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1 Introduction

There has been continuous interest in developing small sample inferential procedures for
some commonly used distributions such as binomial and Poisson. A reason for such in-
terest is that the existing exact methods are too conservative, and as a result they have
poor power properties and produce too wide confidence intervals. In general, the exact
confidence intervals due to Clopper-Pearson (1934) for the binomial proportion, and the
Garwood’s (1936) exact intervals for the Poisson mean are too wide, yielding coverage
probabilities much greater than the specified confidence level. Several authors proposed
alternative approaches to get shorter confidence intervals for the cases of binomial and
Poisson. For example, Blyth and Still (1983) proposed a method of obtaining shorter
intervals for binomial proportions, and Casella (1986) provided an algorithm for comput-
ing those intervals. Casella and Robert (1989) also considered the problem of obtaining
shorter intervals for a Poisson mean. These intervals are shorter than the classical exact
intervals mentioned above, but the methods are not so simple as the classical exact meth-
ods. There are other articles that recommend the approximate score confidence interval
for the binomial proportion (e.g., Agresti and Coull (1998)). The review article by Brown,
Cai and Das Gupta (2001) evaluates the exact properties of several approximate as well
as some exact confidence intervals for the binomial case. These authors also recommend
approximate intervals considered in Agresti and Coull (1998) because of their simplicity.
Even though such approximate methods typically yield shorter confidence intervals, their
coverage probability may go well below the nominal level for some parameter and sample
size combinations, and therefore they are not exact in this strict sense.

The main criticism about the intervals due to Blyth and Still (1983) and Casella
(1986) for the binomial proportion and about the intervals due to Casella and Robert
(1989) for the Poisson case is that they are based on computationally intensive methods.
Blyth and Still’s technique is to find all shortest acceptance regions (in the sample space)
for success probabilities that are multiples of 0.005. After discarding the disconnected
confidence set, five rules are used to choose the confidence region among the non-unique
shortest acceptance regions. The resulting method is approximately unbiased with equal
tail probabilities. In Casella’s (1986) paper, the confidence intervals are constructed by a
direct method rather than inverting acceptance regions. Casella also provides an algorithm
which, is not easy to program. Even though these procedures are useful to carry out a
fixed level two-tail test about the mean they are not useful to compute the p-values for
a two-sided hypothesis testing about the mean. It should be noted that an important
aspect of hypothesis testing is the actual level of significance attained by the observed
data (p-value), and its magnitude explains the degree of significance.

In this article, we propose a simple approach to improve the results based on the
classical exact method. For two-sided hypothesis testing, we propose a simple alterna-
tive exact test. Applications of the alternative exact test for the binomial and Poisson
distributions show that it has better size and power properties than the classical exact
test over a wide a range of parameter and sample size configurations but not uniformly.
Furthermore, we found that the alternative exact test is also conservative. Therefore, we
propose a combined test whose p-value is defined to be the minimum of the p-values of



the usual exact test and the alternative exact test. This combined test offers uniform
improvement over both exact tests while controlling the sizes satisfactorily. The p-values
of both exact tests can be computed by using a calculator that computes the distribution
function of the desired discrete distribution. We also outline a method of finding the
acceptance region (in the parameter space) of the combined test that forms a confidence
set for the unknown parameter.

This article is organized as follows. In the following section, we describe the usual exact
procedure, an alternative exact procedure, and a combined method based on these two
exact procedures for making inference about the parameter of a discrete distribution. In
Section 3, all the methods are illustrated for the binomial and Poisson cases. Specifically,
exact size and power properties of the tests are studied for these two distributions. For
the binomial case, the combined method produces a more powerful test than the usual
exact test while controlling the sizes satisfactorily; the confidence intervals based on the
combined test are shorter than the usual exact intervals and practically coincide with those
of Blyth and Still (1983). The properties of the methods for the Poisson case are similar
to those of the binomial. The combined confidence interval is, in general, a member of
the so called “complete class” of confidence intervals given in Casella and Robert (1989)
for each case considered. In Section 4, we illustrate the methods for the hypergeometric
and negative binomial distributions. Some concluding remarks are given in Section 5.

2 The Methods

Let X be a discrete random variable with the probability mass function (pmf) f(z;6),
where # is an unknown parameter. Assume that X is stochastically monotone in 6.
Consider testing hypotheses

H()ZQ:@U VS. Ha:97é90.

Let k be an observed value of X. Since the distribution of X is known under Hy, the
exact p-values of a test can be readily computed. In the following, we shall describe the
usual test, an alternative test, and the combined test.

2.1 The Exact Test

For a given level «, and an observed value k of X, the usual test rejects Hy whenever the
p-value
P.(0p) = 2min{ P(X < k|y), P(X > k|0p)} < «, (2.1)

where

P(X < k|fo) = ) _ f(x:6p) and P(X > k|fo) = Y _ f(x:6p).

<k x>k



2.2 The Alternative Exact Test

Let 1y denote the expected value of X under Hy. This alternative test rejects Hy whenever
the p-value
P((X = o) > (k = 10)?16o) < o (2:2)
or equivalently,
P,(0g) = P (X < L1|6y) + P (X > Lslby) < a, (2.3)

where Ly = [uo — |k — pol], L2 = [po + |k — po|] and [u] denotes the largest integer less
than or equal to u.

The above new test is motivated by the test statistic Y ;- (X; —nipo)?/(nipo(1 — po)),
where X; ~ binomial(n;, p;), considered in Kulkarni and Shah (1995) and Krishnamoorthy,
Thomson and Cai (2002) for testing equality of m binomial proportions to a specified
standard pg. In the latter paper, we noticed that, for testing a single binomial proportion,
the alternative exact test is different from the usual exact test and there is no clear cut
winner between them. In the following we propose a combination of the two exact tests.

2.3 A Combined Test

Our preliminary numerical studies for the cases of binomial and Poisson showed that
the alternative exact test is also conservative though, in general, less conservative than
the exact test. This suggests that the test that rejects the Hy whenever either of the test
rejects Hy will be less conservative than both exact tests. Thus, we define a new combined
test that rejects the null hypothesis whenever

min{Pe(00)7 Pa(QO)} S G. (24)

The rejection region (in the sample space) of the combined test is the union of the rejection
regions of the exact test and the alternative exact test. Because the combined test rejects
Hy whenever either of the tests rejects Hy, it is more powerful than both exact tests given
above.

To shed more light on the above combined test, we computed its rejection regions along
with the rejection regions of the exact test and the alternative exact test for two-sided
hypothesis testing about a binomial proportion. These rejection regions are reported in
Table 1 for testing Hy : p = po vs. H, : p # po. Note that the size of a test with rejection
region R is given by >, P(X = k|n,py). We observe from the table values that the
size of the combined test exceeds the nominal level when (n,py) = (17,.20). In other
situations the rejection region of the combined test coincides with that of one or both of
the exact tests, and so the sizes are within the nominal level 0.05. Furthermore, as shown
in Section 3, the sizes of the combined test never exceed 0.06 when the nominal level is
0.05.

2.4 Exact Power and Size of a Test

The exact powers and sizes of a test can be computed using the expression

> f(k:; 0)I((p-valuel|k, 6) < a), (2.5)
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where x denotes the support of X and I(.) denotes the indicator function. Note that the
above expression gives the power when 6 # 6, and size when 6 = 6.

2.5 Confidence Interval for # based on the Combined Test

A 1 — « confidence set for # is the set of values of 6 for which the p-values are greater
than «. For instance, an exact 1 — « confidence interval for 6 based on the combined test
is given by the set

{6 : min{P.(0), P,(6)} > a}. (2.6)

Because the combined test is more powerful than the exact test, the confidence set based
on the former is a subset of the one based on the latter. Furthermore, the combined
interval is the intersection of the intervals based on the exact tests. Therefore, a searching
method, with the endpoints of the usual exact interval as initial values, can be used to
obtain the confidence set in (2.6). We will later discuss this searching method in detail
for the binomial case.

3 Binomial and Poisson Distributions

We now study the properties of the exact test, the alternative test, the combined test and
the confidence intervals based on them for the binomial and Poisson distributions.

3.1 Binomial Distribution

Let X ~ binomial(n,p). The pmf of binomial distribution with number of trials n and
success probability p is given by

fla;p) = (n)px(l —p)" % 0<p<l, z=0,1,..n
X

3.1.1 Hypothesis Tests for a Binomial Proportion
We want to test
Ho:p=po vs. Hy:p# po.
For a given n and an observed value k of X, the usual test rejects Hy when the p-value
P.(n,p) = 2min{P(X < k|py), P(X > k|po)} < a. (3.1)
The p-value of the alternative exact test is given by

P.(n,po) = P (X < [npo — |k — npol]|po) + P (X = [npo + |k — npol]|po) - (3.2)

The combined test rejects Hy whenever the min{ P.(n, py), P.(n,p)} < a.
Consider the transformation X — n — X and the induced transformation p — 1 —
p. Under these transformations, the p-value in (3.1) remains the same because the the



binomial probability mass function f(x;n,p) = f(n — x;n,1 — p). The p-value of the
alternative exact test in (3.2) can be written as

> f@sn,p)I((x —np)® > (k—np)?),

where I(.) is an indicator function. It can be readily verified that the above p-value does
not change under the aforementioned transformations. Therefore both exact tests are
invariant under the transformations X — n — X and p — 1 — p, and as a result, the
combined test is also invariant. One of the implications is that the sizes of an invariant
test are the same when Hy : p = pg vs. H, : p # po and when Hy : g = qg vs. H, : q # qo,
where g =1 —pand ¢p = 1 — py.

3.1.2 Exact Sizes and Powers of the Binomial Tests

The sizes and powers of the exact test (3.1), the alternative test (3.2) and the combined
test are computed using (2.5) for different parameter and sample size configurations, and
plotted them in Figures 1-3. In Figure 1(a — d), we plotted the sizes of the tests as a
function of p, and in Figure 2(a — d), we plotted them as a function of n. It is clear from
these plots that the sizes of the alternative exact test are closer to the nominal level than
are the sizes of the exact test. The sizes of the combined test exceed the nominal level in
a few cases but not more than 0.06. Furthermore, the plots of powers in Figure 3(a — d)
show that the alternative exact test is not uniformly more powerful than the exact test.
But the combined test is either as powerful as the exact test (see Figure 3b and ¢) or more
powerful than the exact test (see Figure 3a and d).

3.1.3 Confidence Intervals for a Binomial Proportion

The usual exact confidence limits due to Clopper and Pearson (1934) is given by
(beta(a/2; k,n — k+ 1), beta(l — a/2;k + 1,n — k)), (3.3)

where beta(c; a,b) denotes the cth quantile of a beta distribution with shape parameters
a and b. This interval should be used with the convention that beta(a/2;0,n + 1) = 0
and beta(l — «/2;n,0) = 1. This interval is equivalent to the set

{p: P(X < klp) > a/2} U{p: P(X > Klp) > a/2},

which is the acceptance region of the usual exact test. Because the combined test is
better than the usual test, the confidence interval based on the former is shorter than the
one based on the latter. Let (p;,p,) denote the 1 — « confidence interval based on the
combined test. Then,

min{ P.(n, p), P,(n,p)} > a for all p € [p;, p,]

and
min{ P, (n, p), P,(n,p)} < o for all p & [p, pu).
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Using a searching method with endpoints of (3.3) as initial values, one can find (p;, p,).
The following algorithm is useful to compute the confidence interval (p;, p,,) for a binomial
proportion p.

Algorithm 1

For a given k, n and a:

Set p = beta(a/2;k,n — k+ 1)
Set € = 0.001

1 Compute f(n,p) = min{P,(n,p), P.(n,p)}
If f(n,p) > a then p; = p; goto 2
Else set p = p +¢; goto 1

2 Set p=beta(l —a/2; k+1,n—k));

3 Compute f(n,p) = min{P,(n,p), P,(n,p)}
If f(n,p) > a then p, = p; goto 4
Else set p = p — ¢€; goto 3

4  end

We computed the 95% confidence intervals (p;, p,) using the above algorithm for some

values of n and k. These intervals along with the intervals (BS) due to Blyth and Still
(1983) are given in Table 2. We observe from the tabulated values that the combined
intervals and BS intervals are practically the same except for a few cases. For example,
when (n,k) = (8,0),(9,0),(11,0), and (14,2), BS intervals are slightly shorter than the
combined intervals; for (n, k) = (6,1),(8,2),(9,3) and (14, 4), the combined intervals are
slightly shorter than the BS intervals. We indeed computed the 95% and 99% combined
intervals (not reported here) for all the combinations of (n, k) given in Table 2 of Blyth
and Still (1983), and found that the new intervals and the BS intervals are essentially
the same for all the cases. Therefore, our combined intervals have all the four natural
properties listed by Blyth and Still (1983). Furthermore, we observed that our intervals
in Table 2 are members of the “complete class” of intervals given in Table 1 of Casella
(1986).
Remark 1. In a very few situations, the alternate exact method produced disconnected
confidence intervals. For example, when n = 13 and k& = 0, the alternative method pro-
duced confidence interval as (0,.23) U (.260, .269). In this case, the usual exact confidence
interval is (0,.23) and hence the combined interval, which is the intersection of the usual
exact interval and the alternative exact intervals, is (0,.23). Among all the cases con-
sidered (n = 1,2,...,30, k = 0,...,n), the alternate exact method produced disconnected
intervals in seven cases. We do not want to elaborate on this issue because we recommend
the combined procedure for practical use which always produces a unique interval.

3.2 Poisson Distribution

The pmf of a Poisson random variable with mean A is given by

—A)\:p
flan) =" x>0, 2=0,1,2,...
xZ:



Let X, ..., X, be a sample from Poisson(A). Since Y = > | X; ~ Poisson(n\), testing
about A is equivalent to testing about nA. Therefore, without loss of generality, we can
assume that n = 1.

3.2.1 Hypothesis Tests for a Poisson Mean
For an observed value k of Y, the p-value of the usual test for testing
Hy: X=Xy vs. Hy: N# )\
is given by
P.(Ao) = 2min{P(Y < k[Xo), P(Y > k[Xo)}. (3.4)

The p-value of the alternative exact test is given by
Pa(Xo) = P (Y < [Ao = [k = Xolllpo) + P (Y = [Ao + [k = Xo]|po) - (3.5)

The combined test rejects Hy whenever min{ P,(\g), P,(Ao)} < .

3.2.2 Exact Sizes and Powers of the Poisson Tests

The sizes and powers of the above Poisson tests are computed using (2.5), and they are
plotted in Figures 4 and 5. The plot in Figure 4a shows that the sizes of the the combined
test never exceed the nominal level for A = 0.5(0.5)60. However, the plot of the sizes for
A =0.2(0.2)60 in Figure 4b shows that the sizes of the combined test exceed the nominal
level at several places but, in general, not more than 0.06. The power plots in Figures
5a and 5b show that the combined test is more powerful than the exact test whereas the
alternative exact test is not uniformly better than the exact test.

3.2.3 Confidence Intervals for a Poisson Mean

For an observed value k of Y, the classical exact confidence interval for the Poisson mean
due to Garwood (1936) is given by

1 1
Eng,a/Q’ §X§k+2,1—a/2 ) (36)

where X?n,c denotes the cth quantile of the chi-squared distribution with df = m. This
interval should be used with the convention that nga o =0.
The combined interval is given by

{A:min{P.(\), P,(\)} > a}.

We used a searching algorithm similar to Algorithm 1 with endpoints of (3.6) as
initial values to compute 95% confidence intervals. These combined intervals along with
the intervals (CR) due to Casella and Robert (1989) are given for k = 0, 1,...,49 in Table
3. It should be noted that the Casella and Robert’s procedure gives a class of intervals
for a given k. For example, when k& = 12, the right endpoint is any number in the interval
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20.77+£1.26. The left endpoint of the combined interval and the left endpoint of the CR
interval are the same or close whenever the latter is unique (e.g., see k = 0 to 7, 20 and
28 in Table 3). In most cases the combined intervals are members of the class of the CR
intervals; in other cases they are very close to the CR intervals (e.g., see k = 21, 26 and 44
in Table 3). As pointed our by Kabaila and Byrne (2001a), Casella and Robert’s (1989)
method is not easy to program.

4 Hypergeometric and Negative Binomial Distribu-
tions

We shall now illustrate the new method for the hypergeometric and negative binomial
distributions.

4.1 Hypergeometric Distribution

Let X ~ hypergeometric(N, M, n), where N is the lot size, M is the number of defective
items in the lot, and n is the sample size. The pmf of X is given by

() Come)
()

Let m = M /N denote the proportion of defective items in the lot.

fx(k) = , max{0,M — N +n} <k <min{n, M}.

4.1.1 Hypothesis Tests

Consider
Hy:m=my vs. H,:m# m,

where m = M/N. Let My = [Nmo|, where [x] denotes the largest integer less than or equal
x. For an observed value k of X, we have

P.(My) = 2min{P(X < k|N, My,n), P(X > k|N, My,n)} (4.1)
and

P,(My) = P (X < [nmy — |k — nmol]|N, Mo, n) + P (X > [nm + |k — nmol]|N, Mo, n).
(4.2)
The combined test rejects Hy whenever min{ P,(M,), P,(My)} < a.

4.1.2 Confidence Interval for =

The left endpoint of the usual exact interval is the value of M for which P(X > k|N, M,n) =
a/2 and the right endpoint is the value of M for which P(X < k|N,M,n) = a/2. The
confidence set for M based on the combined test is given by

{M : min{P.(M), P,(M)} > a}.
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This set can be obtained by using an algorithm similar to Algorithm 1 with ¢ = 1. To
get the left endpoint M, of the confidence interval for M, we used backward search from
the integer part of the mean = kN/n. The right endpoint M, can be obtained using
forward search from the mean. We computed 95% confidence intervals for 7 = M /N
based on the usual exact method and the new method, and presented them in Table 4.
The values of (n, k) in Table 4 are chosen as in Table 3 for the binomial case so that we
can understand the effect of the finite population size in estimating the proportions. We
observed from Table 4 that the combined interval is shorter than the usual exact intervals
for all the cases. Furthermore, these intervals are shorter than corresponding binomial
based intervals which is expected because in the latter case the population is infinite.

4.2 Negative Binomial Distribution

In the binomial case the random variable represents the number of successes in n Bernoulli
trials whereas in the negative binomial case the random variable represents the number
of trials (or the number of failures) required to have a specified number successes. Thus,
these two distributions are related, and the results for the negative binomial case can be
easily deduced from those of the binomial. The pmf of the negative binomial distribution
is given by

k+r—1

ety = Px =y = ("

>p7"(1 —p), k=0,1,2,..., 0<p<1,

where X represents the number of failures until the rth success in a sequence of indepen-
dent Bernoulli trials.

4.2.1 Hypothesis Tests for Negative Binomial p

For a given number of failures k& until the rth success, the p-value of the usual exact test
for testing Hy : p = po vs. H, : p # po is given by

Pe(r, po) = 2min{ P(X < k|r,po), P(X = k|r,po)}. (4.3)

Noting that, under Hy, the mean of X is g = (1 — po)/po, the p-value of the new test
is given by

Pu(r,po) = P(X < [po — [po — Kl]|r, po) + P(X > [po + [po — Kl]|7, po)- (4.4)

The p-value of the new test is given by min{ P, (r, po), P.(r, po) }

4.2.2 Confidence Limits for the Negative Binomial p

The usual exact confidence interval based on the Clopper-Pearson approach is given by
(beta(a/2; 7, k + 1), beta(l — a/2; 7, k)).

The above interval can be obtained by using the relations among the binomial, negative
binomial and beta distributions (e.g., Casella and Berger 2002, p. 454). Kabaila and
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Byrne (2001b) provided confidence intervals which can not be shortened without compro-
mising the coverage probabilities. The confidence interval based on the new test is given
by {p : min{P,(r,po), Pa(r,po) > a}. This interval can be obtained along the lines given
for binomial confidence interval. We computed 95% confidence intervals for some selected
values of r and k, and presented them in Table 5. It is seen from the table that the left
endpoints of the usual interval and the new interval are the same, and the right endpoint
of the combined interval is less than or equal to that of the usual exact interval for all the
cases considered.

5 Concluding Remarks

It should be clear from the preceding sections that the alternative exact test and the usual
exact test are the same for testing one-sided hypotheses. For example, in the binomial
case, a right-tail test can be used only when k > npy, and in this case the p-value of the
usual test is P(X > k) = P(X > [npo — |k — npo|]) which is the p-value of the alternative
exact test. Therefore, the alternative test and the usual exact test are the same. This
implies that the one-sided limits based on the usual exact method and the combined
method are the same. Regarding coverage probabilities of the confidence intervals, we
note that the sizes of the new tests for the binomial and Poisson cases never exceeded
0.06, and hence the coverage probabilities for these cases will be at least 0.94 when the
confidence level is 0.95. In a recent article, Blaker (2000) has noted that the confidence
intervals due to Blyth and Still (1983) do not posses the nested property; that is, for a
given n, k and o/ > o”, a 1 — o’ confidence interval may not be a proper subset of a
1 — o confidence interval. Blaker provided an example (binomial(3,p) with confidence
levels .696 and .444) where Blyth and Still’s intervals do not satisfy such nested property;
however, we observed from Table 2 of Blyth and Still’s paper that their intervals do
satisfy nested property for practical confidence levels 0.95 and 0.99. Furthermore, our
combined confidence intervals satisfy such property even at the confidence levels 0.696
and 0.444. That is, 0.444 confidence intervals contained in 0.696 confidence intervals for
binomial(3, p).

As we already pointed out, the proposed tests are simple to use. The p-values of the
tests can be computed using available electronic calculators (e.g., TI-83), online calcu-
lators (e.g., http://calculators.stat.ucla.edu), and freely available PC calculator StatCalc
from http://www.ucs.louisiana.edu/~kxk4695. For constructing confidence intervals a
computer program is necessary, which can be easily written based on our Algorithm 1 for
the binomial case. Similar programs can be written for other distributions as well.
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