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ABSTRACT

The problem of unbiased estimation of the common mean of a multivariate
normal population is considered. An unbiased estimator is proposed which has a

smaller variance than the usual estimator over a large part of the parameter space.

1. INTRODUCTION

Let (u1, ..., ups1)' be a (p+1)-variate normal random vector with mean (g, ..., 1)’
and ,covariance matrix ©. The problem of estimation of u was first considered by
Halperin (1961) who derived the maximum likelihood estimators of 4 and ©. This
problem is equivalent to the estimation of the intercept in multiple regression with

random regressors. Let A — (a;;) be a {(p + 1) % (p + 1) matrix with a;; — 1 for
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i=1,.,p+1, a5 = -1 for i = 2,...,p+ 1 and a;; = O elsewhere. Consider
the transformation (y,Z1,-..,2p) = (¥, X")' = A(ur,...,up41)’. Then (y, X")’ has
a (p + 1)-variate normal distribution with mean (x,0, ...,0)" and covariance matrix
¥ = AOA'. In this formulation the problem arises in discrete event simulation where
one uses control variables to reduce variance by exploiting correlations between
output response y and associated auxiliary variables zi,...,z, observed during the
course of each simulation run. Typically the mean u; of z; is known (and may be
taken to be zero) and the object is to estimate p = E(y). This problem has been
considered, amongst others, by Baranchik (1973) and Gleser (1987).

For ease in comparison we will use the regression formulation in this paper. Let

Y= Oyy U'XV
Oxy Zxx
be unknown. Suppose that we have n independent observations on (y,X’). Let
7, X)) =n' T (4, X!) be the sample mean vector and
1=1 !

wo (o s Yo, B g )
wxy Wxx Tiw - 9(X - X) Tha (X - X)) (X - XY (1)
1.1

be the sample cross-product matrix. Then the usual estimators of u are § and the

maximum likelihood estimator given in (1.2) below.

Suppose first that T is known and let 8 = Lxkox,. Consider the estimator
g(a) = §— X5, o4Z; where ay, ..., o, are real numbers. Then var(§(a)) is minimized
for a = B and g(B) is the best linear unbiased estimator of . When 8 is unknown

replacing it by b = Wxkwx, leads to the maximum likelihood estimator
g(b) =g - ¥'X. (1.2)
The estimator g(b) is unbiased for p and has variance

var(g(b)) = n "' (1 + — Oyy.x (1.3)

)
for n > p+ 2 where o,y x = gy, (1 - plx) and p? x = (0%, Txx0xy) /0y It is easy
to check that

var(g(b)) < var(g) if and only if » > p+ 3 and pix >p/(n—2). (1.4)
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A typical approach has been to improve upon b as an estimator of 5. The
discussion has been limited to the classes of estimators that have smaller variance
than g(b). While this appraoch shows that §(b) is inadmissible, it has not led to
any practical alternative to §. In this paper we focus attention on g and suggest an
unbiased estimator fi. which, with proper choice of ¢, dominates § when a positive

lower bound for the squared population multiple correlation is known.

2. PROPOSED ESTIMATOR AND ITS VARIANCE

The estimator b of 8 in (1.2) uses the cross product matrix ©(X; — X)(X; — X)'
even though the mean vector of X; is known to be zero. It is reasonable to expect
in this case that

n
bo = (3 XaX]) wxy = e(Wxx + n XX wyy, (2.1)
i=1

where ¢ is a constant, will lead to a better estimator of u. Let
p.=g5-0X. (2.2)

Then we have

Theorem 2.1. The estimator fi. is unbiased for pu.

Proof. Using the identity

-1 ¢ gmr—1
(Wax + XX = Wl — XX Wy
1+ nX'WiiX
wc can write fic as
.o 1 o
He =Y — C(ﬁ"ﬁ)blx (23)

where T2 = nX'W;L1 X. Since X2 — Xand T? = n(— XYWzL(—X) we have

1 _ 1 _
E ¥X = —E (-—) e
<1+T2) 1472

and the assertion follows.

In order to compute var(fi.;) we need the following lemmas.
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Lemma 2.1. (i) The conditional distribution of b given (X1, ..., X,)

is Np(8, 04y xWxx)-

(ii) 2'Z = nX'Sxx X ~ x? independently of X (or Z).

(ii))V = (X'ExxX)/(X'WxxX) ~ x2_, independently of X(or Z).
(iv)T*=2'Z|]V ~ xﬁ/x?,_,, where the chi-squared random variables in the numer-

ator and the denominator are independent.
For the proof of Lemma 2.1 see Muirhead (1982, Chapters 1 and 3).

Lemma 2.2. Let X ~ x; and Y be independent of X. Suppose that f is a real

valued function and k > 1 is an integer. Write (a)x = a(a +1)...(a + k — 1). Then
E{X*{(X +Y)} =2"(p/2): E{f(Z + Y)},

provided the indicated expectations exist. Here Z is a x2,,, random variable.

Lemma 2.2 is easy to prove.

Lemma 2.3. Let Z ~ N, (0, I) where I is the px p identity matrix, and let A = (a;;)

be a p X p square matrix. Then for any real valued function f

E{f(2'2)(Z'AZ)} = tr(A)E{f (x7:2)}
provided the indicated expectations exist.

Proof. We note that

P P
E{f(2'2)(Z'AZ)} = E{f(3_ =) (D @zl + > aijziz)}
i=1 i=1 i#]
Since z;’s are i.i.d. N(0,1) random variables, the rhs is equal to
P P P P
E{f(3_ 230 aaz))} = auE(A Q] 2)) + . + e E(2, £ (3 2)).

Also, as 2?’s are independent x! random variables, it follows from Lemma 2.2 that,

for each j, E(22f(0_; 2])) = E(f(23® + iz 21)) = Ef(X542), where 2.7 ~ x§

independently of z’s. Thus, the result follows from the above equation.

Lemma 2.4. For r > 0,
E gXX' _ "wl’z.xr(n‘;ﬁ + ")I‘(ﬁz—l)
(1+7T2) al ("M% +r)
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Proof. Let A= E}i{zax,okﬂz}%z. Then using Lemmas 2.1 and 2.3 we have
BXX'B g [ (Z2'AZ)vr 1 Xop |
El— N =n'E|~c——|=n"tr(A)E | 5— 75—
Jrasts 72+ VY WE s,

which proves the lemma.

Theorem 2.2. For n > p the variance of {. is given by
n-—p
n(n+2)

2 c
OyPyx+

2 9
Var(f.) = n"toy, —2¢ (nz r) [ P 2Py

LA+ k] owe (24)
Proof. Rewrite ji. as
P ob! 1o
b= 0= 0%) - [ - 0] .
Using the fact that § — 8'X is independent of (X,b') we get
VXX'b )_ B (ﬂ’f()—('b

var(fi.) = E(g—ﬂ')?—u)z+czE( )+ﬂ'E(XX'),3. (2.5)

(1+T7?)2 1+ T2
Now
E(g - pX - ﬂ)2 = n_low(l - P?;.X)’
,B'E()_()_(')ﬂ = n_lowpz_x
and

1+ 712
_ BXX'8 _(n-p 2
- E[1+T2 = aln + 2) whvx

The last two reductions follow respectively from Lemma 2.1(i) and Lemma 2.4.

[BX0] - e (B2 x|

Similarly, using Lemmas 2.1 and 2.4,

¥XX'b b X X'b
[(1 +T2)2] =k (E (1+T2)2'X"“"X"D
_ 1 T? XX
= nloyxE ((1 +T2)2) +E ((1 +Tz)z}
_ p(n - p)o'yy.X (n - p)(n -p+ 2) o -p2
n2(n+ 2) n(n+ 2)(n +4) Yy xXPy X"

Substituting in (2.5) we get (2.4) after some simplification.
Corollary. For ¢ >0

-1
var(fi,) < var(y) if and only if p2 x > n7'p (',’; +%- %) (2.6)

For a = .1 and ¢, = 2n(n +4)/[9p(n + 4) + n(n — p + 2}]
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Table 1: Efficiencies of i; and 7(b) relative to g.

E, = nvar(fi1)/oyy, E; = nvar(g(b)) /oy
Py.z El E2 El EZ El E2
(n=10, p=2) (n=10, p=4) (n=10, p=6)
0.1 1.1234 1.3200 1.1909 1.9800 1.1928 3.9600
0.2 1.0937 1.2800 1.1634 1.9200 1.1710 3.8400
0.3 1.0442 1.2133 1.1177 1.8200 1.1349 3.6400
0.4 09749 1.1200 1.0537 1.6800 1.0842 3.3600
0.5 0.8857 1.0000 0.9714 1.5000 1.0190 3.0000
0.6 0.7768 0.8533 0.8709 1.2800 0.9394 2.5600
0.7 06480 0.6R00 0.7520 1.0200 0.8453 2.0400
0.8 0.4994 0.4800 0.6149 0.7200 0.7368 1.4400
0.9 0.3310 0.2533 0.4594 0.3800 0.6137 0.7600
(n=20, p=3) (n=20, p=4) (n=20, p=10)
0.1 1.1054 1.1880 1.1349 1.2729 1.2182 2.2275
0.2 1.0739 1.1520 1.1033 1.2343 1.1909 2.1600
0.3 1.0214 1.0920 1.0505 1.1700 1.1455 2.0475
0.4 0.9480 1.0080 0.9767 1.0800 1.0818 1.8900
0.5 0.8535 0.9000 0.8818 0.9643 1.0000 1.6875
0.6 0.7380 0.7680 0.7658 0.8229 0.9000 1.4400
0.7 0.6016 0.6120 0.6287 0.6557 0.7818 1.1475
0.8 0.4442 0.4320 0.4705 0.4629 0.6455 0.8100
0.9 0.2657 0.2280 0.2913 0.2443 0.4909 0.4275
(n=30, p=4) (n=30, p=8) (n=30, p=15)
0.1 1.0977 1.1550 1.1726 1.3860 1.2250 2.1323
02. 1.0658 1.1200 1.1404 1.3440 1.1969 2.0677
0.3 1.0126 1.0617 1.0868 1.2740 1.1500 1.9600
0.4 0.9381 0.9800 1.0116 1.1760 1.0844 1.8092
0.5 0.8423 0.8750 0.9151 1.0500 1.0000 1.6154
0.6 0.7252 0.7467 0.7970 0.8960 0.8069 1.3785
0.7 0.5869 0.5950 0.6575 0.7140 0.7750 1.0985
0.8 0.4272 0.4200 0.4966 0.5040 0.6344 0.7754
0.9 0.2463 0.2217 0.3142 0.2660 0.4750 0.4092

var(fi.,) < var(y) for p2 5 > .1.

Comparing fi,, with §(b) we find that when n. = 20, p = 4, ji., has smaller variance

than §(b) for px < .502. Thus ji., dominates both §(b) and § for .1 < plx < 5.
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3. CONCLUDING REMARKS

The unbiased estimator fi; has a smaller variance than g over a wide range of
parameter values. Thus for n = 20, p = 4, var(f) < var(g) for |py.x| > .37 and
for n = 20, p = 10 war(dy) < var(g) for |py x| > .50. In fact if p/n = A, and n is
large then for A < .50 the parameter set over which var(f;) < var(y) includes the
set |p, x| > .50. In the worst case when n = p + 3, the smallest possible value of n,

the parameter set over which var(f,) < var(g) includes the set |p, x| > .58.

In Table 1 we have computed the efficiencies of fi; and § for some selected values
of n and p, and p, x = .1(.1).9. It is clear that §(b) dominates i in risk only for
values of p, x close to 1. On the other hand 2, dominates both § and y(b) for
moderate values of p, x. Even for smaller values of p, x the loss in efficiency when
21 is used instead of § is not substantial. Thus when n = 20, p = 4, the loss is
13.49% for p, x = 1, and 10.33% for p, x = .2 but the gain in efficiency is 37.13%

for p, x = .70.

If a positive lower bound for Pz.x is known then we can choose ¢ and use {i. to
dominate § in risk. Suppose ]pf,_xl > o, where 0 < a < 1 is known. Then we can

choose ¢ such that
_ -1
pfe, 2 _n-pt2]
niln ¢ n+4
giving
4
0<ec< 2an(n +4) .
p(1—a)(n +4)+ an(n —p+2)

In particular with ¢o = 2an(n + 4)/[p(1 — a)(n +4) + an(n — p +2)]

var(fie,) < var(g) for pZ x > a.

Similarly fi., dominates both y(b) and y for .1 < pj y < .64 when n = 20, p = 10.
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