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Calibration Problem

The problem of calibration in which the response variable is measured by k different methods or using different instruments is
considered. It is well known that the usual classical estimator for the unknown explanatory variable has infinite mean and mean
squared error when k£ = 1. In this article a linear combination of the classical estimators is proposed. It is shown that the combined
estimator has finite mean provided that £ > 2 and finite mean squared error provided that & > 3. Expressions for asymptotic bias
and mean squared error are given. Also, two confidence sets for the unknown exploratory variable are developed, and sufficient
conditions under which they will be finite intervals are given. The results are illustrated by a practical example.
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1. INTRODUCTION

The well-known calibration problem can be briefly de-
scribed as follows. There are two related responses, x and
y, where x represents the true value of the characteristic of
interest determined by a difficult and expensive method and
y represents the measurements related to the same charac-
teristic of interest obtained by an easy and cheap method.
The objective here is to establish a relationship between
z and y using calibration data (z1,41),..., (Zn,yn) avail-
able from n experimental units. The established relation-
ship based on the calibration data can be used to make in-
ferences about the unknown z value of a future individual
based on its known y value. The responses x and y may be
vectors. Some specific problems where the calibration tech-
niques are used include: predicting oil, protein, and starch
z in maize based on near-infrared spectroscopy measure-
ments y (Orman 1991); determining glucose = in whole
blood by attenuated total reflective infrared spectroscopy
y (Heise and Marbach 1989); and predicting output from
ground water flow models using hydrogeologic information
(Cooley 1993). Other examples for multivariate calibration
and general discussion on the practical uses of calibration
have been given by Brown and Sundberg (1989), Oman and
Wax (1984), and Rosenblatt and Spiegelman (1981). For a
good exposition of this area, we refer the readers to the
book by Brown (1993).

In this article we consider the situation in which calibra-
tion data are available from k different sources for the same
objective. Such situations arise, for instance, when a cali-
bration experiment is conducted by different laboratories,
using different methods or using different measuring instru-
ments. (See Sec. 4 for a specific example.) We then have
data (z;,v:5),i=1,...,kand j =1,...,n, where z, repre-
sents the true = value of the jth unit and y;; represents the
measurement related to the z; obtained by the ith measur-
ing instrument or method. In these situations the variances
of y;;’s may possibly be different. In other words, we have
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“controlled calibration data” from k different sources with
unknown and arbitrary variances for the same objective. We
assume that the y;’s are linearly related to z.

Thus the calibration model that we assume in this article
is

Yij = o + Bix; + &4,
i=1,...,k,
j=1,...,n. (1)

We assume that the e;;’s are independent with &;; ~
N(0,02) for i = 1,...,k and 5 = 1,...,n. Further, we
assume that the responses of the prediction experiment fol-
low the same model assumptions as those of the calibration
experiment (1). That is,

Yoi = o4 + Bixo + €5, i=1,...k @)

where the ¢;’s are independent random variables that follow
N(0,0?) and are independent of the ¢;;’s in the calibration
model (1). The variances af’s are unknown and arbitrary,
and there is no restriction on the «;’s and (;’s. The prob-
lem is to make inferences about the unknown zy based on
the calibration model (1) and the yo;’s from the prediction
model (2).

Define Y = Z?:l y,-j/n, T = Z?:l ZL‘j/’rL, Sez =
Z?:l(xj ~7)? and S} = Z?:1(37ij —4ij)*/(n — 2). Let
&; and Bz denote the least squares estimators of « and 3
based on the ith model; that is,

Bi = Z (yi5 — )@ — 2)/ Sz
j=1

and

65 = Ui — B, i=1,... k. (3)

We note that yo1,..., Yok, J1, - - .,gk,Bl, . ,ﬁk, and S%,
..., S% are all statistically independent with

Yoi ~ N(o; + Bizo, 07), i ~ N(a; + 3%,02 /n),
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Bi~ N(Bi,07/Ss), and (n—2)S7/o} ~ X2y (4)
for i+ = 1,..., k. The classical estimator based on the ith
model alone is given by

Zoi = T + (Yoi — %)/ 0s- &)

This estimator is obtained by solving the equation yo; =
&; + Pyxo for xg. It has infinite mean and mean squared
error (MSE) on account of the denominator 62 (see, e.g.,
Piegorsch and Casella 1985). Krutchkoff (1967) introduced
the concept of inverse estimation and compared the inverse
estimator and the classical estimator (5) with respect to the
MSE criterion by a Monte Carlo study. His results led to
a long controversy. The MSE as a criterion for comparing
the classical estimator and the inverse estimator has been
criticized by Williams (1969a,b). Also, Williams (1969b)
showed that no unbiased estimator has finite variance and
recommended Z; on the grounds that it is based on a set of
sufficient statistics. Halperin (1970) used Pitman nearness
criterion for comparison and supported using Z; rather than
the inverse estimator. However, in the multivariate case (i.e.,
y is a k x 1 vector with covariance matrix ¥) Lieftinck-
Koeijers (1988) showed that when X is known, a general-
ization of the classical estimator (5) has finite mean pro-
vided that £ > 3 and finite MSE if £ > 5. Her results were
improved and extended to the unknown covariance matrix
case by Nishii and Krishnaiah (1988). They indeed showed
that the classical estimate has finite mean if & > 2 and
finite MSE if £ > 3, and also gave expressions for them.
Brown and Spiegelman (1991) also showed the existence of
absolute moments of the classical estimate in a more gen-
eral situation assuming that the error variances are known.
(For confidence estimation in the multivariate case, we refer
the readers to Brown 1982 and Mathew and Subramaniam
1994.) The multivariate setup is appropriate when several
responses are available from each unit, whereas the present
setup is suitable when only a single response is observable
and various methods or different measuring devices are used
to measure it. Of course, there should not be any confusion
between the present problem and that of comparative cali-
bration (Williams 1969a), as in the latter no standard mea-
surement on x is available and the objective is to compare
different measuring instruments in a symmetric way.

In the following section we propose first a linear combi-
nation of the k classical estimators in (5) and show that the
combined estimator has finite mean when k£ > 2 and finite
MSE when k£ > 3 under the model assumptions in (1) and
(2). We also give asymptotic expressions for both bias and
MSE of the combined estimator in terms of the expectations
involving Poisson random variables. Further, we develop
two exact confidence sets for zo based on all k calibration
data sets and the prediction experiment data using a gen-
eralization of the joint sampling approach (Brown 1982).
We give sufficient conditions for the confidence sets to be
finite intervals in Section 3. We illustrate the results using
an experimental data set in Section 4. Finally, in Section 5
we make some remarks regarding the practical implications
of the results obtained in this article.
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2. A COMBINED ESTIMATOR OF x

Suppose that the 3,’s and 02’s are known and let &, = z +
(Yo, —4.)/Bi,i=1,...,k. Consider &; = Zle a,%,, where
the a,’s are nonnegative constants such that Zle a, = 1.
It follows from (4) that E(#;) = o, and it can be easily
verified that the var(z;) attains its minimum when a, =
(82/02)/(XF_ #2/02),i = 1,...,k. Hence & with these
choices for the a;’s is the best linear unbiased estimator of
zo. Therefore, when the (3,’s and o2’s are unknown, replac-
ing them by appropriate estimators, we propose

. k
T, = E w,To, With w; = (51-2/522)/ E :/612/512
i=1

i=1

(6)

where g, is given in (5) as an estimator of z,. The estima-
tor (6) can also be regarded as a generalized least squares
estimator, for it minimizes Zle(ym — & — Bimo)?/S?
with respect to zg.

2.1 Bias and Mean Squared Error of x.

In the following theorem we give conditions under which
the bias and the MSE of . are finite and give asymptotic
expressions for them. The proof of the theorem is deferred
to the Appendix.

Theorem 2.1. The estimator . has finite mean if n > 5
and k£ > 2 and finite MSE if n > 7 and k > 3. Further,

bias(z.) = (Z — zo)(1 — 2AE(k +22)"") + O(n™?)  (7)
and
MSE(i.)

= SeeB(k+2Z —2)7 + (Z — x0)?

27 + 1 2
1 _
X { +2/\E<(k+2Z)(k+222) k+2Z>}

+0(n™h), (8)

where Z ~ Poisson()\) and \ = (S,./2) S2F | g2/02.

Because (k + 2Z)~! is a convex function of Z, E(k +
27)~ > (k + 2X)~L. Further, for k > 2, E(k +22)~" <
E@2+2Z)7" = (1 — exp(—)))/(2)). Therefore, 2)\/(k +
20) < 2XE(k +2Z)7' < 1 — exp(—A). In view of this
inequality, it is evident from (7) that . overestimates xq if
zo < T and underestimates it if 2o > 7. We also note that
2\E(k+2Z)~' — 1 as A\ — oco. Similarly, it can be shown
that for fixed S;,, Sz E(k+2Z —2)"!1 — 0 as A — oo, and
the terms inside the square brackets in (8) approach zero
as ) tends to co. This means that both the bias(z.) and the
MSE(&.) will be small if the slopes are large and/or error
variances are small.

Remark 2.1. It is interesting to note that Lieftinck-
Koeijers’s expression for the bias in the multivariate case
(with known covariance matrix) is (Z — z¢)(k — 2)E(k
+ 2Z — 2)~!, which is finite only when & > 3, whereas



