

A normal distribution is the most common choice for modeling the data that in-
volve univariate observations. This is especially true in situations where one is in-
terested in estimating or testing the mean of a population. This is because the sam-
pling distribution of the mean of a random sample is approximately normal,
regardless of the actual distribution of the data, due to the central limit theorem. If
the problem of interest is to test a hypothesis about the population mean based on a
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random sample, then Student’s t test is commonly used. The t test is also applicable
to test a hypothesis about the difference between the means of two normal popula-
tions; however, it is valid only when the population variances are equal. The test
may become seriously biased when the variance equality assumption is not satis-
fied, resulting in spurious decisions about the null hypothesis. Furthermore, the as-
sumption of variance homogeneity is very unlikely to be satisfied in practice.

The problem of making inference about the difference between two normal
means without assuming equality of population variances is referred to as the
Behrens–Fisher problem, and it has been well addressed in the univariate case.
Scheffé (1943) proposed an exact method, but it has some serious drawbacks; it in-
volves random pairing of observations of two independent samples, and hence or-
der of the observations affects the test results. For this reason, Scheffé (1970) him-
self recommended that this exact method should not be used. Several authors
proposed approximate solutions. A popular approximate solution by Welch (1947)
is based on Student’s t distribution with degrees of freedom depending on not only
the sample sizes but also the sample variances. Nevertheless, this approach has
been well accepted and commonly used in practical applications because of its
simplicity and accuracy. Some software (Minitab, Excel) and calculators (TI–83)
use this approach to test and interval estimate the difference between two normal
means.

A conventional approach, regarding the choice between the t and Welch’s
(1947) tests, is first to test the equality of variances, and if the equality is tenable
then use the t test, otherwise use the Welch test. Size (Type I error rate) and power
studies of this conventional approach by Moser, Stevens, and Watts (1989) indi-
cated that the preliminary test about variance homogeneity is superfluous. These
authors recommended the Welch’s approximate test for all sample size and param-
eter configurations. Another criticism about the conventional approach is the ap-
propriateness of the usual variance ratio test; this test is heavily dependent on the
normality assumption, and nonnormality and unequal variances cannot be sepa-
rated with this test. An alternative approach regarding selection of the test for the
means is to use the t test if the ratio s1/s2, where s1 is the larger of the sample stan-
dard deviations, is less than a specified number (say, 1.3), or else use the Welch
test. In this conditional approach, no preliminary variance test is used. Even then,
Zimmerman’s (2004) simulation studies indicated that the choice of a test based on
the examination of sample statistics makes things worse, and Welch’s test is prefer-
able to other tests. Indeed, many undergraduate-level texts in statistics (e.g.,
Moore, 2004, p. 454) recommend the Welch test for all parameter configurations.

We now consider the multivariate case. As far as we know, no study has been
carried out regarding the choice of a test for equality of two normal mean vectors.
A reason for this is that, until recently, no clear-cut winner among the approximate
tests for the multivariate Behrens–Fisher problem was identified. For the past 5 de-
cades, several authors proposed exact and approximate solutions to this problem.
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Bennett (1951) derived an exact method similar to the one due to Scheffé (1943)
for the univariate case. Again, for the same reasons given for the univariate case,
this approach should not be recommended for practical use. Other authors pro-
posed approximate solutions using the idea of Welch’s (1947) solution for the
univariate case. Some of the approximate solutions for the multivariate case sim-
plify to Welch’s solution for the univariate case, however, they are different when
the dimension is two or more.

To identify the best test for the multivariate Behrens–Fisher problem,
Krishnamoorthy and Yu (2004) selected three approximate affine invariant tests
(James, 1954; Yao, 1965; and Johansen, 1980) based on past studies and also pro-
posed a new invariant test. The new test is obtained by modifying Nel and van der
Merwe’s (1986) test so that the resulting test is invariant. The modified Nel and van
der Merwe test is referred to as the MNV test. Krishnamoorthy and Yu showed via
a simulation study that the MNV test is the best among available invariant tests.
Furthermore, the MNV test is one of the invariant tests that simplifies to Welch’s
test for the univariate case. Therefore, we consider only the MNV test for the
multivariate Behrens–Fisher problem in this article.

This article is organized as follows. In the next section, we briefly discuss the
Hotelling T2 test, a test for equality of covariance matrices, the conventional ap-
proach for testing the equality of two normal mean vectors when the covariance
matrices are unknown and arbitrary, and the MNV test. We next study size and
power properties of the following approaches: (a) application of the Hotelling T2

test regardless of the relation between the covariance matrices, (b) the conven-
tional approach, and (c) application of the MNV test regardless of the relation be-
tween the covariance matrices. The conventional approach is to use the Hotelling
T2 test if a test for equality of the covariance matrices produced an insignificance
result, else use the MNV test. The sizes and powers of the approaches are esti-
mated using Monte Carlo simulation. In general, the results based on our simula-
tion studies are in agreement with those for the univariate case with the exception
that the T2 test sometimes performs poorly even when the sample sizes are equal.
We also observed that a preliminary test for covariance matrices is not only super-
fluous but also makes things worse. The MNV test not only controls Type I error
rates very satisfactorily but also performs as well as the T2 test when the covariance
matrices are equal. Our overall recommendation is that the MNV test can be used
safely for all practical applications.

THE TESTS

Let Xi1,…XiNi be a sample of vector observations from a p-variate normal popula-
tion with mean vector and covariance matrix , i = 1, 2. Let
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and Si denote, respectively, the mean vector and variance–covariance matrix based
on Xi1,…XiNi. That is,

where ni = Ni – 1. Let us consider the problem of testing

Because is equivalent to for any non-
singular matrix A and p × 1 vector b, a practical solution should be nonsingular in-
variant; otherwise, for a given data set, the p value for testing
may be different from the one for testing when A1 and A2 are
different nonsingular matrices. As a consequence, the conclusions could be differ-
ent even though H01 and H02 are equivalent. Furthermore, as shown in the follow-
ing section, a nonsingular transformation reduces the parameter space consider-
ably so that the merit of an invariant solution can be evaluated over a wide range of
the parameter space.

Hotelling T2 Test When

If the covariance matrices are assumed to be equal, then the usual Hotelling T2 sta-
tistic is given by

where is the pooled covariance matrix so that , where

E denotes the expectation operator. Under H0,

For an observed value of T2, the null hypothesis in (2) will be rejected if
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where Fm,n,c denotes the 100cth percentile of an F distribution with numerator df m
and denominator df n.

For the aforementioned test to be valid, covariance matrices must be equal. A
test for equality of covariance matrices is outlined next.

A Test for Equality of Two Covariance Matrices

A modified likelihood ratio test (LRT) statistic (e.g., see Muirhead, 1982, p. 309) is
given by

where n = n1 + n2 and Sp is the pooled covariance matrix as defined in T2 statistic
(3). To express its asymptotic distribution, let

and

Let , and W0 be an observed value of W. Then, the p value of the
modified LRT based on an asymptotic distribution is given by

For a given level of significance �, the null hypothesis of equality of covariance
matrices will be rejected if the p value is less than �.

The MNV Test

The modified Nel and van der Merwe (1986) test is based on the quadratic form

, where is an estimate of the Cov
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Using the unbiased estimator for , we get the test statistic

It is shown in Krishnamoorthy and Yu (2004) that

approximately,

where

The df v is different from the one given in Nel and van der Merwe (1986). As al-
ready mentioned, Krishnamoorthy and Yu (2004) modified the df so that the distri-
bution of is affine invariant. For a given observed value of , the MNV
test rejects the null hypothesis of equal mean vectors when

The MNV test is affine invariant, and it simplifies to Welch’s (1947) approximate
df test for the univariate case.

The Conventional Approach

The usual practical approach for testing the difference between two mean vectors
is to use the Hotelling T2 test if the hypothesis of equality of covariance matrices is
tenable, otherwise use one of the approximate tests given for Behrens–Fisher prob-
lem. Let us use the MNV test for the Behrens–Fisher problem. The approach can
be described as follows: For given data sets, (i) test if using the approach
given in the earlier section. If the p value in (7) is greater than or equal to �1 (�1 is
the nominal level for testing ), then the T2 test is used to test the equality of
the mean vectors at nominal level �; otherwise, the MNV test is used to test the
equality of the mean vectors at level �. Typically, �1 and�� are chosen to be equal.
Using the indicator function I[.], we see that the combination of the tests is based
on the test statistic
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where the p value is given in (7), T2 and are given in (3) and (8) respectively.
Let C0 be an observed value of C in (10). Then the combined test rejects the H0 in
(2) whenever

MONTE CARLO STUDIES

We first note that there exists a nonsingular matrix M such that and
, where 
i’s are the eigenvalues of . Using

this fact and the fact that the tests are affine invariant, we can take without loss of
generality that , , and to compute the sizes. We esti-
mated the sizes and powers using Monte Carlo simulation consisting of 100,000
runs. For example, to compute the sizes of the MNV test, at each parameter/sample
size configuration, we generated

and computed the statistic in (8), the df v in (9), and the p value in (10) with
replaced by The proportion of (out of these 100,000 runs) p values that are less
than the nominal level � is a Monte Carlo estimate of the size. Because we are esti-
mating probabilities (or proportions) at various parameter and sample size config-
urations, the maximum error of an estimate is . We
used the IMSL subroutine RNMVN for generating multivariate normal random
vectors and the Applied Statistics Algorithm (AS 53) due to Smith and Hocking
(1972) to generate Wishart random matrices. Monte Carlo estimates of sizes and
powers of the Hotelling T2 test and the conventional approach were also computed
similarly.

RESULTS

Size Properties

The estimated sizes of the three tests are plotted in Figure 1 for the case of p = 2
and nominal level �� = 0.05, and they are presented in Table 1 for the case of p = 5.
For the conventional approach, we used �� = 0.05 for testing .

1. From Figures 1a(i) and 1b(ii), we see that the sizes of the Hotelling T2 test
were very close to the nominal level when the sample sizes were equal. Even for
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FIGURE 1 (a) The sizes of the tests as a function of 
2; 
1 = 1; sizes of the MNV test lie on y =
0.05 line; small samples. (b) The sizes of the tests as a function of 
2; 
1 = 1; sizes of the MNV
test lie on y = 0.05 line; large samples.

(a)

(b)



small equal sample size, the sizes barely exceeded 0.05 when 
2 was large, or
equivalently is much “larger” than . However, when p = 5, and n1 = n2 = 10,
the sizes exceed the nominal level considerably. The Type I error rates of the T2 test
is elevated when the larger sample size is associated with smaller covariance ma-
trix; otherwise, the T2 test is too liberal.

2. The conventional approach also has elevated sizes when the sample sizes are
unequal. See Figures 1a(ii), (iii) and (iv). This conventional test appears to have
similar behavior even for large unequal sample sizes; see Figures 2a(iii) and (iv). If
the covariance matrices are not very different, the preliminary covariance test often
leads to the wrong choice of the test for the means, and as a result it has inflated or
depressed Type I error rates (see Table 1, n1 = 15, n2 = 30 and n1 = 20, n2 = 40).
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TABLE 1
Sizes of the Tests when p = 5

n1 = 10, n2 = 10 n1 = 30 , n2 = 20

(λ1, …, λ5) (1) (2) (3) (1) (2) (3)

(1,1,1,1,1) .050 .047 .049 .051 .051 .050
(1,.1,.2,.3,.4) .070 .051 .049 .026 .049 .049
(1,.1,.1,.1,.1) .093 .054 .052 .022 .050 .050
(1,.5,.8,.9,.9) .051 .048 .048 .043 .045 .050
(1,.1,.1,.9,.9) .062 .049 .048 .032 .049 .049
(1,.3,.6,.1,.8) .060 .050 .049 .032 .049 .050
(1,2,3,4,5) .063 .051 .048 .104 .052 .051
(1,1,1,10,10) .061 .048 .049 .126 .051 .051
(1,10,10,10,10) .094 .054 .054 .163 .051 .051
(1,2,1,2,1) .051 .048 .045 .063 .060 .050
(1,3,2,3,5) .061 .051 .049 .099 .054 .051
(1,2,5,7,10) .073 .051 .050 .125 .052 .052

n1 = 15, n2 = 30 n1 = 20, n2 = 40

(λ1, …, λ5) (1) (2) (3) (1) (2) (3)

(1,1,1,1,1) .049 .051 .051 .050 .051 .050
(1,.1,.2,.3,.4) .180 .053 .053 .177 .052 .052
(1,.1,.1,.1,.1) .265 .054 .054 .257 .052 .052
(1,.5,.8,.9,.9) .068 .067 .052 .067 .065 .050
(1,.1,.1,.9,.9) .145 .054 .053 .146 .053 .053
(1,.3,.6,.1,.8) .134 .057 .054 .132 .052 .051
(1,2,3,4,5) .019 .047 .049 .017 .048 .049
(1,1,1,10,10) .026 .049 .049 .016 .050 .050
(1,10,10,10,10) .011 .049 .049 .009 .051 .051
(1,2,1,2,1) .037 .041 .049 .034 .039 .049
(1,3,2,3,5) .019 .045 .049 .018 .049 .050
(1,2,5,7,10) .015 .048 .048 .014 .049 .049

Note. (1) = T2 test; (2) = the conventional test; (3) = the modified Nel and van der Merwe test.

2� 1�



542

FIGURE 2 (a) Powers of the tests as a function of �; 1 = 2 and �� = 0.05. (b) Powers of the
tests as a function of �; , (
1, 
2) = (1,2) and �� = 0.05.1 2 �

(a)

(b)



3. The sizes of the MNV test are close to the nominal level for all the cases con-
sidered. This is true regardless of the relations between the covariance matrices
and the relations between the sample sizes.

Thus, it is clear from these observations that the preliminary test of covariance
equality is not useful to choose a better test, and so it will be dropped from power
comparison studies. Furthermore, we observed that the MNV is the best with re-
spect to size properties.

Power Properties

The powers were estimated for p = 2 and 5, and noncentrality parameter

The mean vectors were chosen such that

, where 1 denotes the vector of ones. For p = 2, the estimates of
the powers were plotted in Figure 2a when and in Figure 2b when

. For p = 5, similar power plots are given in Figures 3a and 3b. We observe
the following from the estimated powers.

1. When , the powers of the T2 test and the MNV test were almost
identical except for the case (n1 = 30, n2 = 12 ) where the powers of the T2 test
barely exceeded those of the MNV test (see Figure 2a).

2. The power plots given in Figure 2b are for the case of unequal covariance
matrices. Notice that when n1 = n2 = 12, both tests controlled the sizes and have
similar power property. On the other hand, when , because of its inflated
size, the T2 test appears to be more powerful than the MNV test. See Figure 2b, n1 =
24, n2 = 12, n1 = 30, n2 = 12 and � = 0.

3. For the case of p = 5 and , the powers of the T2 test were little more
than those of the MNV test when n1 was much larger than n2 (see Figure 3a, n1 =
40, n2 = 15); otherwise, both tests seem to have similar power properties.

4. We observe again from the power plots in Figure 3b that if both the T2 and
the MNV tests have similar size properties, then they have similar power proper-
ties. The T2 test appears to be more powerful than the MNV test in cases where it
has inflated Type I error rates.

AN ILLUSTRATIVE EXAMPLE

We now illustrate the two-sample Hotelling T2 test and the MNV test using a prac-
tical example. This example concerns the effects of delay in oral practice at the be-
ginning of second-language learning. The data are taken from Timm (1975, Exer-
cise 3.12). An experimental group of 28 participants was given oral practice with a
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FIGURE 3 (a) Powers of the tests as a function of �; 1 = 2. (b) Powers of the tests as a func-
tion of �; ; (
1, ..., 
5) = (1, 2, 3, 4, 5)1 2 �

(a)

(b)



4-week delay and a control group of 28 participants with no delay. A comprehen-
sive examination was given to both groups at the end of the first 6 weeks, and the
scores (on listening, speaking, reading, writing) were recorded. The summary sta-
tistics for the experimental group (subscript 1) and the control group (subscript 2)
follow.

The sample covariance matrices defined in (1) are:

Consider testing

Hotelling T2 Test

The pooled sample covariance matrix is given by

and the Hotelling T2 statistic defined in (3) is computed as

Taking �� = .05 and noting that n1 = N1-1 = –27 and n2 = N2–1 = 27, we have that
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Because T2 = 5.646 < 10.814, we do not reject H0; also, the p value is .270. Thus,
the data do not provide sufficient evidence to indicate the mean vectors are signifi-
cantly different.

The MNV Test

For this example, the values of T2 and must be the same because the sample
sizes are equal. Nevertheless, for the sake of illustration, we compute . The
matrix defined in (8) is computed as

and the MNV test statistic defined in (8) is computed as

The approximate df v = 52.113, and the critical value

The df v was calculated using (9) and ,
, and . Because , we do

not reject H0 in (11). Also, the p value of the MNV test is 0.272.
Thus both tests yielded the same conclusions and produced similar results (see

the critical values and p values).

REMARKS

Our results based on simulation studies are similar to those given in the univariate
case with an exception that, for the case of unequal covariance matrices, the T2 test
can have inflated Type I error rates even when n1 = n2. This finding suggests that
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the T2 test is appropriate only when . However, in practice, it is difficult to
identify populations with the same covariance matrices. Also, we have shown that
testing equality of covariance matrices, and then selecting a test for the mean vec-
tors may lead to erroneous conclusions. Moore (2004, p. 455) mentioned that the
pooled t-test should not be used for the univariate normal case. Our work indicates
that the same conclusion holds for the multivariate normal case. Our overall rec-
ommendation, based on simulation studies in this article and by Krishnamoorthy
and Yu (2004), is that one can use the MNV test for situations where the normality
assumption is tenable.

Finally, we point out that the tests based on the statistic in (8) are in general
not robust to normality assumption violation. Among others, Wilcox (1995); Lix
and Keselman (2004); and Lix, Keselman, and Hinds (2005) proposed some robust
test procedures based on trimmed means. The MNV test, as it is, will be sensitive
to normality assumption. A modified version along the lines of Wilcox (1995) or
by some other approaches may yield a robust test. We plan to modify the MNV test
using trimmed means, and evaluate the robustness of the resulting test.
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