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a b s t r a c t

The problems of constructing prediction intervals for the binomial and Poisson distribu-

tions are considered. Available approximate, exact and conditional methods for both

distributions are reviewed and compared. Simple approximate prediction intervals based

on the joint distribution of the past samples and the future sample are proposed. Exact

coverage studies and expected widths of prediction intervals show that the new

prediction intervals are comparable to or better than the available ones in most cases.

The methods are illustrated using two practical examples.

& 2010 Elsevier B.V. All rights reserved.

1. Introduction

In many practical situations, one needs to predict the values of a future random variable based on the past and currently
available samples. Extensive literature is available for constructing prediction intervals (PIs) for various continuous
probability distributions and other continuous models such as linear regression and one-way random models. Applications of
prediction intervals (PIs) based on continuous distributions are well-known; for examples, the prediction intervals based on
gamma distributions are often used in environment monitoring (Gibbons, 1987), and normal based PIs are used in monitoring
and control problems (Davis and McNichols, 1987). Other applications and examples can be found in the book by Aitchison
and Dunsmore (1980). Compared to continuous distributions, results on constructing PIs for discrete distributions are very
limited. Prediction intervals for a discrete distribution are used to predict the number of events that may occur in the future.
For example, a manufacturer maybe interested in assessing the number of defective items in the future production process
based on available samples. Faulkenberry (1973) provided an illustrative example in which the number of breakdowns of a
system in a year follows a Poisson distribution, and the objective is to predict the number of breakdowns in a future year
based on available samples. Bain and Patel (1993) have noted a situation where it is desired to construct binomial prediction
intervals (see Section 4).

The prediction problem that we will address concerns two independent binomial samples with the same ‘‘success
probability’’ p. Given that X successes are observed in n independent Bernoulli trials, we like to predict the number of successes Y

in another m independent Bernoulli trials. In particular, we like to find a prediction interval ½LðX;n,m,aÞ,UðX;m,n,aÞ� so that

PX,Y LðX;n,m,aÞrYrUðX;m,n,aÞð ÞZ1�2a:
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As the conditional distribution of one of the variables given the sum X+Y does not depend on the parameter p, prediction
intervals can be constructed based on the conditional distribution. Thatcher (1964) noted that a PI for Y can be obtained from the
conditional distribution of X given XþY ¼ s, which is hypergeometric (with sample size s, number of defects n, and the lot size
n+m) and does not depend on p. Thatcher’s method is similar in nature to that of Clopper and Pearson’s (1934) fiducial approach
for constructing exact confidence intervals for a binomial success probability. Knüsel (1994) has pointed out that the acceptance
regions of two-sample tests (one-sided tests for comparing success probabilities of X and Y) are exact PIs for Y. We found that the
PIs for the binomial case given in Knüsel (1994), and the one described in Aitchison and Dunsmore (1980, Section 5.5), are
indeed the same as the exact PIs that can be obtained by Thatcher’s (1964) method. Faulkenberry (1973) provided a general
method of constructing a PI on the basis of the conditional distribution given a complete sufficient statistic. He has illustrated his
general approach for constructing PIs for the exponential and Poisson distributions based on the conditional distribution of Y

(the variable to be predicted) given the sum X+Y. Bain and Patel (1993) have applied Faulkenberry’s approach to construct PIs
for the binomial, negative binomial and hypergeometric distributions. Dunsmore (1976) has shown that Faulkenberry’s
approach is not so quite general as claimed, and provided a counter example. Knüsel (1994, Section 3) noted that Faulkenberry’s
approach is correct for the continuous case, but it is not exact for the Poisson case.

Apart from the conditional methods given in the preceding paragraph, there is an asymptotic approach proposed in Nelson
(1982), which is also reviewed in Hahn and Meeker (1991). Nelson’s PI is based on the asymptotic normality of a standard
pivotal statistic, and it is easier to compute than the ones based on the conditional approaches. However, Wang’s (2008)
coverage studies and our studies (see Figs. 1b and 3) indicate that Nelson’s PIs have poor coverage probabilities even for large
samples. Wang considered a modified Nelson’s PI in which a factor has to be determined so that the minimum coverage
probability is close to the nominal confidence level. Wang has provided a numerical approach to find the factor. A reviewer
has brought to our attention that Wang (2010) has proposed another closed-form PI for a binomial distribution. It should be
noted that the exact and conditional PIs were not included in Wang’s (2008, 2010) coverage studies.

All the methods for the binomial case are also applicable for the Poisson case as shown in the sequel.
In this article, we propose a closed form approximate PIs based on the ‘‘joint sampling approach’’ which is similar to the

one used to find confidence interval in a calibration problem (e.g., see Brown, 1982, Section 1.2). The proposed PIs are simple
to compute, and they are comparable to or better than the available PIs in most cases. Furthermore, we show that the
conditional PIs are narrower than the corresponding exact PIs except for the extreme cases where the conditional PIs are not
defined. We also show that the new PI is included in or identical to Wang’s (2010) PI.

The rest of the article is organized as follows. In the following section, we review the conditional methods, Nelson’s PIs,
Wang’s (2010) PIs, and present the new PIs based on the joint sampling approach for the binomial case. The exact coverage
probabilities and expected widths of the PIs are evaluated. The results for the binomial case are extended to the Poisson
distribution in Section 3. Construction of the binomial and Poisson PIs are illustrated using two examples in Section 4. Some
concluding remarks are given in Section 5.

2. Binomial distribution

Let X � binomial(n,p) independently of Y � binomial(m,p). The problem is to find a 1�2aprediction interval for Y based on
X. The conditional distribution of X given the sum XþY ¼ s is hypergeometric with the sample size s, number of ‘‘non-defects’’
n, and the lot size n+m. The conditional probability mass function is given by

PðX ¼ xjXþY ¼ s,n,nþmÞ ¼

n

x

� �
m

y

� �
mþn

s

� � , maxf0,s�mgrxrminfn,sg:

Let us denote the cumulative distribution function (cdf) of X given XþY ¼ s by Hðt; s,n,nþmÞ. That is,

Hðt; s,n,nþmÞ ¼ PðXrtjs,n,nþmÞ ¼
Xt

i ¼ 0

n

i

� �
m

s�i

� �
mþn

s

� � : ð1Þ

Note that the conditional cdf of Y given XþY ¼ s is given by Hðt; s,m,nþmÞ.

2.1. Binomial prediction intervals

2.1.1. The exact prediction interval

Thatcher (1964) developed the following exact PI on the basis of the conditional distribution of X given X+Y. Let x be an
observed value of X. The 1�a lower prediction limit L is the smallest integer for which

PðXZxjxþL,n,nþmÞ ¼ 1�Hðx�1; xþL,n,nþmÞ4a: ð2Þ
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The 1�a upper prediction limit U is the largest integer for which

Hðx; xþU,n,nþmÞ4a: ð3Þ

Furthermore, [L, U] is a 1�2a two-sided PI for Y. Thatcher (1964) has noted that, for a fixed (x,n,m), the probability (3) is a
decreasing function of U, and so a backward search, starting from m, can be used to find the largest integer U for which the
probability in (3) is just greater a. Similarly, we see that the probability in (2) is an increasing function of L, and so a forward
search method, starting from a small value, can be used to find the smallest integer L for which this probability is just greater
than a.

The exact PIs for extreme values of X are defined as follows. When X ¼ 0, the lower prediction limit for Y is 0, and the upper
one is determined by (3); when x¼ n, the upper prediction limit is m, and the lower prediction limit is determined by (2).

2.1.2. The conditional predication interval

Bain and Patel (1993) used Faulkenberry’s (1973) conditional approach to develop a PI for Y. As noted earlier, this PI is
based on the conditional distribution of Y, conditionally given X+Y, and is described as follows. Recall that the conditional cdf
of Y given XþY ¼ s is given by PðYrtjXþY ¼ sÞ ¼Hðt; s,m,nþmÞ. Let x be an observed value of X. The 1�a lower prediction
limit L for Y is the largest integer so that

HðL�1; xþL,m,nþmÞra, ð4Þ

and the 1�a upper prediction limit U is the smallest integer for which

HðU; xþU,m,nþmÞZ1�a: ð5Þ

Furthermore, [L, U] is the 1�2a two-sided PI for Y. As noted by Dunsmore (1976), Faulkenberry’s method, in general, is not
exact. We also note that the above prediction interval is not defined at the extreme cases X ¼ 0 and X ¼ n.

2.1.3. The Nelson prediction interval

Let bp ¼ X=n, bq ¼ 1�bp and bY ¼mbp. Using the variance estimate dvarðbY�YÞ ¼mbpbqð1þm=nÞ, Nelson (1982) proposed an
approximate PI based on the asymptotic result thatbY�YffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidvarðbY�YÞ

q ¼
bY�Yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mbpbqð1þm=nÞ
q �Nð0,1Þ: ð6Þ

The resulting 1�2a PI is given by bY 7z1�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mbpbqð1þm=nÞ

q
, where za is the 100apercentile of the standard normal distribution.

Notice that the above PI is not defined when X=0 or n. As X assumes these values with positive probabilities, the coverage
probabilities of the above PI are expected to be much smaller than the nominal level when p is at the boundary (Wang, 2008).

To overcome the poor coverage probabilities at the boundary, we can define the sample proportion as bp ¼ 0:5=n if X=0 and
ðn�0:5Þ=n if X=n. This type of adjustments is commonly used to handle extreme cases while estimating the odds ratio or the
relative risk involving two binomial distributions (e.g., see Agresti, 1999). Since we are predicting a discrete random variable,

the PI is formed by the set of integer values of Y satisfying jbY�Y j=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mbpbqð1þm=nÞ

q
joz1�a, and is given by

bY�z1�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibY ðm�bY Þ 1

m
þ

1

n

� �s& ’
, bY þz1�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibY ðm�bY Þ 1

m
þ

1

n

� �s$ %" #
, ð7Þ

where dxe is the smallest integer greater than or equal to x, and bxc is the largest integer less than or equal to x.

2.1.4. Wang’s prediction interval

Wang (2010) proposed a PI by employing an approach similar to the construction of Wilson’s score CI for the binomial
proportion p. Wang’s PI is based on the result that

Wðm,n,X,YÞ ¼
Y�mbp

XþYþc=2

mþnþc

� �
1�

XþYþc=2

mþnþc

� �
mðmþnÞ

n

� �1=2
�Nð0,1Þ, ð8Þ

approximately, where c¼ z2
1�a. The 1�2a PI is the set of integer values of Y that satisfy jWðm,n,X,YÞjoz2

1�a. To write the PI
explicitly, let

A¼mn½2Xz2
1�aðnþmþz2

1�aÞþð2Xþz2
1�aÞðmþnÞ2�,

B¼mnðmþnÞz2
1�aðmþnþz2

1�aÞ
2
f2ðn�XÞ½n2ð2Xþz2

1�aÞþ4mnXþ2m2X�þnz2
1�a½nð2Xþz2

1�aÞþ3mnþm2�g,

C ¼ 2n½ðnþz2
1�aÞðm

2þnðnþz2
1�aÞÞþmnð2nþ3z2

1�aÞ�:

In terms of above notations, Wang’s PI is given by ½dLe,bUc�, where

ðL,UÞ ¼
A

C
7

ffiffiffi
B
p

C
: ð9Þ
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2.1.5. The prediction interval based on the joint sampling approach

The PI that we propose is based on the complete sufficient statistic X+Y for the binomial (n+m,p) distribution. Definebpxy ¼ ðXþYÞ=ðnþmÞ, anddvarðmbpxy�YÞ ¼mnbpxybqxy=ðnþmÞ, where bqxy ¼ 1�bpxy. We can find a PI for Y based on the asymptotic
joint sampling distribution that

mbpxy�Yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidvarðmbpxy�YÞ
q ¼

mX�nYð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mnbpxybqxyðnþmÞ

q �Nð0,1Þ: ð10Þ

To handle the extreme cases of X, let us define X to be 0.5 when X ¼ 0, and to be n�0:5 when X ¼ n. The 1�2a prediction
interval is the set of integer values of Y satisfying

ðmX�nYÞ2

mnbpxybqxyðnþmÞ
oz2

1�a: ð11Þ

Treating as if Y is continuous, we can find the roots of the quadratic equation ððmX�nYÞ2Þ=mnbpxybqxyðnþmÞ ¼ z2
1�a as

bY 1�
z2

1�a
mþn

� �
þ

mz2
1�a

2n

� �
7z1�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibY ðm�bY Þ 1

m
þ

1

n

� �
þ

m2z2
1�a

4n2

s

1þ
mz2

1�a
nðmþnÞ

� � ¼ ðL,UÞ, ð12Þ

say, where bY ¼mX=n for X ¼ 1, . . . ,n�1; it is 0.5m/n when X ¼ 0 and ðn�0:5Þm=n when X ¼ n. The 1�2a PI, based on the roots
in (12), is given by ½dLe,bUc�. We refer to this PI as the ‘‘joint sampling–prediction interval’’ (JS–PI).

2.2. Comparison studies and expected widths of binomial prediction intervals

The conditional PI is either included in or identical to the corresponding exact PI except for the extreme cases where the
former PI is not defined (see Appendix A for a proof). In order to study the coverage probabilities and expected widths of the
conditional PI, we take it to be the exact PI when X=0 or n. Specifically, the conditional PI is determined by (4) and (5) when
X ¼ 1, . . . ,n�1, and by (2) or (3) when X ¼ n or 0. Between our JS–PI and Wang’s (2010) PI, the former is included in or identical
to Wang’s (2010) PI (see Appendix B for a proof). There are several cases where our JS–PI is strictly shorter than the Wang PI as
shown in the following table.

(n, m) X 95% PIs

Wang’s PI JS–PI

(40, 20) 16 [3, 13] [4, 13]

33 [12, 20] [12, 19]

(100, 50) 10 [1, 11] [1, 10]

(300, 100) 18 [1, 12] [2, 11]

(1000, 300) 278 [67,101] [67, 100]

(3000, 100) 212 [2, 12] [3, 12]

Note that for all the cases considered in the above table, our JS–PI is shorter than Wang’s PI by only one unit.
To compare PIs on the basis of coverage probabilities, we note that, for a given ðn,m,p,aÞ, the exact coverage probability of a

PI ½Lðx,n,m,aÞ,Uðx,n,m,aÞ� can be evaluated using the expression

Xn

x ¼ 0

Xm
y ¼ 0

n

x

� �
m

y

 !
pxþyð1�pÞmþn�ðxþyÞI½Lðx,n,m,aÞ,Uðx,n,m,aÞ�ðyÞ, ð13Þ

where IA(.) is the indicator function. For a good PI, its coverage probabilities should be close to the nominal level.
We evaluated the coverage probabilities of all five PIs using (13) for some sample sizes and confidence coefficient 0.95.

In order to display the plots clearly, we plotted the coverage probabilities of Wang’s (2010) PIs in (9) and those of the JS–PIs (12)
in Fig. 1a. Even though we knew that the JS–PI is contained in Wang’s PI, the coverage probabilities of these two PIs should be
evaluated because both are approximate. It is clear from these plots that both PIs could be liberal, but their coverage
probabilities are barely below the nominal level 0.95. As expected, for all sample size configurations considered, the coverage
probabilities of Wang’s PIs are greater than or equal to those of the JS–PIs. Thus, Wang’s PIs are more conservative than the JS–PIs
for some parameter space, especially when p is away from 0.5. As a result, Wang’s PIs are expected to be wider than the JS–PIs.
In view of these comparison results, we will not include Wang’s PIs for further comparison study in the sequel.

The coverage probabilities of the PIs based on the exact, conditional, Nelson’s PIs and joint sampling methods are plotted
in Fig. 1b. We first observe from these plots that all the PIs, except the Nelson PI, are conservative when p is close to zero or one.
The exact PIs are too conservative even for large samples; see the coverage plots for n=m=50, n=50, m=20 and n=100, m=20.
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As expected, the conditional PIs are less conservative than the exact PIs for all the cases considered. Furthermore, the coverage
probabilities of the conditional PIs are seldom fall below the nominal level 0.95; see the plots for n=m=15 and n=m=50. Nelson’s PIs
are in general liberal, especially when the values of the parameter are at the boundary. Overall, the exact PIs are too conservative, and
Nelson’s PIs are liberal even for large samples. The conditional PI and the new one based on the joint sampling approach (JS–PI) are
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Fig. 1. Coverage probabilities of 95% binomial PIs as a function of p.
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comparable in some situations (see the plots for n=m=15 and n=m=50), and the latter exhibits better performance than the former
in other cases. In particular, in the most common case where the past and current samples are larger than the future sample, the new
PIs are better than the corresponding conditional PIs (see the plots for the cases n=50, m=20 and n=100, m=20).

As the conditional PI and the new PI are the ones that control the coverage probabilities satisfactorily, we compare only these PIs
with respect to expected widths. We evaluate the expected widths of these PIs for the sample size configurations for which coverage
probabilities were computed earlier. The plots of the expected widths are given inFig. 2. These plots indicate that the expected widths
of the new PIs are comparable to or smaller than those of the conditional PIs for all the cases considered. In general, the new
prediction interval is preferable to the conditional PI with respect to coverage properties and expected widths.

3. Poisson distribution

Let X be the total counts in a sample of size n from a Poisson distribution with mean l. Note that X � Poisson ðnlÞ. Let Y

denote the future total counts that can be observed in a sample of size m from the same Poisson distribution so that Y �

Poisson ðmlÞ. Note that the conditional distribution of X, conditionally given XþY ¼ s, is binomial with number of trials s and
the success probability n/(n+m), binomial(s,n/(m+n)), and the conditional distribution of Y given the sum X+Y is
binomial(s,m/(m+n)). Let us denote the cumulative distribution function of a binomial random variable with the number
of trials N and success probability p by Bðx;N,pÞ.

3.1. The exact prediction interval

As noted earlier, the exact PI is based on the conditional distribution of X given X+Y. Let x be an observed value of X. The
smallest integer L that satisfies

1�Bðx�1; xþL,n=ðnþmÞÞ4a ð14Þ

is the 1�a lower prediction limit for Y. The 1�a upper prediction limit U is the largest integer for which

Bðx; xþU,n=ðnþmÞÞ4a: ð15Þ

For X ¼ 0, the lower prediction limit is defined to be zero, and the upper prediction limit is determined by (15).

3.2. The conditional prediction interval

The conditional approach is based on the conditional distribution of Y given the sum X+Y. The 1�a lower prediction limit is
the largest integer L for which

BðL�1; xþL,m=ðmþnÞÞra, ð16Þ
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Fig. 2. Expected widths of 95% binomial prediction intervals as a function of p.
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where x is an observed value of X. The 1�a upper prediction limit U is the smallest integer for which

BðU; xþU,m=ðmþnÞÞZ1�a: ð17Þ

3.3. The Nelson prediction interval

Let bl ¼ X=n, and dvarðmbl�YÞ ¼m2blð1=nþ1=mÞ: Nelson’s approximate PI is based on the asymptotic result that

ðmbl�YÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidvarðmbl�YÞ

q
�Nð0,1Þ, and is given by

½ Ld e, Ub c� with ½L,U� ¼ bY 7z1�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mbY 1

m
þ

1

n

� �s
, ð18Þ

where bY ¼mX=n, for X ¼ 1,2, . . ., and is 0:5m=n when X ¼ 0.

3.4. The prediction interval based on the joint sampling approach

Let blxy ¼ ðXþYÞ=ðmþnÞ. As in the binomial case, using the variance estimate dvarðmblxy�YÞ ¼mnblxy=ðmþnÞ, we consider
the quantity

mblxy�Yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidvarðmblxy�YÞ
q ¼

ðmX�nYÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mnðXþYÞ

p ,

whose asymptotic joint distribution is the standard normal. In order to handle the zero count, we take X to be 0.5 when it is
zero. The 1�2a PI is determined by the roots (with respect to Y) of the quadratic equation ðmbl�YÞ2=b½lxymð1þm=nÞ� ¼ z2

1�a.
Based on these roots, the 1�2a PI is given by

½ Ld e, Ub c� with ½L,U� ¼ bY þ mz2
1�a

2n
7z1�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mbY 1

m
þ

1

n

� �
þ

m2z2
1�a

4n2

s
, ð19Þ

where bY ¼mX=n, for X ¼ 1,2, . . ., and is 0:5m=n for X=0.

3.5. Coverage probabilities and expected widths of Poisson prediction intervals

As in the binomial case, it can be shown that the conditional PIs are either included in or identical to the corresponding
exact PIs except for the case of X=0 where the former PIs are not defined. This can be proved along the lines for the binomial
case given in Appendix A, and so the proof is omitted.
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Fig. 3. Coverage probabilities of 95% prediction intervals for Poisson distributions as a function of l.
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In order to study the unconditional coverage probabilities and expected widths of the conditional PIs, we take them to be
exact PIs when X=0.

For a given ðn,m,l,aÞ, the exact coverage probability of a Poisson PI ½Lðx,n,m,aÞ,Uðx,n,m,aÞ� can be evaluated using the
expressionX1

x ¼ 0

X1
y ¼ 0

e�lðnþmÞðnlÞxðmlÞy

x!y!
I½Lðx,n,m,aÞ,Uðx,n,m,aÞ�ðyÞ:

The coverage probabilities of all PIs, except the exact one, are plotted in Fig. 3 for some values of (n,m). The exact PI is not
included in the plots because it exhibited similar performance (excessively conservative) as in the binomial case, and it is
inferior to the conditional PI in terms of coverage probabilities and expected widths. Regarding other PIs, we see from these
six plots in Fig. 3 that Nelson’s PIs are often liberal. The conditional PI and the new JS–PI behave similarly when n=m, and the
former is more conservative than the latter when n4m (see the plots for (n=5, m=2) and (n=10, m=1)). Both PIs could be
occasionally liberal, especially when l is very small.

As the conditional PI and the new one based on the joint sampling approach are the ones satisfactorily control the coverage
probabilities, we further compare them with respect to expected widths. The plots of expected widths are given in Fig. 4.
These plots clearly indicate that the expected widths of these two PIs are not appreciably different for the situations they have
similar coverage probabilities. On the other hand, for the cases where the conditional PIs are conservative, the new PIs have
shorter expected widths; see the plots of ðn¼ 5,m¼ 2Þ and (n=10, m=1).

We also evaluated coverage probabilities and expected widths of PIs with confidence coefficients 0.90 and 0.99. The
results of comparison are similar to those of 95% PIs, and so they are not reported here. On an overall basis, the new PI is
preferable to other PIs in terms of coverage probabilities and precisions.

4. Examples

4.1. An example for binomial prediction intervals

This example is adapted from Bain and Patel (1993). Suppose for a random sample of n=400 devices tested, x=20 devices
are unacceptable. A 90% prediction interval is desired for the number of unacceptable devices in a future sample of m=100
such devices. The sample proportion of unacceptable devices is bp ¼ 20=400¼ 0:05 and bY ¼m� bp ¼ 5: The normal critical
value required to compute Nelson’s PI and the new PI is z0:95 ¼ 1:645. Nelson’s PI given in (7) is [1,9]. The new JS–PI in (12) and
Wang’s PI in (9) are [2,9]. To compute the conditional PI, we can use the new prediction limits just obtained as initial guess
values. In particular, using L=2 as the initial guess value, we compute the probability in (4) as HðL�1¼ 1,xþL¼

22,100,500Þ ¼ 0:0446 at L=2; HðL�1¼ 2,xþL¼ 23,100,500Þ ¼ 0:127240:05 at L=3. So the lower endpoint is 2. Similarly,
we can find the upper endpoint as 9. Thus, the conditional PI is also [2,9]. To compute the exact PI, we note that the probability
in (2) at L=2 is Hð20;22,400,500Þ ¼ 0:1485, and at L=1 is 1�Hð19;21,400,500Þ ¼ 0:0540. Thus, the lower endpoint of the exact
PI is 1. The upper endpoint can be similarly obtained as 10. Thus, exact PI is [1,10], which is the widest among all PIs.

4.2. An example for Poisson prediction intervals

We shall use the example given in Hahn and Chandra (1981) for illustrating the construction of PIs for a Poisson
distribution. The number of unscheduled shutdowns per year in a large population of systems follows a Poisson distribution
with mean l. Suppose there were 24 shutdowns over a period of 5 years, and we like to find 90% PIs for the number of
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Fig. 4. Expected widths of 95% Poisson prediction intervals as a function of l.
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unscheduled shutdowns over the next year. Here n=5, x=24 and m=1. The maximum likelihood estimate of l is given bybl ¼ 24
5 ¼ 4:8.

Nelson’s PI in (7) is computed as ½d4:8�3:95e,b4:8þ3:95c� ¼ ½1,8�: The new PI based on the joint sampling approach given
in (19) is [2, 9]. To compute the conditional PI, we note that m=ðmþnÞ ¼ 0:1667 and

Bð8;24þ8,0:1667Þ ¼ 0:9271 and Bð9;24þ9,0:1667Þ ¼ 0:9621:

So 9 is the upper endpoint of the 90% conditional PI. Furthermore, Bða�1;24þa,0:1667Þ ¼ 0:0541 at a¼ 2 and
Bða�1;24þa,0:1667Þ ¼ 0:0105 at a¼ 1, and so the lower endpoint of the 90% PI is 1. Thus, the conditional PI is [1, 9]. To
find the lower endpoint of the exact PI using (14), we note that n=ðnþmÞ ¼ 5=6¼ 0:8333, and 1�Bð23;24þ
1,0:8333Þ ¼ 0:0628. It can be verified that L=1 is the smallest integer for which 1�Bð23;24þL,0:833340:05. Similarly,
using (15), we can find the upper endpoint of the 90% exact PI as 9. Thus, the exact PI and the conditional PI are the same [1,9]
whereas the new PI is [2,9].

5. Concluding remarks

It is now well-known that the classical exact methods for discrete distributions are often too conservative producing
confidence intervals that are unnecessarily wide or tests that are less powerful. Examples include Clopper and Pearson (1934)
confidence interval for a binomial proportion, Fisher’s exact test for comparing two proportions, Przyborowski and Wilenski’s
(1940) conditional test for the ratio of two Poisson means, and Thomas and Gart’s (1977) method for estimating the odds ratio
involving two binomial distributions; see Agresti and Coull (1988), Agresti (1999) and Brown et al. (2001). Many authors have
recommended alternative approximate approaches for constructing confidence intervals with satisfactory coverage
probabilities and good precision. In this article, we have established similar results for constructing PIs for a binomial or
Poisson distribution. Furthermore, we showed that the conditional PIs are narrower than the exact PIs, and so the former PIs
have shorter expected width. The joint sampling approach produces PIs for both binomial and Poisson distributions with
good coverage properties and precisions. In terms of simplicity and accuracy, the new PIs are preferable to others, and can be
recommended for applications.
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Appendix A

We shall now show that, for the binomial case, the conditional PI is always included in or equal to the exact PI. Let Lc and Le

be the lower endpoints of the 1�2a conditional PI and exact PI, respectively. To show that Lc is always greater than or equal to
Le, we recall that Lc is the largest integer so that PðYrLc�1jxþLc ,m,nþmÞra. This is the probability of observing Lc�1 or
fewer defects in a sample of size x+Lc from a lot of size n+m that contains m defects. This is the same as the probability of
observing at least x+1 non-defects in a sample of size xþLc from a lot of size n+m that contains n non-defects. That is,
PðYrLc�1jxþLc ,m,nþmÞ ¼ PðXZxþ1jxþLc ,n,nþmÞra: Note that x must be the smallest integer for which the above
inequality holds. Therefore,

PðXZxþ1jxþLc ,n,nþmÞra ) PðXZxjxþLc ,n,nþmÞ4a:

Thus, Lc satisfies the condition in (2), and so it is greater than or equal to Le. To show that Lc 4Le for some sample sizes, recall
that Le is the smallest integer for which PðXZxjxþLe,n,nþmÞ4a. Arguing as before, it is easy to see that
PðXZxjxþLe,n,nþmÞ ¼ PðYrLejxþLe,m,nþmÞ4a: Since Le is the smallest integer for which this inequality holds,
PðYrLe�1jxþLe�1,m,nþmÞra: As noted in Thatcher (1964), the hypergeometric cdf is a decreasing function of the
sample size while other quantities are fixed, and so

PðYrLe�1jxþLe,m,nþmÞoa:

However, Le is not necessarily the largest integer satisfying the above inequality, and so it could be smaller than Lc. In fact,
there are many situations where Lc 4Le. For examples, when n=40, m=32 and x=22, the 95% exact and conditional PIs
intervals are [10,25] and [11,24], respectively; when ðn,m,xÞ ¼ ð36,22,18Þ, they are [5,17] and [6,16], respectively.

We shall now show that the upper endpoint Uc of a 1�2a conditional PI is included in the corresponding exact PI. Recall
that Uc is the smallest integer for which

PðYrUcjxþUc ,m,nþmÞZ1�a: ð20Þ

As argued earlier, the above probability is the same as the probability of observing at least x non-defects in a sample of
size x+Uc when the number of non-defects is n. That is, PðYrUcjxþUc ,m,nþmÞ ¼ PðXZxjxþUc ,n,nþmÞ. Because Uc

is the smallest integer satisfying (20), x must be the largest integer satisfying PðXZxjxþUc ,n,nþmÞZ1�a. Thus,
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if Uc satisfies (20), then

PðXZxjxþUc ,n,nþmÞZ1�a3PðXrx�1jxþUc ,n,nþmÞra, ð21Þ

which implies that PðXrxjxþUc ,n,nþmÞ4a: In other words, Uc satisfies (3), and so it is included in the exact PI. Furthermore,
using the argument similar to the one given for the lower endpoint, it can be shown that there are situations where Uc could be
strictly less than the upper endpoint of the corresponding exact PI.

Appendix B

We here show that the JS–PI in (12) is included in or identical to Wang’s PI determined by (8). For a given (n,m,X), let Y0 be a
value that is in the JS–PI. To show that Y0 is included in Wang’s PI, it is enough to show that if Y0 satisfies (12) then it also
satisfies jWðn,m,X,Y0Þjoz1�a, where W(n,m,X,Y) is defined in (8). Equivalently, we need to show that

XþY0

mþn
1�

XþY0

mþn

� �
r

XþY0þc=2

mþnþc
1�

XþY0þc=2

mþnþc

� �
,

where c¼ z2
1�a. Let d¼ XþY0 and N¼mþn. It is easy to check that the above inequality holds if and only if

d2�dNþ
N2

4
Z0:

The above quadratic function of d attains its minimum at d¼N=2, and the minimum value is zero. Thus, the JS–PI is included
in or identical to Wang’s PI.
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Knüsel, L., 1994. The prediction problem as the dual form of the two-sample problem with applications to the Poisson and the binomial distribution.

The American Statistician 48, 214–219.
Nelson, W., 1982. Applied Life Data Analysis. Wiley, New York.
Przyborowski, J., Wilenski, H., 1940. Homogeneity of results in testing samples from Poisson series. Biometrika 31, 313–323.
Thatcher, A.R., 1964. Relationships between bayesian and confidence limits for prediction. Journal of the Royal Statistical Society, Series B 26, 176–192.
Thomas, D.G., Gart, J.J., 1977. A table of exact confidence limits for differences and ratios of two proportions and their odds ratios. Journal of the American

Statistical Association 72, 73–76.
Wang, H., 2008. Coverage probability of prediction intervals for discrete random variables. Computational Statistics and Data Analysis 53, 17–26.
Wang, H., 2010. Closed form prediction intervals applied for disease counts. The American Statistician 64, 250–256.

K. Krishnamoorthy, J. Peng / Journal of Statistical Planning and Inference 141 (2011) 1709–17181718


