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Summary. A normally distributed vector response variable is considered, related to a scalar 
explanatory variable through a linear regression model. The calibration data, i.e. data obtained 
on the response variable corresponding to known values of the explanatory variable, are to 
be used for making inferences concerning unknown values of the explanatory variable. The 
purpose of the paper is a detailed investigation of interval estimation and hypothesis testing 
problems that arise in this context. Such problems are addressed in the scenario of both single 
use and multiple use of the calibration data. In the single-use situation, the calibration data 
are used to make inferences concerning a single unknown value of the explanatory variable. 
In the multiple-use scenario, the calibration data are used to make inferences concerning a 
sequence of unknown values of the explanatory variable. A one-sided hypothesis testing prob- 
lem is addressed and test procedures are developed in the context of both single use and 
multiple use of the calibration data. Since the test statistic has a distribution that depends on 
some unknown parameters, a parametric bootstrap procedure is advocated to carry out the 
test. The parametric bootstrap procedure can be adopted for interval estimation as well. The 
performance of the parametric bootstrap procedure is numerically investigated and is found to 
be quite satisfactory. Some examples are used to motivate the problems and to illustrate the 
applicability of our results. The overall conclusion is that the parametric bootstrap is a simple 
and satisfactory approach for making inferences in the calibration problem. 

Keywords: Bootstrap; Calibration data; Multiple-use confidence region; Multiple-use 
hypothesis testing; Parametric bootstrap; Percentile bootstrap; Single-use confidence region; 
Single-use hypothesis testing 

1. Introduction 

1. 1. Statement of the problem 
The multivariate-univariate calibration problem involves a p x 1 response variable y related 
to a scalar explanatory variable x, where y is assumed to be random. This paper considers the 
scenario where x is a non-random quantity and the relationship between y and x is a normal 
linear regression model. Let (yi, xi), i = 1,2, ...., n, denote n independent observations yi on 
the response variable, corresponding to the value xi of the explanatory variable. Our assumed 
model is 

Yi " Np(a + /3xi, E'), (1.1) 
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i = 1, 2, ..., n, where a and / are unknown p x 1 parameter vectors and E is an unknown 

p x p positive definite matrix. Now let yo be a value of the response variable corresponding to 
an unknown value 0 of the explanatory variable. Similarly to model (1.1), we assume that 

Yo ~ 
Np (a + P0, Z), (1.2) 

where yo is assumed to be independent of the yis in model (1.1). The problem of calibration 
or inverse regression consists of statistical inference concerning 0. The (yi, xi)s in model (1.1) 
are referred to as the calibration data. In the context of models (1.1) and (1.2), the problem is 
known as the multivariate-univariate calibration problem since the response variable is a vector 
and the explanatory variable (and hence the parameter of interest) is a scalar. The problems 
addressed in this paper deal with the construction of confidence regions for 0 and hypothe- 
sis tests concerning 0. Given below are several examples where such multivariate-univariate 
calibration problems arise in practice and where models (1.1) and (1.2) may be used. 

1.2. Some examples 
1.2.1. Example 1: measuring fat content of meat using near infra-red absorbance measurements 

Samples of meat can be analysed for their fat content by using near infra-red absorbance mea- 
surements. The data that we shall consider consist of 214 samples of meat and measurements 
for each sample consist of a 100-channel spectrum of absorbances, and the contents of mois- 
ture, fat and protein, as determined by analytical chemistry. (Details of the data are avail- 
able at http: / /lib. stat. cmu. edu/datasets/tecator; data were obtained by using a 
Tecator Infratec Food and Feed Analyzer.) The providers of the data suggest using the first 172 
samples to fit a model and using the first 13 principal components, scaled to unit variance, to 
predict the fat content. In fitting a linear model, only three principal components were signifi- 
cant. Suppose that y = (yl, y2, y3)' represents the vector of these three principal components, 
and let yi denote the value of y for the ith sample, with a known value xi for the fat content (as 
a percentage). We assume model (1.1), where p = 3. Furthermore, if yo denotes the value of y 
for a meat sample with unknown fat content 0, we have model (1.2). 

As an example of hypothesis testing, consider 

Ho : 0 < 10% versus Hi : 0 > 10%, (1.3) 

which is of interest in determining whether a sample of ground meat contains less than 10% 
fat. Current methods of estimating the fat content of a batch of ground meat involve taking a 
sample of meat and then frying it in a pan. The amount of fat that drips off is then compared 
with the weight of the patty to estimate the percentage of fat. The process obviously becomes 
considerably simpler if the fat content (i.e. 0 in model (1.2)) can be estimated by using the yis 
in model (1.1) and yo in model (1.2). Confidence intervals and tests (e.g. of the type (1.3)) are 
certainly of interest in this context. 

The problem of estimating fat content in ground meat is also discussed in Martens and Naes 
(1989), pages 108-112. 

1.2.2. Example 2: the paint finish data 
The paint finish data first appeared in Brown (1982) and were later analysed by Brown and 
Sundberg (1987), Oman (1988) and Mathew and Zha (1996). In this example, x is a scalar rep- 
resenting the viscosity of the paint samples and y is a bivariate observation vector consisting 
of two measurements on certain optical properties of the samples. The viscosity of each paint 
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sample was one of three different values, coded as -1, 0 and 1 in Brown and Sundberg (1987). 27 
observations were available for calibration and, if yi denotes the observation corresponding to a 
known viscosity xi, the model used by Brown and Sundberg (1987) is model (1.1). The problem 
is to make inferences on the unknown viscosity, say 0, corresponding to a measurement yo, 
where model (1.2) applies. 

1.2.3. Example 3: the wheat data 
The wheat data set also appeared in Brown (1982) and was later used by Fox (1989) to exhibit 
conditional multivariate calibration. The data set consists of measurements on 21 samples of 
hard wheat. Accurate percentages of water and protein were obtained along with four derived 
infra-red reflectance measurements. Our interest is in making inference on the percentage of 
water in a wheat sample by using the reflectance measurements. It turns out that only the 
third and fourth measurements are useful in predicting the percentage of water. Thus, if y is a 
bivariate vector denoting the third and fourth reflectance measurements, and if x denotes the 
percentage of water, we have models similar to models (1.1) and (1.2). The problem will be to 
make inferences concerning 0, the unknown percentage of water. 

1.2.4. Example 4: chlorophenol example 
Chlorophenols are chemicals that are often used in herbicides and wood preservatives, but 
they have a high toxicity and are considered to be dangerous to the environment. Methods of 
detection are expensive and time consuming because they are based on separation analytical 
techniques. da Silva and Laquipai (1998) discussed using ultraviolet spectrophotometric mea- 
surements to predict the concentration of a particular chlorophenol in a solution, resulting in 
a quick method to screen for chlorophenols. In practice, if the concentration is above a certain 
level, action must be taken. Thus we have a multivariate-univariate calibration model, where we 
are interested in testing hypotheses concerning 0, an unknown level of chlorophenol, by using 
an observed vector of spectrophotometric measurements. 

1.2.5. Example 5: olefin example 
Near infra-red spectroscopy and multivariate calibration methods are used to estimate the con- 
centrations of olefins in the processing of polyethylene. As a part of the on-line process control, 
it is of interest to determine whether the olefin concentration is above or below a specification 
limit. This allows the plant to make a consistent product, minimizing the amount of offgrade 
produced. For details, see Seasholtz (1999). 

1.3. Literature review and summary of the results 
It should be clear from the above examples that the multivariate-univariate calibration prob- 
lem arises in many applications and the problems of point and interval estimation as well 
as hypothesis testing are relevant in these applications. This paper deals with the problems of 
interval estimation and hypothesis testing. In the context of models (1.1) and (1.2), the following 
hypothesis testing problems are considered: 

Ho : 0 = c versus H1 : 0 c, (1.4a) 

Ho: 0 0 c versus H1:0 > c, (1.4b) 

Ho : 0 > c versus H1: 0 < c, (1.4c) 

where c is known (for example, c = 10% in problem (1.3)). 
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The literature on calibration distinguishes between two scenarios regarding the use of the 
calibration data (i.e. the (yi, xi)s in model (1.1)), for the purpose of statistical inference con- 
cerning 0 in model (1.2). The first is the single use of the calibration data, in which the set of 
(yi, xi)s in model (1.1) is used for obtaining confidence regions and hypothesis tests for a single 
parameter 0 corresponding to a single observation yo in model (1.2). This results in single-use 
confidence regions and single-use hypothesis tests. We also have multiple-use confidence regions 
and multiple-use hypothesis tests, where the calibration data are used repeatedly to construct 
confidence regions and hypothesis tests for a sequence of parameter values, similar to 0 in model 
(1.2), corresponding to a sequence of observations, similar to yo in model (1.2). The distinction 
between single use and multiple use of the calibration data is clarified and explained in Mee and 
Eberhardt (1996) for the univariate case. They have also given a clear discussion of the criteria 
to be used for the construction of single-use and multiple-use confidence regions. Single-use and 
multiple-use hypothesis tests are discussed in Krishnamoorthy et al. (2001), once again for the 
univariate case. This paper considers both single-use and multiple-use procedures. The criteria 
to be used for these purposes are given below. 

A natural procedure for obtaining a test statistic for testing the hypotheses in expressions 
(1.4) is first to assume that a, p and E are known in model (1.2). When this is the case, the 
classical estimator of 0 can be obtained on the basis of model (1.2) and a test statistic can be 
easily obtained for testing the hypotheses in expressions (1.4). The unknown quantities a, ,3 and 
E in the test statistic can now be replaced by estimates obtained by using the calibration data, 
i.e. by using the (yi, xi)s in model (1.1). The same can be done for obtaining a pivot statistic 
for constructing a confidence region for 0. Though this approach is intuitively appealing, the 
difficulty that we face is that the resulting test statistic (or pivot statistic) has a distribution 
that depends on nuisance parameters. In the context of confidence regions, this difficulty is 
overcome by constructing conservative confidence regions; see Mathew and Zha (1996, 1997, 
1998) and Mathew et al. (1998). It should be pointed out, however, that in the univariate case 
(i.e. p = 1) there are test statistics and pivot statistics which have distributions free of any 
unknown parameters, and Fieller's theorem provides an exact single-use confidence region; see 
Krishnamoorthy et al. (2001) where multiple-use hypothesis testing is addressed in the univariate 
case. 

Confidence regions can clearly be used for testing hypothesis (1.4a). The exact confidence 
region derived in Mathew and Kasala (1994) and the conservative confidence region derived in 
Mathew and Zha (1996) can both be used for deriving single-use two-sided hypothesis tests. Our 
numerical study indicates that the test based on the exact confidence region derived in Mathew 
and Kasala (1994) is biased and should be used only in some special situations (see Section 
3.3). A pivot statistic presented in the present paper is similar to that used by Mathew and Zha 
(1996) to construct confidence regions. Specifically, the square of our pivot is equivalent to that 
of Mathew and Zha (1996). Thus our pivot statistic can be used for one-sided hypothesis testing. 
Furthermore, we have used the parametric bootstrap (PB) to take care of the dependence of the 
distribution of the pivot statistic on the unknown vector of slope parameters. 

Several researchers have already applied nonparametric bootstrap techniques to the calibra- 
tion problem; see Jones and Rocke (1999) for details and further references. Although most of 
the references in this context deal with the univariate case, Jones and Rocke (1999) also con- 
sidered a multivariate non-linear calibration problem. In general, the bootstrap method can be 
applied in both parametric and nonparametric modes. Efron and Tibshirani (1993) devoted a 
few sections on parametric bootstrapping and illustrated the PB method to compute the stan- 
dard error of the sample correlation coefficient in the bivariate normal distribution. Lee (1994) 
concluded that a PB result may be more accurate than its nonparametric version provided that 
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the model assumption is at least approximately correct. In our set-up, the bootstrapping is done 
parametrically, i.e. under models (1.1) and (1.2). Section 2 provides results along this direction 
for obtaining confidence regions. Section 3 deals with the PB procedure for obtaining single-use 
hypothesis tests. In Section 4, we illustrate our results and, in particular, the computational 
procedures, by using some examples. For this, we have used data sets based on the first three 
examples in Section 1.2. Section 5 deals with multiple-use hypothesis testing. Some concluding 
remarks appear in Section 6. 

The major thrust of the present paper is to explore the role of the PB in constructing con- 
fidence regions and tests in a multivariate-univariate calibration problem. We describe the PB 
and also numerically study its performance. The numerical results show that the PB procedure is 
indeed satisfactory. Furthermore, the procedure is applicable for one-sided hypothesis testing as 
well. As expected, some computational effort is required to compute the PB confidence intervals 
and hypothesis tests. However, the required computational effort is much less compared with 
what is required to compute the conservative confidence regions in Mathew and Zha (1996, 
1997, 1998) and Mathew et al. (1998). Our final conclusions are that the PB method is simple 
to use and works quite well in the calibration problem. 

2. Single-use confidence regions 
In this section, we shall construct a single-use confidence region for 0 in model (1.2), based on 
the (yi, xi)s in model (1.1) and yo in model (1.2). Define 

x = - E xi, 
n i=l1 

1 n 
y n i= (2.1) 

n 

sxx (xi - 
i=1 

nA S = (yi - a - Oxi) (Yi 
- 

- a 3xi) 
, i=l1 

where & and 3 denote the least squares estimators of a and /3 based on model (1.1). Clearly, 
yo, , /3 and S are independently distributed with 

y ~ Np a + ,3x, - E 

' 
( n 

( 1) 
(2.2) 

Sxx 
S Wp(n 

- 2, E), 

where Wp(n - 2, E) denotes the p-dimensional Wishart distribution with n - 2 degrees of free- 
dom and scale matrix E. 

2. 1. A pivot statistic 
If /3 and E are known, then the least squares estimator of 0, say 0, is given by 

/'3-' (yo - Y) x + 
E 
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Consequently, 

Zo = (1 )1/ (2 - 0) 
1 + 1/n (0-) 

'c-'I {yo - y - #(0 - 2)} = - y 3(0 - 
N(0, 1). (2.3) 

{(1 + 1/n))'Y-1)3}1/2 

The quantity Zo in equation (2.3) can be used as a pivot for obtaining a confidence region for 0 
when 3 and E are known. Since 3 and E are actually unknown, we replace them by the estimates 
,3 and 

1 
= 1 S. n-2 

The resulting pivot statistic, denoted by Q, is 

'S- {-yo - y -/3(0 
- 

2)} 

{(1 
+ 

1/n) 'S- 
1 

}1/2 
'(2.4) where we have ignored the constant 1/V/(n - 2) in Q. Let 

u = ) sxx , 
O1 = 3V/Sxx, 
= Yo - (2.5) 

v/(1 + /n)' 

= 
-V/{sxx(1 

+ 1/n)} 

Then 

u ~ Np(31, E), 

vo 
~ 

Np 
(•l01, 

E), (2.6) 

and Q in equation (2.4) can be expressed as 

u'/S-1(v0 
- uO1) 

Q = 
(uSu)/2 

(2.7) 

A slight modification of Q is necessary (see Appendix A) to study its distribution. The modified 
pivot statistic, say To, is given by 

(n - p - 1)1/2u'S-'(vo - u01) To = {(1 + r)u'S-lu}l/2 

(voS-u)2(2.8) 
r = vbS-lvo 

- 

(Vus-lu 
u'S-lu 

Note that To can be easily expressed in terms of the original variables in models (2.1) and (2.2). 
Note also that it is enough to construct a confidence region for 01, since a confidence region for 
0 can then be obtained by using the relationship between 01 and 0, given in equations (2.5). The 
pivots Q2 and T2 (or other equivalent forms) have been considered by Williams (1959), Wood 
(1982), Fujikoshi and Nishii (1984), Davis and Hayakawa (1987) and Mathew and Zha (1996). 
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The asymptotic results in Fujikoshi and Nishii (1984) and Davis and Hayakawa (1987) and the 
conservative confidence regions derived by Mathew and Zha (1996) are all based on the pivot 
statistic T2. 

2.2. The distribution of To 
From the distributional results in expressions (2.2) and (2.6), and from the expression for To in 

equation (2.8), it follows that the distribution of To is invariant under non-singular transforma- 
tions, i.e. it is invariant under the transformation u -* Pu, vo -* Pvo and S -- PSP', where P 
is any non-singular matrix. Hence, without loss of generality, we shall assume throughout this 

paper that E = Ip. The proof of the following theorem is given in Appendix A. 

Theorem 1. Let To and r be as defined in equation (2.8) and assume that E = Ip. Then, con- 

ditionally given u and r, To is distributed as tn-p-1(60), the non-central t-distribution with 
n - p - 1 degrees of freedom and non-centrality parameter 

'(/ - u)1(2.9) 

{u'u(1 + r)}1/2 

The distribution given in theorem 1 is not directly useful for obtaining confidence regions 
owing to the dependence on the unknown slope parameter il. Following the arguments of 
Mathew and Zha (1996), a conservative confidence region can be obtained by using a larger 
non-centrality parameter than 60 in equation (2.9). In particular, using the inequality 

u'(l31 - u)O1//(u'u) {02(/1 - u)'(/ 3 - u)}1/2 -= /(02 V), we have o < (02V). Noticing that V 
follows a central X2-distribution withp degrees of freedom (under our assumption E = Ip), and 

replacing 60 by '/(02 V), a conservative confidence region can be obtained, as in Mathew and 
Zha (1996). 

Since developing exact inferential procedures based on To is not possible, and simple approx- 
imate inferential procedures based on To seem to be difficult, we resort to the PB method. 

2.3. The parametric bootstrap method for confidence regions 
The PB method can be briefly explained as follows. Let X1,..., X, be a sample of independent 
observations from a population with distribution function F(x; r7), where rq is an unknown 

parameter. Suppose that we want to estimate a real-valued function g(7). Let "~ be an estimator 
of q based on the sample. Then, F(x; ̂ i) is called the PB estimate of the population distribu- 
tion function F(x; rl). The samples Xil,..., Xi,, i = 1,..., m, generated from F(x; ̂ ) are called 
PB samples. The sampling distribution of g('^) can be approximated by the empirical distribu- 
tion of g(ii)s, where ̂ i is the estimate of i7 based on the ith PB sample from F(x; ̂ ). In many 
situations, is can be generated directly from the sampling distribution of i. The sampling 
distribution may be used to make inferences about g(r). For example, when m is sufficiently 
large, (g(71)(am/2), 9(ij)((1-a/2)m)), where g(7)(k) denotes the kth smallest of the g(i~i)s, serves as 

an approximate 100(1 - a)% confidence interval for g(i). This is referred to as the percentile 
bootstrap. 

We can also check the performance of a PB method for a specific model. For example, let 'qo 
be a value chosen arbitrarily from the parameter space of q. Let i1, .. ., im be estimates based on 

m samples generated from F(x; 0o). Let ̂ li, ... , ̂ ki be estimates generated from F(x; 
^1i), 

and let 

Ii denote the PB confidence interval for g(7r), i = 1, ..., m. If the proportion of lis containing 

g(ro0) 
is approximately equal to the confidence level specified, then we conclude that the PB 

method will yield satisfactory results for the model. 
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The PB confidence interval based on the pivot statistic To can be obtained as follows. 

(a) For a given confidence level 1 - a, let kI (01) and k2(01) be such that 

P {ki(01) - To - k2(01)} = 1 - 
• 

(b) By inverting the inequalities in step (a) for 01, we obtain the lower and upper confidence 
limits, say 011 and 01u respectively, as 

1 + r 1/2 

011 = 1 + ki (01) (n - p - )uS-lu 
' u = + k2 { ( l+ r 1/2 

1u 
= 

01 + 
k2(01) (n - p- 1)uf'S-lu 

where 
u'S-' vo S= 
u-lu (2.10) 

(c) To estimate the values of k1 (01) and k2(02), compute u and 01 using calibration data and 
yo. For i = 1, 100000, generate ui - Np(u, Ip), voi ~ 

Np(uOl, Ip) and Si - Wp(n -2, Ip). 
Set 

(n - p - 1)1/2U S'(voi - ui,1) 
Toi {(1 + 

ri)uS.lui}1/2 ' 

where ri denotes the value of r in equation (2.8) computed by using ui, voi and Si respec- 
tively in place of u, vo and S. 

(d) Let To(a) denote the 100ath percentile of the Tois in step (c). Then, kI (01) 
" 

To(a/2) and 
k2(01) 0 T(1 - a/2). 

Note that we can also construct a confidence interval for 01 by using the percentile bootstrap, 
i.e. based on the PB sampling distribution of 01 in equation (2.10). The procedure is as follows. 

(a) For i = 1, 100000, generate ui ~ Np(u, Ip), voi ~ Np(uO1, Ip) and Si - Wp(n - 2, Ip). 
Let 0Oi = 

uiS 
'voi/uSi ui. 

(b) Let 01(a) be the 100ath percentile of the Olis generated in step (a). Then, for a given 
confidence level 1 - a, (01 (a/2), 01(1 - a2)) is an approximate 100(1 - a)% confidence 
interval for 01. 

2.4. Performance of the parametric bootstrap method 
To understand the validity of the PB procedure, and to compare the PB results based on 01 and 
the pivot statistic To, we estimated the coverage probabilities of the PB confidence intervals by 
using the evaluation method described in Section 2.3. For example, for a given 

11 
and 01, the 

coverage probability of the confidence interval based on To can be estimated as follows. 

2.4.1. Estimation of the coverage probabilities of the parametric bootstrap confidence intervals 
based on To 

(a) For i = 1, 1000, generate ui - Np(31, Ip) and voi ̂  
Np(0 101, Ip) and Si - Wp(n - 2, Ip). 

(b) Compute Toi by formula (2.8), using ui, voi and Si in place of u, vo and S respectively. 
Consider this as an observed value of the test statistic To. 
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(c) For j = 1, 1000, generate uij - Np(ui, Ip), voij 
, 

Np(ui81, Ip) and Sj -- Wp(n - 2, Ip). 
(d) Compute Toij by formula (2.8), using uij, voij and Sj in place of u, vo and S respectively. 

Note that Toij also depends on i. (End the j-loop.) 
(e) For a fixed i (i = 1,2...., 1000), let Ii denote the PB confidence interval for 01, obtained 

by using the percentiles of the Toijs, j = 1, 2 ....., 1000. 
(f) The proportion of lis that contain 01 provides an estimate of the coverage probability of 

the PB confidence interval based on To. 

The coverage of the confidence interval based on the percentile bootstrap (i.e. based on the 
bootstrap distribution of 01) can be similarly estimated. Table 1 gives the estimated cover- 
age probabilities and expected lengths of the PB confidence intervals based on To and 01, for 

/31 = (1, 2, 3)', n = 10, 20, 30 and various values of 01. We observe from Table 1 that the coverage 
probabilities of the PB confidence intervals based on To and i1 are almost equal to the specified 
level when 1011 1. In most applications, the values of 1811 should not exceed 1; see remark 1 
below. Furthermore, for 101i1 1, the expected lengths of the PB intervals based on To and 01 
are virtually equal. 

Remark 1. It appears reasonable to assume that 1011 < 1 in most practical applications. This 
can be explained as follows. Note that v2 = sxx/(n - 1) is the variance among the xis, where sxx 
is defined in expression (2.1). In carefully designed experiments, the range of the xis will cover 
the range of practical interest, and 0 will be within this range. At the very least, we can assume 
that 10 - -I1 < 3vx. From the expression for 01 in equations (2.5), it now follows that, when 
0 - -xl 3vx, we have 1Oil 1 for n >, 10. If we assume that 0 - x-i < 2vx, then 1011 < 1 for 

n > 5. 

3. Single-use hypothesis tests 

Since the single-use confidence region in the previous section can also provide a test procedure 
in the case of two-sided alternatives, i.e. hypotheses (1.4a), in this section we shall consider tests 

Table 1. Estimated coverage probabilities and expected lengths of PB confidence 
intervals based on To and 91 for p = 3 and 3' = (1,2, 3)t 

O1 Coverage probabilities and lengths for the following values of n: 

n = 10 n = 20 n = 30 

To 11 TO 01 TO 01 

-2.0 0.93 (2.3) 0.93 (1.9) 0.92 (1.8) 0.92 (1.7) 0.93 (1.7) 0.93 (1.7) 
-1.5 0.93 (1.9) 0.94 (1.6) 0.93 (1.5) 0.93 (1.4) 0.93 (1.4) 0.92 (1.3) 
-1.0 0.95 (1.4) 0.95 (1.2) 0.94 (1.2) 0.95 (1.1) 0.94 (1.1) 0.95 (1.1) 
-0.5 0.94 (1.1) 0.95 (1.0) 0.94 (0.9) 0.96 (0.9) 0.95 (0.9) 0.96 (0.9) 

0.0 0.96 (0.9) 0.96 (1.0) 0.96 (0.8) 0.96 (0.8) 0.94 (0.8) 0.96 (0.8) 
0.5 0.95 (1.2) 0.96 (1.0) 0.95 (0.9) 0.94 (0.9) 0.93 (0.9) 0.94 (0.9) 
1.0 0.94 (1.4) 0.94 (1.2) 0.95 (1.2) 0.94 (1.1) 0.95 (1.1) 0.94 (1.1) 
1.5 0.93 (1.9) 0.94 (1.6) 0.92 (1.5) 0.92 (1.4) 0.92 (1.4) 0.92 (1.3) 
2.0 0.92 (2.4) 0.93 (1.9) 0.91 (1.9) 0.90 (1.7) 0.90 (1.7) 0.91 (1.7) 

"Expected lengths are given in parentheses. 



24 D. Benton, K. Krishnamoorthy and T Mathew 

only for one-sided alternatives, i.e. the hypotheses (1.4b). Hypotheses (1.4c) can be handled 
similarly. Define 

c-x 
cl = 

/{sxx(1 + l/n)} (3.1) 

Hypotheses (1.4b) can now be expressed as 

Ho : 01 ( cl versus H1 : 01 > cl. (3.2) 

3. 1. The tests 
Let 

1 3'E-1 {yo - y - 3(x - c)} 
Z1 = 

J(1 + 1/n) (P/'E-13)1/2 

(n - p - 1)1/2u'S-1(vo - ucl) (3.3) 
S {(1 + r)u'S-lu}l/2 

where the various quantities in equations (3.3) are as defined in Section 2. We note that Z1 in 
equations (3.3) is the quantity Zo in equation (2.3) evaluated at 0 = c. Similarly, T1 in equations 
(3.3) is obtained by replacing 01 by cl in the expression for To in equation (2.8). The statistic T1 
in equations (3.3) is a possible candidate for testing hypotheses (3.2). The use of TI is motivated 
by the same arguments that justified the use of To in equation (2.8) for constructing confidence 
intervals. That is, Z1 in equations (3.3) is the test statistic to be used for testing hypotheses 
(1.4b), i.e. hypotheses (3.2), when 3 and E are known, and TI is obtained from Z1 by replacing 
3 and E by their estimates. 

The use of Z1 in equations (3.3) is meaningful for testing hypotheses (3.2), since the distribu- 
tion of Z1 is stochastically increasing in 01, as can be easily verified. However, we cannot claim 
a similar property for TI. Hence the performance of the test based on T1 must be numerically 
evaluated. From theorem 1, it follows that when 01 = 

cl, 
and conditionally given u and r, TI is 

distributed as tn-p-1(61), with non-centrality parameter 

u'( 1 - u)cI 
S{(1 + r)u'u}1/2 

The test based on T1 rejects Ho in hypotheses (3.2) for large values of T1. 
A different test statistic can be obtained by using the following argument. When 01 = cl, P1 

can be estimated by using u and vo in equations (2.6). The resulting estimator 31c is given by 

Al 
U + 

01cl 
1 + c2 

Replacing 31 with 
c1, 

and E with S/(n - 2) in equation (2.3), and after some simplifications, 
we obtain a statistic that is proportional to the quantity 

u'~S-.vo* 
UU S-l*=2 
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where 
* =u + vocl, 

vo0 
= (vo - ucl)/(/(1 + c). 

Note that the expression for Q* is similar to the expression for Q in equation (2.7). To arrive at 
the distribution of Q*, we shall consider the following modified statistic T2 (see Appendix B): 

(n - p - 1)1/2u',S-luo 
T2= 

ulS-mu, 

Note that T2 (and also T1 in equations (3.3)) can be easily expressed in terms of the original 
variables in expressions (2.1) and (2.2). A pivot statistic equivalent to T2 has been suggested by 
Mathew and Kasala (1994) for obtaining single-use confidence regions. The distribution of T2 
is given in the following theorem. The proof of theorem 2 is given in Appendix B. 

Theorem 2. Let T2 and 
r, 

be as defined in equations (3.5) and assume that E = Ip. Then, 
conditionally given 

u, 
and 

r,, 
T2 is distributed as t,-p-1(62), with non-centrality parameter 

u', 
0I 

(9 1 - ci) 62 = 
2)1/2 

(3.6) 
{u'*u*(1 + r*)(1 + c)}1/2( 

Now consider the test that rejects Ho in hypothesis (3.2) for large values of T2. Since 
u*, Np{(1 + 1Ocl)1, (1 + c2)Ip)}, U* is more likely fall in the direction of 31 (pro- 
vided that 01cl > -1), and hence u',31 is expected to be positive. If this happens, then from the 
expression for the non-centrality parameter in equation (3.6) we can conclude that the test that 
rejects Ho in hypothesis (3.2) for large values of T2 attains its maximum size when 01 = cl. From 
equation (3.6), it follows that, when 01 = Cl, T2 follows a central t-distribution with n - p - 1 
degrees of freedom. Thus, for a given level a, the test that rejects the null hypothesis (3.2) when- 
ever T2 > 

tn-p-1,1-a 
is expected to have size at most a. Here tn-p-1,1- is the 100(1 - a)th 

percentile of a central t-distribution with n - p - 1 degrees of freedom. 
These arguments show that the test based on T2 can be easily carried out by using an exact 

central t-distribution. However, this is not so for the test based on T1, since the distribution of 
T1 depends on ,1. Thus we shall use the PB to carry out the test based on T1, just as we did for 
the confidence interval. Note that, if we intend to employ the PB, 01 in equation (2.10) can also 
be used as a test statistic, with large values of 01 providing the rejection region. The PB tests 
based on T1 and 01 can be carried out as follows. 

3.1.1. Parametric bootstrap test based on the test statistic T1 
The PB testing procedure can be described as follows. 

(a) Using the yis and yo in models (1.1) and (1.2), compute the test statistic 

(n - p - 1)1/2u'S-l(vo - ucl) 
S 

{(1 + r)u'S-lu}1/2 

where the quantities S, u, vo, r and cl are given respectively in equations (2.1), (2.5), (2.8) 
and (3.1). Denote the computed value by Tlo. 
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(b) For i = 1, 100000, generate ui -- Np(u, Ip), voi - Np(u01, Ip) and Si - Wp(n 
- 2, Ip). 

Compute the test statistic by using the formula for T1 in step (a), by replacing S, u and vo 
by Si, ui and voi respectively, and call it Tli. 

(c) For a given level a, if the proportion of Tlis that are greater than T1o is less than a, reject 
the null hypothesis (3.2). Here T1o is the computed value of T1 in step (a). 

The PB test based on 01 can be carried out similarly. 

3.2. Sizes and powers of the tests based on T1 
For testing hypotheses (3.2), the size and power of the PB test based on T1 can be evaluated as 
follows. 

(a) For i = 1, 1000, generate ui - N,(31, Ip), voi - Np(30 1, Ip) and Si ^ 
Wp(n - 2, Ip). 

Compute the value of T1 by using the formula given above (see step (a) in Section 3.1.1), 
by replacing S, u and vo by Si, ui and voi respectively. Denote the computed value by Tli. 

(b) Forj = 1, 1000, generate uij "- Np(ui, Ip), voij - Np(uicl, Ip) and Sj -^~ Wp(n - 2, Ip). 
Compute the value of T1 again using uij, voij and Sj in place of u, vo and S respectively, 
and denote the computed value by Tlij. Note that Tlij also depends on i. (End thej-loop.) 

(c) Compute the proportion of Tlijs greater than Tli. If this proportion is less than the spec- 
ified a, set Pi = 1. (End the i-loop.) 

(d) If 01 = cl, then E1o Pi/1000 is the estimated size of the PB test based on T1. If 01 > Cl, 
then ~E1 Pi/1000 is the estimated power of the PB test based on T1. 

The size and power of the PB test based on 01 can be estimated similarly. Table 2 gives the 
estimated sizes and powers of the PB tests based on T1 and 01 for testing hypotheses (3.2). Table 
3 gives the same when the hypotheses of interest are 

H0 : 01 > cl versus H1 : 01 < cl. (3.7) 

From the numerical results in Table 2 and Table 3, we see that the PB test based on T1 is 
satisfactory for 1011 < 1.5, whereas the PB test based on 01 is satisfactory only for small values 
of 101 . In particular, the sizes of the PB test based on 01 is smaller than the specified level for 
01 > 0.5, and larger than the specified level for 01 < -0.5. Our limited simulations show that 
01 should not be used for testing hypotheses (3.2) and (3.7). This is in agreement with what 
is known about the percentile bootstrap (i.e. based on the bootstrap distribution of 01). That 
is, the use of a pivot statistic should be preferred to the use of 01 for constructing confidence 
intervals and tests; see Hall and Wilson (1991) and Hall (1992). 

Other numerical studies for some other values of a, p = 4 and 01 yielded similar conclu- 
sions; see Benton (2000) for some additional tables. We note from these numerical studies that 
the power of the PB tests increases as 

II3111 i=1 
increases. 

3.3. Power comparison of the tests based on T1 and T2 
Table 4 gives the simulated powers (100000 runs) of the exact test based on T2 in equation 
(3.5) and the PB test based on TI, for testing hypotheses (3.2) and (3.7). The power of the PB 
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Table 2. Estimated powers of the PB tests based on T1 
and 01 for testing hypotheses (3.2) for a = 0.05, p = 3 and 
3 = (2, 1,5) 

cl 01 Powers for the following values of n: 

n = 10 n =20 n = 30 

T1 01 TI 01 T1 01 

1.5 1.5 0.08 0.04 0.05 0.02 0.06 0.03 
2.0 0.26 0.16 0.24 0.16 0.27 0.17 
2.5 0.48 0.43 0.52 0.46 0.54 0.45 
3.0 0.72 0.74 0.75 0.75 0.80 0.76 

1.0 1.0 0.07 0.03 0.07 0.04 0.06 0.04 
1.5 0.30 0.22 0.31 0.23 0.32 0.24 
2.0 0.66 0.63 0.65 0.61 0.72 0.67 
2.3 0.79 0.81 0.81 0.83 0.86 0.84 

0.5 0.5 0.06 0.04 0.06 0.04 0.05 0.04 
1.0 0.40 0.34 0.42 0.32 0.43 0.36 
1.5 0.80 0.83 0.84 0.86 0.88 0.86 
2.0 0.93 0.96 0.96 0.97 0.97 0.98 

0.0 0.0 0.05 0.05 0.05 0.05 0.04 0.05 
0.5 0.44 0.48 0.48 0.50 0.52 0.51 
1.0 0.86 0.90 0.90 0.94 0.93 0.95 
2.0 0.97 0.99 0.99 0.99 0.99 0.99 

-0.5 -0.5 0.06 0.06 0.06 0.08 0.05 0.07 
0.0 0.35 0.48 0.43 0.54 0.43 0.53 
0.5 0.75 0.88 0.84 0.92 0.88 0.93 
1.0 0.92 0.98 0.98 0.99 0.99 1.00 

-1.0 -1.0 0.06 0.10 0.06 0.12 0.05 0.10 
-0.5 0.29 0.41 0.32 0.47 0.35 0.50 

0.0 0.62 0.81 0.75 0.88 0.76 0.87 
0.5 0.87 0.97 0.95 0.99 0.95 0.99 

-1.5 -1.5 0.05 0.13 0.06 0.12 0.05 0.10 
-1.0 0.26 0.41 0.28 0.41 0.29 0.45 
-0.5 0.56 0.74 0.60 0.75 0.61 0.80 

0.0 0.83 0.94 0.88 0.95 0.89 0.96 

test based on Ti was evaluated following the procedure outlined in Section 3.2. Regarding the 
power of the exact test based on T2 in equation (3.5), note that 

u, 
and vo* in equations (3.4) are 

independent with u* - Np{(1 + +01cl)I3, (1 + c2)Ip} and vo*, Np{1 (01 - Cl), Ip}. It is easy 
to see that the expected value of the numerator of T2 is proportional to 

(01 - cl) + Olcl (1 - cl) = 
(01 - cl)(1 + 01cl). 

Therefore, if 01Cl < - 1, then the test may not be able to detect the difference even if 01 is much 
larger than cl. For example, for the hypotheses Ho : 01 < -0.2 versus H1 : 01 > -0.2, the power 
of the test based on T2 declines for 01 > 1.5 (see Table 4). A similar observation also holds for 
the hypotheses Ho : 01 > 1 versus H1 : 01 < 1. As a consequence, the test may incorrectly 
accept the null hypothesis. Further, the confidence interval based on T2 is likely to contain false 
values for 01, a fact already observed by Mathew and Kasala (1994) in their numerical studies. 
Nevertheless, it is a powerful test if both 01 and Cl are positive and H1 : 01 > cl, or if they are 
both negative and H1 : 01 < cl. Otherwise, the test based on T1 should be preferred. 
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Table 3. Estimated powers of the PB tests based on T1 
and 01 for testing hypotheses (3.7) for a = 0.05, p = 3 and 
P' =(2, 1,5) 

Cl 01 Powers for the following values of n: 

n = 10 n =20 n =30 

T1 01 T1 01 T1 01 

1.5 1.5 0.06 0.11 0.05 0.11 0.07 0.13 
1.0 0.22 0.34 0.26 0.41 0.27 0.42 
0.5 0.51 0.72 0.61 0.79 0.61 0.79 
0.0 0.79 0.92 0.88 0.96 0.87 0.95 

1.0 1.0 0.05 0.09 0.05 0.10 0.06 0.11 
0.5 0.29 0.41 0.32 0.47 0.36 0.53 
0.0 0.67 0.84 0.73 0.87 0.77 0.88 

-0.5 0.87 0.97 0.94 0.99 0.97 0.99 
0.5 0.5 0.07 0.09 0.05 0.08 0.06 0.08 

0.0 0.32 0.45 0.44 0.56 0.44 0.55 
-0.5 0.72 0.88 0.86 0.93 0.90 0.95 
-1.0 0.89 0.99 0.98 0.99 0.98 0.99 

0.0 0.0 0.04 0.05 0.06 0.06 0.05 0.06 
-0.5 0.37 0.42 0.48 0.50 0.52 0.52 
-1.0 0.78 0.88 0.90 0.93 0.92 0.94 
-1.5 0.90 0.98 0.98 0.99 0.99 0.99 

-0.5 -0.5 0.06 0.03 0.06 0.04 0.06 0.03 
-1.0 0.34 0.30 0.38 0.32 0.44 0.37 
-1.5 0.70 0.77 0.81 0.81 0.87 0.85 
-2.0 0.84 0.94 0.95 0.98 0.98 0.99 

-1.0 -1.0 0.07 0.05 0.06 0.03 0.07 0.04 
-1.5 0.27 0.22 0.34 0.25 0.35 0.24 
-2.0 0.57 0.56 0.67 0.63 0.73 0.67 
-2.5 0.74 0.83 0.89 0.91 0.93 0.94 

-1.5 -1.5 0.06 0.04 0.07 0.04 0.07 0.04 
-1.0 0.21 0.15 0.26 0.17 0.27 0.19 
-0.5 0.43 0.38 0.53 0.46 0.57 0.48 

0.0 0.63 0.68 0.77 0.75 0.79 0.77 

Table 4. Estimated powers of the PB tests based on T1 and the exact test based on T2 for 
n = 15, a = 0.05, p = 3 and P' = (2, 1,5) 

H0 H1 01 T1 T2 H0 H1 01 T1 T2 

01 ( 1.0 01 > 1.0 1.0 0.04 0.05 01 O -0.5 01 < -0.5 -0.5 0.03 0.05 
1.5 0.30 0.30 -1.0 0.34 0.40 
2.0 0.65 0.72 -1.5 0.79 0.86 
2.5 0.86 0.95 -2.0 0.96 0.99 

-2.5 0.99 1.0 

01 ? -0.2 01 > -0.2 0.5 0.66 0.62 01 g> 1.0 01 < 1.0 1.0 0.06 0.05 
1.0 0.93 0.87 0.5 0.31 0.28 
1.5 0.97 0.90 0 0.70 0.59 
2.0 0.99 0.88 -0.5 0.93 0.57 
3.0 1.0 0.74 -1.0 0.97 0.25 
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4. Some examples 
We shall now illustrate the computation of the confidence regions and tests, developed in Sec- 
tions 2 and 3, by using three data sets: the meat data, the paint finish data and the wheat data. 
For background information on these data sets and the corresponding inference problems, see 
Section 1.2. 

4. 1. The meat data 
Recall that the hypotheses of interest in the meat data problem are given in expression (1.3), 
where 0 represents the fat content in a sample of meat. Among the data available on 214 meat 
samples, 172 samples were used to fit model (1.1). This leaves 42 samples which can be used for 
illustrating the PB procedure for testing hypotheses. Note that for these 42 samples the value of 
0 is known. We have selected six of the 42 samples for testing purposes; these six samples have 
some values of fat content below 10 and some above. 

On the basis of the 172 samples used to fit the models, the various quantities have values 

xx 
= 27 501.17, i = 18.38, y' = (-0.0167, 0.0073, 0.0113), = (0.0379, -0.0479, -0.0407) 

and 

133.78134 61.48432 36.68384 
61.48432 122.48032 -60.26106 
36.68384 -60.26106 127.53256 

Hence 31 = 3./sxx = (6.285, - 7.943, - 6.749). Table 5 gives the six values of yo, the true 
values of 0 and the p-values for testing hypotheses (1.3). These p-values are based on the PB test 
using T1 and are computed on the basis of 100000 iterations (see Section 3.1.1). 

We note that, among the results reported in Table 5, the wrong decisions are reached in two 
cases (corresponding to the third and fourth yo-values), if we use a significance level of 0.05. 

4.2. The paint finish data 
To demonstrate how the proposed PB methods compare with other methods, we apply them 
to the paint data described in example 2 of Section 1.2. In this example, xi represents viscosity 
coded -1, 0 and 1, and yi comprises two measurements of optical properties of the surface 
covered with the paint, corresponding to viscosity xi, i = 1, .. .,27. Among the 27 xi-values, 
there were nine values corresponding to each of the coded viscosity values -1, 0 and 1. 

The calibration data set consists of the 27 observations used by Brown and Sundberg (1987) 

Table 5. Simulated p-values of the test 
based on T1 for testing the hypotheses 
Ho : <0 10.0 versus H1 : 0 > 10.0 

YO 0 p-value 

(-1.183, -0.523, 1.042) 4.8 0.74 
(-0.078, -0.036, 1.592) 8.6 0.77 
(1.254, 0.070, 1.448) 16.0 0.10 
(2.180, 2.827, -1.143) 17.0 0.06 
(0.207, 0.135, 0.306) 19.4 0.01 
(1.155, -1.041, 1.525) 24.8 0.00 
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and Mathew and Zha (1996). Computations based on the calibration data gave sxx = 18, 
x=O, & = y = (1.7478, 37.9363)', = (-0.1278, -1.6922) and 

S-1 (6.86285 0.03052) 
0.03052 0.02299" 

In Table 6, we provide the PB confidence intervals based on To in equation (2.8) and based 
on 01, along with the other intervals given in Mathew and Zha (1996). The PB intervals are 
calculated by using the method outlined in Section 2. We first computed PB intervals for 01, 
which were then modified to obtain intervals for 0. The PB interval estimates are based on 
100000 PB samples and are denoted by PB(To) and PB(O) in Table 6. Table 6 also gives the 
exact confidence region from Brown (1982), the conservative confidence region from Mathew 
and Zha (1996) and the likelihood-based confidence region from Brown and Sundberg (1987), 
denoted by 'likelihood' in Table 6. 

It should be recalled that Mathew and Zha's (1996) conservative confidence interval is also 
based on the statistic To. For this example, their confidence intervals are in good agreement with 
the PB(To) intervals. This conclusion is quite similar to that in Jones and Rocke (1999), namely 
that, in the univariate case, bootstrapping an appropriate t-statistic produces results that are in 
agreement with the standard method. An advantage of the PB method is that it is simple to use 
in comparison with Mathew and Zha's method which is computationally quite involved. We 
also notice from Table 6 that the PB intervals based on the sampling distribution of 0 are close 
to Brown's intervals. It should also be noted that, even though the likelihood-based confidence 
region due to Brown and Sundberg (1987) appears to be the narrowest in Table 6, the coverage 
of this interval can be below 95%; see the discussion in Mathew and Zha (1996), page 719. 

4.3. The wheat data 
For the wheat data, the yis are bivariate infra-red reflectance measurements on 21 samples of 
hard wheat and the xis represent the percentage of water in the wheat samples. We use the first 
15 observations to fit the model. The PB methods are demonstrated on the remaining observa- 
tions with the exception of observation 20, for which the values of the variables of interest are 
identical with those of observation 19. 

The relevant estimates and other summary statistics, based on the first 15 observations, are 

sxx = 3.4013, i = 9.52, y' = (81.933, 231.500),3 = (-24.918, -23.601), 

S (120.910 22.075 
22.075 45.072 

Table 6. 95% confidence intervals for 0 for the paint finish data 

Yo 0 Confidence intervals from the following methods: 

Brown (1982) Likelihood Mathew and Zha PB(To) PB(O) 
(1996) 

(1.78, 38.73) -1 (-1.65, 0.92) (-1.27, 0.57) (-1.41, 0.67) (-1.35, 0.68) (-1.59, 0.89) 
(1.79, 39.83) 0 (-1.93, 0.57) (-1.60, 0.27) (-1.76, 0.37) (-1.64, 0.37) (-1.90, 0.57) 
(1.52, 35.65) 1 (0.39, 3.12) (0.71, 2.68) (0.61, 2.97) (0.60, 2.70) (0.39, 3.03) 
(1.94, 34.09) Unknown Empty set (-1.34, 1.16) (-1.39, 1.23) (-1.38, 1.16) (-1.32, 1.16) 
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and i3 = P 3Jsxx = (-45.955, -43.526). In Table 7, we provide the PB single-use confidence 
intervals and the p-values for testing hypotheses based on five values of yo, following model 
(1.2), and where 0 is known. For illustration, a test of Ho : 0 ( 9.25 versus H1 : 0 > 9.25 is 
conducted. The single-use confidence intervals in Table 7 were computed in the same way as for 
the PB(To) intervals in the previous example. The p-values in Table 7 correspond to the PB test 
based on T1 and are computed on the basis of 100000 bootstrap samples. 

We note that the test procedure results in correct decisions in four of the five cases if we use 
a 5% significance level. At the 10% level, the test results in correct decisions in all cases. 

The three examples given above illustrate the applicability and usefulness of the PB procedure 
for obtaining confidence intervals and tests. 

5. Multiple-use one-sided hypothesis testing 
Recall that, in the multiple-use case, the calibration data set is used repeatedly to test a sequence 
of hypotheses, one at a time, corresponding to a sequence of unknown 0-values, after observ- 
ing the corresponding value of yo in model (1.2). Thus, consider a sequence of observations 

{Y0oj}, j = 1, 2, 3...., following the model 

yoj 
- 

Np(a + P0j, E), 

where the yojs are also independent. Problems of confidence regions and hypothesis tests are 
considerably more difficult to solve in the multiple-use case, as opposed to the single-use sit- 
uation. The difficulty arises from the fact that two types of uncertainty need to be taken into 
account in the multiple-use case-the uncertainty in the calibration data and the uncertainty 
in the sequence {Yoj}. The problem of deriving multiple-use confidence regions has been at- 
tempted by several researchers: see Mee et al. (1991) and Mee and Eberhardt (1996) for the 
univariate case, and Mathew and Zha (1997) and Mathew et al. (1998) for the multivariate case. 
The multiple-use confidence regions in Mathew et al. (1998) can be used for testing two-sided 
hypotheses, i.e. hypotheses of the form 

Hoj : Ooj = cj versus Hlj : Ooj = cj, 

where the cjs are known constants. Here we shall only consider one-sided hypotheses, i.e. 

Hoj : Ooj ( c versus Hlj : 00j > c, (5.1) 

where c is known. Even in the context of test (5.1), a more general problem is one where differ- 
ent constants cj are used instead of a common constant c. Recall that, for the meat example in 
Section 1.2, it is indeed meaningful and practically useful to test the sequence of hypotheses in 

Table 7. 95% confidence intervals for 9, and p-values for testing 
Ho : 9 ( 9.25 versus H1 : 0 > 9.25, for the wheat data 

yO 
9 0 Confidence interval p-value 

(101.0, 248.0) 8.86 8.81 (8.61, 9.00) 0.99 
(85.0, 235.0) 9.34 9.38 (9.19, 9.56) 0.08 
(88.0, 231.0) 9.46 9.48 (9.27, 9.69) 0.01 
(69.0, 222.0) 10.00 9.95 (9.76, 10.14) 0.00 
(63.0, 216.0) 10.12 10.20 (10.00, 10.40) 0.00 
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expression (5.1), with c = 10%; see model (1.3). Motivated by the definition of Zo in equation 
(2.3) and To and T1 in equations (2.8) and (3.3) respectively, let 

(n - 2)1/23'S-1(yoj - & - 3c) 
T3j = 

S/)1(5.2) 

where & and 3 denote the least squares estimators of a and 3 based on model (1.1), and S is 
defined in equations (2.1). Suppose that we reject Hoj when 

T3j > k(c), 

where k(c) is to be determined. 

5. 1. The criterion for multiple-use hypothesis testing 
We shall now describe the condition to be used for the computation of k(c). Let 

= 1, 
if T3j > 

k(c), (5.3) 0 
, 

otherwise. 

If a sequence of N tests is carried out for j = 1, 2,..., N, then the proportion of Hojs that are 
rejected is 

1iN 

j=Z1 

The quantity k(c) is to be determined so that, for all values of Oj under Hoj (j = 1, 2, ..., N), 
this proportion is small with a high probability. Let 

pj = P(T3j > k(c)l&, 3, S). (5.4) 

Note that, conditionally given &, /• and S, the Ajs in equation (5.3) are independent Bernoulli 
random variables with success probability pj given in equation (5.4). By the strong law of large 
numbers, we obtain 

N N S 

Aj 
- Pj 

for sufficiently large N. Therefore, we need to determine k(c) subject to the condition 

P&3,s 
max - E pN a = 7, (5.5) 

Ho1, ..., HoN jN1=l 
where a is chosen to be small and y is chosen to be large (e.g. a = 0.05 and 7 = 0.95). 

We shall further simplify equation (5.5). For this, note that, conditionally given &, 3 and S, 

T3j ? + 30j - & - 3c) ) S-2,S S 

/(n - 2) (/o'S-10)1/2 S-1 
where we have used the assumption E = Ip. Hence pj in equation (5.4) can be expressed as 

S { (/S-S1 1/2 k(c) /'S-1 (a + O -a - 
& 

c) , (5.6) 
pj 

= P Z > 
'S-23 ,IV(n - 2) 

(/'S-2A)1/2 
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where Z - N(O, 1). From equation (5.6), it follows that the maximum value of 

N1 

Nj=1 

under Hoj (i.e. under the condition j (c, j = 1, 2,...., N) is attained at 0j = c, provided that 

,3'S-1/3 > 0. It can be argued that PlS-1,3 is very often likely to be positive; see Appendix C. 

Assuming this to be so, we immediately obtain 

max ^()3S-131/2'k(c) 
max p - P Z> 

H01, ..., HON 
N 

1 B'S-2 / (n - 2) 

S- + - - -2(a 1/2 
',s3c (o3'S-2)3) 1/2J 

Thus, assuming that 1'S- l > 0, condition (5.5) can be written as 

(u'S-lu 
1/2 

ki(c*) u'S- (hl - h2c*) 
u'S-2u ) (n - 2) (u'S-2u)1/2 - (5.7) 

where zl-a is the 100(1 - a)th percentile of the standard normal distribution and 

31 = 13Sxx, 
u = 3V/sxx, 

hi= a+,3-y~ N 0,1 Ip 
(hn 

h2 = u - (1 ~ 
N(0, Ip), 

c, 
= (c - W?)//Sxx. 

Also, we have used the notation kI 
(c,) 

instead of k(c). Thus, it follows from equation (5.7) that 

kl (c*) is to be determined such that 

(n - 2)1/2z1-a(u'S-2)1/2 + u'S-1 (hi - h2c*)} 
(u'Su)1/2c) =. (5.8) 

(uS-)/ 

Since it is difficult to obtain kI 
(c,) 

analytically, we have used the PB for computing kl 
(c,). 

5.2. Parametric bootstrap method for computing kl (c*) 
The computational procedure for the PB is as follows. 

(a) Compute )3, i and sxx on the basis of the calibration data. Set c* = (c - 
2)/,/sxx 

and 
u = 3,/sxx. 

(b) For i = 1, 100000, generate ui -- Np(u, Ip), h1i 
/ 

N(0, Ip/n) and Si -~ Wp(n - 2, Ip). Set 

h2i = ui - 1 and compute 

(n - 2)1/2{Z, (uS2Ui)1/2 + u1 S '(hli - h2ic*)} Xi 
i= -IU(5.9) (u!S 

lui)l/2 
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Table 8. PB estimates of kl (c,) 
satisfying 

condition (5.8) for a = 0.05, -y = 0.95, p = 3 
and •1 = (2, -3, 5) 

c, 
Estimates of k1 (c*) for the following 

values of n: 

n = 15 n =20 n =25 n =30 

-2.0 7.44 6.79 6.48 6.26 
-1.5 6.28 5.65 5.39 5.22 
-1.0 5.05 4.55 4.29 4.15 
-0.5 3.97 3.50 3.27 3.14 

0.0 3.28 2.82 2.58 2.44 
0.5 3.49 3.07 2.86 2.76 
1.0 4.15 3.70 3.51 3.38 
1.5 4.90 4.43 4.20 4.06 
2.0 5.70 5.18 4.92 4.76 

Table 9. PB estimates of the left-hand side of 
equation (5.8) for a = 0.05,y = 0.95,p = 3 
and p' = (2, -3, 5) 

c, 
Estimates for the following values of n: 

n = 15 n =20 n =25 n = 30 

-2.0 0.94 0.95 0.94 0.95 
-1.5 0.94 0.95 0.96 0.94 
-1.0 0.95 0.96 0.95 0.95 
-0.5 0.95 0.95 0.95 0.95 

0.0 0.95 0.95 0.94 0.95 
0.5 0.94 0.95 0.95 0.94 
1.0 0.95 0.94 0.96 0.96 
1.5 0.94 0.95 0.95 0.95 
2.0 0.95 0.94 0.96 0.95 

(c) The 100yth percentile of the Xis in step (b) is a PB estimate of kl (c*). 

For illustration, we provide PB estimates (based on 100000 runs) of kl(c*) when 11 = 
(2, - 3, 5) and for various values of 

c, 
and n in Table 8. 

To evaluate the performance of the PB estimates of kl (c*), we conducted a numerical study 
to verify the probability requirement in equation (5.8). The numerical study was carried out in 
the following manner. We assumed that 31 is known and the calibration data are standardized 
so that 

- = 0 and y = 0. As a result & = 0. Furthermore, we set /3' = (2, -3, 5), a = 0.05 and 

7 = 0.95. We then estimated the left-hand side of equation (5.8) for several values of n and c*, 
and the results are presented in Table 9. We observe from Table 9 that the estimates are in good 
agreement with the specified value of y, and hence we conclude that the PB estimates of kI (c*) 
are very satisfactory for practical use. 
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Table 10. Values of the multiple-use test 
statistic T3i, for testing Hoi : O < 9.25 ver- 
sus Hlj : j > 9.25, for the wheat datat 

Yo 0 T3j 

(101.0, 248.0) 8.86 -5.98 
(85.0, 235.0) 9.34 1.71 
(88.0, 231.0) 9.46 3.15 
(69.0, 222.0) 10.00 9.41 
(63.0, 216.0) 10.12 12.79 

tco = 0.05 and y = 0.95. 

5.3. The wheat data (continued) 
In Section 4.3, we analysed the wheat data and considered single-use hypothesis tests for testing 
the hypotheses Ho : 0 ( 9.25 versus H1 : 0 > 9.25. Now suppose that the calibration data 

(consisting of 15 samples) will be used to test a sequence of such hypotheses, i.e. we wish to test 

Hoj : Oj ( 9.25 versus H j : Oj > 9.25, j = 1, 2, 3, ..., where the Ojs represent the percentage 
of water in a sequence of hard wheat samples. For the wheat data, the values of x, y, sxx, 3 and 
S are given in Section 4.3, and 

c, 
= (c - i-)/ sxx = (9.25 - 9.52)/VJ3.4013 = -0.1464. Table 

10 gives the values of T3j (computed by using equation (5.2)) for the five yo-values in Table 7. 
We computed the value of k1 (c*) following the PB procedure given in Section 5.2, and the 

value turned out to be k1 
(c,) 

= 2.95 when a = 0.05 and y = 0.95. In Table 10, if a value of 

T3j exceeds k1 (c*) = 2.95, then Hoj : Oj ( 9.25 is rejected for the corresponding sample. Note 
that the correct decision is reached in all cases except for the second observation in Table 10. If 
we use a = 0.10 and 7 = 0.95, the value of ki (c*) is 2.64. Note that at this level an incorrect 
decision is also made for the second observation. In comparison, the single-use test (see Section 
4.3, Table 7) results in correct decisions in all the cases at the 10% level. This is not surprising 
because a multiple-use hypothesis test has a wider acceptance region than its corresponding 
single-use test (see the description in Section 1.3). 

Remark 2. Mathew et al. (1998) have derived a conservative multiple-use confidence region in 
the multivariate calibration problem, based on a pivot that is equivalent to T3j in equation (5.2). 
Though not reported here, it is possible to apply the PB procedure and to derive multiple-use 
confidence regions. 

6. Concluding remarks 

The work of Brown (1982) is one of the earliest papers dealing with the multivariate calibration 
problem. It has brought out the significance of multivariate calibration in applied work, and it 
generated considerable interest among researchers, as evidenced by the subsequent published 
work on the topic; see Brown (1993) for a review. The present paper deals with the special case of 
multivariate-univariate calibration problems, and we have investigated the applicability of the 
PB for deriving confidence regions and hypothesis tests. Numerical results suggest that the PB 
is an attractive option for making inferences in such calibration problems. We have extensively 
investigated various aspects of both interval estimation and one-sided hypothesis testing. Even 
though some procedures are available for constructing confidence regions in the calibration 
problem, and hence for carrying out two-sided hypothesis tests, it is not clear how to handle the 
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one-sided hypothesis testing problem if we want to avoid using the bootstrap. Yet, the one-sided 
testing problem is relevant in many practical applications, as should be clear from the several 
examples in this paper. 

For obtaining confidence regions, the PB is easily adapted to the general multivariate cali- 
bration problem, where the parameter of interest is a vector. Indeed, Mathew and Zha (1996, 
1997, 1998) and Mathew et al. (1998) have studied a general multivariate calibration problem 
in the context of a multivariate linear model. Parametric bootstrapping can be used to obtain 
single-use and multiple-use confidence regions based on the pivot statistics in these references. 
The basic ideas and the necessary computations are similar to what we have done in this paper. 
As noted by Jones and Rocke (1999), the bootstrap procedure is applicable to non-linear cali- 
bration problems as well, both univariate and multivariate. Our overall conclusion is that, under 
the models assumed, parametric bootstrapping is an excellent option for drawing inferences in 
the calibration problem. 
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Appendix A: Proof of theorem 1 
The proof of theorem 1 is based on technical arguments that are similar to those in Srivastava and Khatri 
(1979), section 4.4. Similar techniques have also been used in Fujikoshi and Nishii (1984), Davis and 
Hayakawa (1987), Mathew and Kasala (1994) and Mathew and Zha (1996). 

Recall that we are assuming E = Ip, and u and vo have the distributions given in expression (2.6). Let 

F= 
Ilul,•l F 

be a p x p orthogonal matrix so that u' = Ilull(1, 0). Here and elsewhere 
II1'] 

denotes the Euclidean norm. 
Write 

FSE= W= ll W12 ) , Wp(n 
- 2, 

Ip), 
r~sr 

=wW21 W22 

where wll = u'S-'u/llull2 is a scalar. Since u and vo are independent, we see that conditionally given F (i.e. 
conditionally given u) 

v = 'v = N(, I) = N (A 

where vl = u'vo/llull and V1 = u',101/llulI. For computing ,1, we have used the fact that E(vo) = ll01; see expression (2.6). Let Q be as defined in equation (2.7). Using the orthogonal transformation r, Q can 
be written as 

u'FT('SP)-'(F'vo- 'uO, ) Ilull(1,O)W-1 Ilul (01)}1/ 

{uTr(r/sr)-lru}l1/2 
H 

UI2(1, 
0)W-1 ( ) 

1/2 

Using the inverse of a partitioned matrix (see Rao (1973), page 33), and simplifying, we obtain 

vl - Ilull01 - 
w12W221V2 

S= .2 
(A.2) 

-Wll.2 
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where W1l.2 = 
- 

12WIw21. Note that 
W21/2w21 

- 
Np(0, Ip-l), 

independent of W22 and W11l.2. Also, 
given u, 

vi -IluIllO N( - IlullOi, 1), 

where 
•1l 

is given above. Writing 

W12 W2?lV2 

-- Wl21/2 

W2-1/2V2 

we see that, conditionally given W-1/2v2, 

W122 2 N(0, v• W~21v2) 

Hence, conditionally given u and v' 
W•1v2, 

vI 
l 

IluIO - W12W221v2 
" 

N(1l - IIullI, 1 + v'2W221v2) 

Consequently, conditionally given u and v' W-1v2, 

vi - lull11O - W2Wj2v Ni - llulll (A.3) 
(1 + 

V'Wjlv2)1/2 (1+• 
vWjv2)1/2' (A.3) 

Also, wll.2 follows a central x2-distribution with n - p - 1 degrees of freedom. In view of expression (A.3), 
we modify Q in equation (A.2) and define 

(n - p - 1)'1/2(v - Ilull91 - W12W2?lV2) 
{Wll.2(1 + V'W?2lV2)}1/2 

It then follows that, conditionally given u and v' 
W•' 

V2, TO follows a non-central t-distribution with n - p-1 
degrees of freedom and non-centrality parameter 60o, given by 

60 = -Iul(A.5) (1 + v/W21lv2)1/2 
The proof is complete once we show that To in equation (A.4) coincides with the expression for To in 
equations (2.8), and 60 in equation (A.5) is the same quantity as in equation (2.9). Towards this, note that 

0l 
- lullIOl = (u'30Oi - u'ul)/llull, 
v' W2WIv2 

= V•PI(r SFri)-lF'Ivo 

(vS-'u)2 = voS- vo = r, 0 U'S-lu 

where r is the quantity given in equations (2.8). This completes the proof. 

Appendix B: Proof of theorem 2 

The proof of theorem 2 is very similar to that of theorem 1, and we shall give a very brief outline. Assume 
without loss of generality that E = I, and let 

u, 
and vo* be as defined in expression (3.4). Let 

( 11u 
I 

u 

be a p x p orthogonal matrix so that u'Fr* = Ilu* I (1, 0). Write 

F', S, 
= W 

- (Wll* 12* W,(n- 2, I,). 
W21, *W22, 

Let 

S (V2* ) 

= L~~vo - V2, 
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where v1l, is a scalar. Following the arguments in Appendix A, it can be shown that T2 in equations (3.5) 
can be expressed as 

(n - p - 
1)1/2(Vl, 

- W12* W-21,v2) T2 W .*(1/2 
{W11.2" 

(1 + 
V2, 

W22, 
v2?) 

1/2 

where 
wll.2- 

=W1* 
- 

W12, W22*W21i*. 
As in the proof of theorem 1 in Appendix A, it can now be verified 

that, given 
u. 

and r. = 
v. W2lv2*,, 

T2 follows a non-central t-distribution with n - p - 1 degrees of 
freedom and non-centrality parameter 

u',1 (01 - cl) 
Ilu* 11{(1 + c2)(1 + r*)}1/2 

' 

It can also be verified that r* coincides with the quantity given in equations (3.5). 

Appendix C: An approximate lower bound for P(3I'S-'3 > 0) 
Once again, we assume that E = I,. Note that, conditionally given S, 3'S- - N(/'S-13, O'S-2/Sx,,). Therefore, 

P('S-i1, > 0) = Es{P(o3S-', > OlS)} 

= Es[P Z > s (xx 3'S--2 1/2 1S 

PIZ > -,Jsxx ()-2)3/2} (C.1) 

where Z ~ N(0, 1). To evaluate the expectation in expression (C.1), let r2 be an orthogonal matrix such 
that '2)3 = 11311 (1, 0 ..., 0)'. Then r' SrF2 W,(n - 2, I). Let 

'2SF2 = (Sll s2)(C.2) (21 S22) (C.2) where sil is a scalar. Since F'2SF2 - W,(n - 2, Ip,), we also have S22 " Wp-,_(n 
- 2, Ip-_). The expectation 

in expression (C. 1) can be written as 

)'S 
2=E[ 

2S 2 

(13'S-213p)/2J { 2 2'r(r, Sr2)-2r,)p1}/2 

=E{ 
loll 

(1 + s12S2$S21)1/2 

111311 
{1 + 

E(sI2S222s21)}1/2 
(C.3) 

To arrive at inequality (C.3), we have used the fact that F'23 = 11,11(1, 0, ..., 0)' and we have also used the 
expression for the inverse of the partitioned matrix in expression (C.2). Inequality (C.3) follows from the 
fact that 1/V/(1 + x) is a convex function. Now we use the following properties: S2 s21 

/ 
Np-l(0, Ip-l) 

and is independent of S22, and 

1 E (Sj) = 

IpIP n-p-2 

(see lemma 7.7.1 in Anderson (1984)). Using these results, we obtain 

E(sl2SP2s21) = tr{ 
E(S2•S-1/2s2,S12SI2/22 

= tr{E(S j1) E(S2I1/2521S12S21/2)} 

( 1n 2 ) p-1 n-p-2 n-p-2 
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From expressions (C.1), (C.3) and (C.4), we obtain 

P(3 S-1/3 > 0) > P Z > -( sxx - )/(n - p- 2)/2 (C.5) 
I{x11+(p -1)1(n -p -2)11/21 

approximately. For large n, 
s,,xx 

= 
E•n 

(x _i- )2 tends to be large, and hence the right-hand side of inequality 
(C.5) will be large. 
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