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Abstract. This article deals with the prediction problem in linear regression
where the measurements are obtained using k different devices or collected
from k different independent sources. For the case of kK = 2, a Graybill-Deal
type combined estimtor for the regression parameters is shown to dominate
the individual least squares estimators under the covariance criterion. Two
predictors j, and y, are proposed. J, is based on a combined estimator of the
regression coefficient vector, and j, is obtained by combining the individual
predictors from different models. Prediction mean square errors of both pre-
dictors are derived. It is shown that the predictor y, is better than the indi-
vidual predictors for k > 2 and the predictor y, is better than the individual
predictors for k£ = 2. Numerical comparison between j,. and y, shows that the
former is superior to the latter for the case k = 2.

Key words: Covariance Criterion, Graybill-Deal Estimator, MINQUE, Pre-
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1. Introduction

The problem of combining the results of independent investigations for the
purpose of a common objective has been considered in numerous papers in
various contexts. This problem arises, for example, when different methods or
laboratories have been used to measure the amount of carbon monoxide in the
upper atmosphere and it is desired to pool the results since measurements are
difficult or expensive to obtain. This type of problem is known in the biologi-
cal and social sciences as meta-analysis. A practical example is given in Skin-
ner (1991) where different laboratory methods are used to estimate the density
of nitrogen in clinical trials. Another example is from Eberhardt et al. (1989)
where the results from several experiments are combined for an estimate of the
selenium level in non-fat milk.
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In this article, we are interested in the use of combined data for prediction in
a linear regression problem. Suppose that we have from independent sources
the k experimental models

Yi=Xf+e i=1,... )k, (L.1)
and the prediction model
Yo = xof + &, (1.2)

where the Y,’s are n; x 1 vectors, the X;’s are n; x p fixed matrices, fisa p x 1
unknown common parameter vector, the random errors ¢;’s are independent
with & ~ N,,(0,621), xo is a 1 x p known vector observation of a future unit,
o is the unknown dependent variable of the future unit, and ¢ ~ N (0, ¢?) in-
dependently of ¢, i = 1,..., k. We note that the error variance > of model
(1.2) need not be equal to o7 for any i, and all the experimental and calibra-
tion models have the same vector of regression parameters /.

Let B; denote the least squares estimators of f3, and s? denote the unbiased
estimator (based on the residual sum of squares with n; — p degrees of free-
dom) of o7 based on the i th model, i = 1,...,k. Many authors have consid-
ered the problem of estimating the common parameter f by combining the §;’s.
Rao and Subrahmaniam (1971) considered simple linear regression models and
proposed the weighted least squares estimator with weights depending on the
MINQUE (Minimum Norm Quadratic Unbiased Estimator) of o2 instead of
the usual unbiased estimator s2. Their estimator is more efficient than the usual
weighted least squares estimator when all n; are equal and small (less than
8). Shinozaki (1978) considered the problem of estimating a linear parametric
function a’f under the models in (1.1). He showed that a combined estimator
(aB) (which is obtained by combining a'fy, ..., a’f,) dominates each a'f;. He
also mentioned that an estimator of the form «'f,, where £, is a combined es-
timator of f, would perform better than (af). Kubokawa (1990) and Kubo-
kawa et al. (1991) considered this problem in a decision theoretic setup, and
studied the minimaxity and admissibility of some combined estimators under
different loss functions.

Although the problem of estimation of f has been considered by many
authors, the important problem of prediction in this context has not been ad-
dressed in the literature. Johnson and Krishnamoorthy (1995), and Mathew
and Sharma (1999) considered the problem of combining information in the
context of calibration where the interest is to estimate xy based on known yy.
A combined estimator of f may be better than another estimator of f under a
criterion, but the prediction of y values based on the former need not be better
than the prediction based on the latter in some sense. Suppose that for a future
observation the x value is known to be xy and the y value is unknown, the
problem is to predict the unknown y value y, based on the fitted models and
Xo. A suitable measure of predictive variability is predictive mean square error
(PMSE), which for a predictor j, of yo is E[($, — y0)?] where E denotes the
expectation. The problem of interest here is to combine data so that the PMSE
will be minimum. .

In Section 2, we first present a combined estimator 8, which is obtained by

combining /;’,-’s with weights “proportional” to the inverse of Cov(/;’,.) (that is
572X/ X;). For the case of k = 2, we show that the combined estimator domi-



Prediction in linear regression 75

nates each f; under the covariance criterion. That is, Cov(f;) — Cov(p,) is
positive definite for i = 1,2. We then, in Section 3, propose two combined pre-
dictors y, and j, for an unknown y,. The predictor J, is a linear combination of
the predictors based on each sample with weights proportional to the inverse
of each predictor’s sample variance. The predictor j, is based on the combined
estimator f,. Expresswns for the PMSE of j, and the PMSE for j, are derived.
Using these expressions for the PMSEs, we show that j, is better than each
of the individual predictor j,; for k > 2, and y, is better than p,; for k = 2. In
Section 4, variances of j, and y, are derived for the case k = 2. Furthermore,
numerical comparison studies based on the variance expressions show that j,
is better than J, for the case of k = 2. Some concluding remarks are given in
Section 5.

2. A combined estimator of §

Let V; = (X/X,-)fl, and m; =n; —p, i=1,...,k. A combined unbiased esti-
mator of f§ is given by

k -1k
(Z - _2> > s 7By (2.1)
Jj=1 i=1

We recall some useful results in the following lemma.

Lemma 2.1. Fori=1,...,k,

(@) B~ Ny(B, a7 (X/Xi)~ b,
(if) (B - ﬁ) (X7 X)(/)’ B) ~ aixy,
(iii) mys?/a} ~ ., and
(iv) Bps.. ., ﬁk, slz7 ., 8% are all statistically independent.

From the above lemma we have s?’s and ﬁi’s are all independent and

E(B;) = pfori=1,...,k Therefore, we have E(B,|s3,...,s2) = f. Thatis, f,
is an unbiased estimator of . Furthermore, for the case k = 2, we show in the
following theorem that . dominates each f; under the covariance criterion.
Theorem 2.1. For the case k = 2, the combined estimator

B.=(s7?V ! + 53715 )” (Vl TR+ Vs 2B (s + s ! )~

dominates both ,31 and ﬂz under the covariance criterion provided m; > 10 and
my > 10 or my =9 and my > 18, where m; =n; — p, i = 1,2.

Proof. The covariance of ﬁ‘, is given by
Cov(f.) = E[Cov(B.|s7,53)]
= E[(s° V" 4570 ) ot T +a3sy )

< (s 521 ) (2.2)
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Since V7! and V5! are positive definite matrices, there exists a nonsingular
matrix Csuch that ;! = CC'" and V; ! = CD,C’, where D; = diag(4i, ..., 1))
with Ay > -+ >/, and Ai’s are the eigenvalues of 1] Vz‘l (see Anderson 1958,
p. 341). Using these results, (2.2) can be written as
Cov(B,) = C"El(s;°L, +5,°D;) " (ais;* L, + 035,* D))
(Sl I + 52 A) ]C !
= g7 C'" " diag(dy,...,0,)C", (2.3)

where [, denotes the identity matrix of order p, and

i=1,...,p. (2.4)

51_:El(‘7151 +4i035,")
(1 +)viS2 )

Since Cov(f;) = - i Vi = g{C"'C7!, it follows from (2.3) and (2.4) that
Cov(B,) — Cov(B.) is posmve definite provided 6; /67 — 1 < 0fori=1,...,p.
If 4; =1 for a fixed i, then the results of Khatri and Shah (1974) can be used
to show that J;/c — 1 < 0. Since A;’s are arbitrary positive numbers we will
take a shghtly different approach. For a fixed i, let 0 = 407 /03 and F=
(s?/a?)/(s3/a3). In terms of 0 and F, we see that

1+ 0F?
5= B[ | (2.5)
(1+0F)
For 0 > 0, it can be easily verified that
1 + OF? 1 0 2
< + F—1
(14+0F)*> 1+0 v
—1+L(F2—2F) (2.6)
o 1+0 ' '

In view of (2.5) and (2.6), we see that §;/a7 — 1 < 0 if E(F?) < 2E(F). Using
the fact that F follows an F distribution with the numerator df = m; and de-
nominator df = m,, it can be readily verified that E(F2) < 2E(F) under the
conditions on m; and m, stated in the statement of the theorem. Thus we com-
plete the proof. A

Since Cov(f;) — Cov(f,) is positive definite, we have

P
trace(Cov(f ZVar ) < ZVar(,Bl»j) = trace(Cov(f,)), i=1,2,

and

|Cov(B.)] < |Cov(B)], i=1,2,



Prediction in linear regression 77

where |.| denotes the determinant of a matrix (see Harville 1997, p. 418). That
is, the combined estimator f, is also better than the individual estimators f,
and S, under the so called trace criterion and the determinant criterion pro-
vided the degrees of freedoms m;’s satisfy the conditions given in Theorem 2.1.
Furthermore, Krishnamoorthy and Sarkar (1993) showed that if an estimator
is better than another estimator under the covariance criterion, then the same
relation holds between these two estimators under the quadratic loss function
(60— 0)'Q(0 — 0), where Q is a known positive definite matrix. Therefore, f. is
also better than f, and f, under this quadratic loss function if m,’s satisfy the
conditions given in Theorem 2.1. . .

Shinozaki (1978) proposed a combined estimator f; which is similar to f,
in (2.1). He also claimed (without a proof) that f, may dominate each f; under
the covariance criterion provided all the }’s are simultaneously diagonaliz-
able. Under such condition, our estimator . can also be shown to dominate
each 5, i =1,...,k. This can be proved along the lines of Theorem 2.1, and
using the inequalities of Bhattacharya (1984).

3. Two combined predictors

We consider two predictors for yy. The first one, denoted by j,, is based on the
combined estimator . in (2.1) and the second ong, denoted by j,, is a linear

combination of the individual predictors j,; = x(f;, i = 1,..., k. Specifically,
we consider
Pe = XoBe, (3.1)

where g, is given in (2.1).

It follows from Lemma 2.1(i) and (iv) that yj, ~ N (xS, (x()(X[’X,‘)*lxo)o,z)
and ,,;’s are independent. Furthermore, we have unbiased estimator s? of o7
for i =1,..., k. Then our Graybill-Deal type combined predictor of yy is de-

fined by
k
.)A}p = Z Wij"oiv (32)
i=1

where w; = ¢!/ Y ¢! and ¢ = x{(X/ X)) ' xos?, i =1, k.
We shall now show that PMSE of j, is smaller than the PMSE of y,; for

i =1,2. Noting that f. is an unbiased estimator of /3, it can be easily checked
that the PMSE of y. = x(f, is

PMSE(3,) = 62 4 x;, Cov(S.)xo = o + Var(j,). (3.3)
The PMSE of j,; = x\f; is
PMSE(j,;) = o> 4 x}, Cov(f;)xo = o + Var(jy;) (3.4)

fori=1,... k. Since Cgv(ﬁi) - Cov(/)A’C)A is positive definite for i = 1,2, we
have x{[Cov(f.) — Cov(f;)]xo = x; Cov(p,.)xo — x{, Cov(f;)xo > 0, and hence
it follows from (3.3) and (3.4) that PMSE(y,) < PMSE(y,;) for i = 1,2 pro-

vided m; > 10 and m, > 10 or my = 9 and m, > 18.
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We now show that y, has smaller PMSE than y,, for i =1,... k. Since
E(y,) = E[Zl 1 wixoB] = xof = E(yo), the PMSE of j, is

PMSE()}p) = E(j)p - X(/)ﬂ - 80)2
=0+ E(J, — x)B)* = 6% + Var(j,). (3.5)

It is clear from (3.4) and (3.5) that the PMSE(y,) < PMSE(,,) if and only
if Var(y,) < Var(Jj;), i =1,..., k. Since yy,, . S Yoi are independent normal
random variables with common medn xo/)’ and ), is a Graybill-Deal type com-
bined predictor, y, is better than each j; provided m; > 10 fori = 1,...,k (see
Norwood and Hinkelman 1977). When k = 2 this result also holds 1f m =9
and my > 18 (see Khatri and Shah 1974).

It is to be noted that j, is better than each of the j,’s only for k =2
whereas J, is better than each of the y,’s for any k& > 2.

4. Comparison between y. and y,

Although these two predictors j. in (3.1) and y, in (3.2) are better than y,, and
¥ under some conditions on the m;’s, comparison between them has not been
done. We will see that y, does offer 1mproved performance over y, for the case
k =2 and will look at the nature of the improvement.

From (3.3) and (3.5) we have PMSE(j.) — PMSE(y,) = Var(y,) — Var(J,).
So, to compare PMSE(j,) and PMSE(7,) it is sufficient to compare Var(y,)
and Var(y,). Exact expressions for Var(y,) and Var(J,) for kK = 2 may be ob-
tained using the approach of Nair (1980) s follows.

Variances of y, and y,

Fork=2,1et V; = (X,-’X,-)fl, a; = x{Vixo, and m; = n; — p for i = 1,2. From
(3.2), we have

JA/p — a2S2y01 + alslyOZ (41)
alsl + 61252

Using the fact that y,,’s are independent among themselves and are indepen-
dent of 57’s, we have

Var(y,) = E

2, 4.2 4 2 42
a,as,oq +a1a2s102]

(Utlsl2 + azs%)z

10 (42)

1 +5mzvlz/(mlv§)]

(1 + 001 /vy)*
where 6 = atm;(x(Vixo)/[o3m (x;VaXo)], v; = mys?/o} ~ x7,, i =1,2. Since
v; and v, are independent, we can write v; /vy = w/(1 —w), where w is a
Beta(m, /2,m,/2) random variable. In these notations, we have
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Vg (1 —w)* +omaw? /m,
Var(yp)f 1 IE[ (1—(1—5)w)2 1 (4.3)

If 6 < 1, then using the Taylor series expansion and then taking term by term
expectations, we get

X i+ 1)(1=0)
Var(y,) = (x,Vixo) )i E B 2, mz/;)
my . Ny

This series converges provided 6 < 1 for all xp # 0. Let 1; denote the largest
eigenvalue of ¥; V5!, Since (x4 Vix0)/(xgVaxo) < A1 for every xo # 0, from the
definition of ¢ it follows that the series (4.4) converges for every xy # 0 if
m = Zioimy/(a3my) < 1. We now derive an expression for Var(,) for the case
of k =2.

Noticing that Var(p,) = x{, Cov(f)xo and using the expression for Cov(f,)
given in (2.2), we get

Var(3,) = xgC"El(s°], + 557 D2) " (otsi 'l + 0355 D;)
x (sy21, + 552D;) " 1C ' x
= oix,C'" diag(6y, .. .,d,)C ' xo, (4.5)
where I, denotes the identity matrix of order p and d;’s are given in (2.4).

Another express10n for d; can be derived in a manner s1m11ar to the derivation
of (4.3) and is given by

o0 ramm)
' [1— (1 —n;)w]

where 1, = Ajoimy/(a3my) for j =1,..., p. Further, if #; < 1 for all j, then
(i + 1)1 —n;) m my m ny

B 2 Bl—+i+2,—]].

IZ m1/2m2/2){ <2+ 2+) m (2+l+’2)]

(4.7

(4.6)

The series (4.7) converges if #; < 1 which is the same condition for the series
expression of Var(y,) in (4.4) to converge.

The series expressions for Var( ,) and Var(J,) are useful to compute the
PMSEs of the predictors y, and j,; however, they are of limited use to compare
¥, and J, because they converge only under some restrictions on the parameter
space and the matrices 7] and V5. Therefore, we use the expressions (4.3) and
(4.6) for comparison because they can be evaluated numerically for all param-
eters, /1 and 15.

When all the eigenvalues of 7V, ! are the same or equivalently 1| = ¢V
for a positive constant ¢, then the predictors y, and y, are identical and hence
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no comparison is needed. When this condition is not met, for comparison
purpose we can assume that the ¢?’s are equal and the m,’s are equal. Let
Z={(z1,...,z) =C'xpand ¢; =22 /(Z'Z),i=1,..., p. Then

| W (5L i/ %)
Var(y,) = 0{(Z'Z)E o /L i)’ ] , (4.8)
and
2N [ (oW
Var(y,) = 1; [E_ vt ] (4.9)
Thus,
(1 —w)?+ 4w?)
Sl aiE l—j]
Var(3,) _ LA’ (4.10)

Var(s) ~ T w2 /(50 a/h)]
(T=w+w/(3F, qi/ %))’

Noting that w is a Beta(m;/2,m,/2) random variable, the expectations in
(4.10) can be evaluated numerically. We computed the variance ratio using the
Simpson’s rule when p = 2 and 3, and for various values of 1’s, ¢; and ¢;.
They are given in Table 1. The values in Table 1 indicate that y. has smaller
variance than y, when the eigenvalues A’s are different or equivalently when
the design matrices are different. Recall that y,. is known to be better than y,’s
only for k = 2 whereas j, is better than y,’s for k > 2; however, when k = 2,
J. 1s preferable to p, as a predictor of yy.

Table 1. Var(j,)/Var(3,)

q p=2,(A,42) (1,100)
(1,2) (1,5) (1,10) (1,20)

1 99 91 .82 74 61

3 97 .87 .79 73 67

5 97 .89 .83 79 76

7 98 .92 .89 87 85

9 99 97 96 96 95

q p =3, (1,42,%3) (1,8,16)
q2 (172a3) (127) (172715)

1 1 96 .88 79 77

1 3 97 .89 83 80

2 4 96 .90 86 78

3 3 95 .89 85 77

5 3 96 93 91 83
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5. Concluding remarks

We showed in this article that the Graybill-Deal combined estimator §, dom-
inates the individual regression estimators f; under various criteria for the case
of k = 2. In addition, for the case of k = 2, our numerical study showed that
the predictor j, based on f. has lower PMSE than the combined predictor
¥,- For k > 3, it is difficult to evaluate an expression for the variance of j.. If
the design matrices X|Xj,...,X/X; are simultaneously diagonalizable, then
an expression for the variance of j, can be obtained, and it can be shown that
¥, 1s superior to the individual predictors ,,’s. This simultaneous diagonaliz-
ability requirement appears to be impractical. For arbitrary design matrices,
it is difficult to prove theoretically that j, dominates y,, i = 1, ..., k. However,
our preliminary Monte Carlo simulation studies (for £ = 3 and 4; not reported
here) indicated that j, is not only better than j,, but also superior to j, for
many parameter configurations. Therefore, we conjecture that the predictor j,
is superior to the predictor j, in general.
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