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In this article, an improved method of computing tolerance factors for multivariate
normal distributions is proposed. The method involves an approximation and
simulation, and is more accurate than the several approximate methods considered
in Krishnamoorthy and Mathew (1999). The accuracies of the tolerance regions
are evaluated using Monte Carlo simulation. Simulation study shows that the new
approach is very satisfactory even for small samples. Tolerance factors based on
the proposed approach are tabulated for the dimension of the normal distribution
p = 2(1)10, and various sample sizes ranging from 2p + 1 to 1000.
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1. Introduction

In many practical situations one wants to assess the proportion of the data fall
in an interval or a region. For example, engineering products are usually required
to satisfy certain tolerance specifications. The proportion of the products that
are within the specifications can be assessed by constructing a suitable tolerance
region based on a sample of products. Applications and detailed treatment of
theory for the univariate normal tolerance limits can be found in the book by
Guttman (1970a). A Fortran program for computing tolerance factors for the
univariate normal case is given in Eberhardt et al. (1989). For the multivariate
normal case, John (1963) provided theoretical formulation for the problem of
constructing tolerance region and gave a few approximate methods. Since then
many authors proposed approximate methods to construct tolerance regions for
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multivariate normal distributions. Among others, see Siotani (1964), Chew (1966),
Guttman (1970b), and Hall and Sheldon (1979). Fuchs and Kenett (1987, 1988) have
argued that many statistical process control problems are multivariate in nature,
and the need for multivariate tolerance region. These authors also discussed two
practical examples. Hall and Sheldon (1979) used bivariate tolerance region to assess
ballistic miss distances. Recently, Krishnamoorthy and Mathew (1999) developed
an approximate method and compared it with several approximate methods given
in the aforementioned papers via Monte Carlo simulation. Comparison studies
by Krishnamoorthy and Mathew showed that their approximate method is, in
general, more accurate than the other methods even though it is not satisfactory
for all situations. For this reason, these authors tabulated Monte Carlo estimates
of the tolerance factors for the dimension of the distribution p = 2(1)9 and various
sample sizes.

To describe the multivariate tolerance region formally, let x;,x,,...,x, be
a random sample from a p-variate normal distribution with mean vector yx and
variance-covariance matrix 2, say, N,(u, 2). Assume that n > p and u and 3 are
unknown. The sample mean vector X and the sums of squares and cross-product
matrix A are defined by

X = %ixi, AZi(X,-_i)(Xi_i)/' )
i=1 i=1

Then x and ﬁA are the usual estimators of y and 3, respectively. Furthermore,

X ~ N,(u, 2) independently of A ~ W (n—1,3),

where W (m, (1) denote the Wishart distribution with degrees of freedom m and
scale parameter matrix (.

Let0 < f<1and 0 <y < 1. A § content—y coverage tolerance region based on
X and ﬁA is constructed so that it would contain at least proportion f of the data
from Np(u, 3) distribution with confidence y. In notation, we write the tolerance
region as

x:(n—1D(x—-X)A"'(x-X) <c}, 2)
where c is the tolerance factor to be determined subject to the condition that
P[P {(n—D(x —X)AT'(x =X) < c|X, A} = B] =, (3)
and x ~ N,(u, 2) independently of (x, A).
To see that the tolerance factor that satisfies the probability requirement in (3)
does not depend on any unknown parameters, we write (3) in terms of the following

transformed variables. Let y = E‘%(x —u), u= E‘%(X —u), and V = STIAS 3
Note that y, u, and V are independent with

p

1
yNN,,(O,I), u~N(0, ;Ip), and V~W,(n—1,1).
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In terms of these variables, we can write (3) as

Poy[Pl(n =Dy -w)Vi(y—u) <c|u V] = ] =7. (4)

Because exact method of computing ¢ is difficult to obtain, many authors
proposed approximate methods. As pointed out earlier, none of the available
approximate methods is satisfactory for all sample size, content, and confidence level
configurations, and the only satisfactory method is Monte Carlo simulation. For
easy reference and to explain the difficulties involved in Monte Carlo method based
on (4), we describe the simulation in the following algorithm.

Algorithm 1. For given n, p, 8, and y:

Fori=1,m,
generate au~ N,(0,17) anda V~W,(n—1,1,)
For j=1,m,
generate ay ~ N,(0,1,)
compute Q; = (n—1)(y —u)’V~'(y —u)
end j loop
compute 7; = 1008th percentile of the Q;’s
end i loop

The 100yth percentile of the 7,’s is a Monte Carlo estimate of the tolerance factor c.

Even though the above Monte Carlo method is simple to implement, it poses
some problems while computing the tolerance factor. First, it needs a total of m, x
m, simulation runs. For example, Hall and Sheldon (1979) and Krishnamoorthy and
Mathew (1999) used m, = m, = 1200, which amounts to a total of 1,440,000 runs.
Even with these many runs, the final estimate of the tolerance factor depends on
the initial seed used for the random number generators. In other words, for a given
(n, p, B, 7), two different seeds may produce tolerance factors that are appreciably
different. This instability is severe when the sample sizes are small relative to the
dimension. As a consequence, as noted in Krishnamoorthy and Mathew (1999), the
coverage probabilities of the tolerance regions based on Monte Carlo estimates of
the tolerance factors are sometimes quite different from the nominal level y.

To overcome the above shortcomings, in the following section we approximate
the inner probability in (4) using a chi-square approximation, and then use
simulation to compute the probability with respect to the joint distribution of (u, V).
Because the new approach use simulation with only one “do loop”, its accuracy
can be increased by raising the number of runs. Using this approach we computed
tolerance factors for p = 2(1)10, and for various sample sizes ranging from 2p + 1
to 1000. In Sec. 3, we evaluate accuracies of the tolerance factors based on the
new approach. Our simulation studies show that the proposed approach is very
satisfactory even for small samples.

2. The New Method

We note first that the distributions of u, y, and V, and the quadratic form in (4) are
orthogonal invariant. Let I"diag(/y, ..., [,)I', where I'l' =1, and [, > --- > [, are
the eigenvalues of V, be the spectral decomposition of V. Let z=1"y and q = I"'u.
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Then, we can write (4) as

Pq,l[Pan 1>z(z L <c

atl=p| =, )

where z = (z;,...,2,), ¢=(q1,...,q,), and 1 = (I}, ,,...,1,)". The conditional
distribution of z, given V and q, is N, (0, 1,), and hence conditionally given V and q,
(z; — q.)* ~ 13(¢?) for i=1,..., p, where y2(9) denotes the non central chi-square
random variable with df = m and non centrality parameter 6. We also note that
71(g7)’s are independent when ¢;, ..., ¢, are fixed, and ¢, ..., ¢, are independent
x1/n random variables.
To approximate the inner probability in (5), we need the following lemma due
to Imhof (1961).

Lemma 2.1. Let Q = Zf;l /l,-xfnl_(éi), where 7, > 0 fori=1, ..., k. Then

P(Q > x) ~ P(Xﬁ > y),

where

3 Ko
y= /i(x—cl)—i—a, a:%, and ¢; =) A(m;+jo), j=12,3. (6)
Cy C3 X

i=1

Furthermore, for 0 < o < 1, let yﬁy denote the ath quantile of y>. Then the ath quantile

of Q is approximated by
- [©202 _ 7
=202, -0+ ™

The approximation in the above lemma is obtained by “moments matching”
method. In particular, letting R = % “7”,/ Var(Q) + E(Q), we see that the first three
central moments of Q are equal to those of R when a is as defined in (6). Even
though there are other approximations available for the non central chi-square
distribution (e.g., Cox and Reid, 1987; Patnaik, 1949), the approximations to the
distribution of Q based on them are not satisfactory. The recent article by Zhang
(2005) mentioned that the approximation in Lemma 2.1 is in general accurate
for approximating probabilities of Q. But, as pointed out by Imhof (1961), and
based on our own numerical investigations, we found that the approximation is
remarkably accurate only for computing the right-tail probabilities of Q. Also, see
Krishnamoorthy and Mondal (2005).

To approximate the inner probability in (5), we note that, for fixed q and I, W =
7 (z; — q.)*/1; is distributed as Z, 7173 (g?). Therefore, the results of Lemma 2.1
can be readily applied with 4, =I7!, m;=1and 6, =¢?, i=1, ..., p. In this case,
we see that

i

jq? 3
’, j=1,2,3 and a:—g. )
G

i=1
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Thus, it follows from (6) that

r .— (. 2
3 (z l ) ~ /%(Xi —a)+ ¢, approximately. ©)
i=1 i

Using this approximation, we see that the inner probability inequality in (5) is

equivalent to
o
P|:(n — 1)( =05 —a)+ cl> <c
a

where a, ¢;, and ¢, are given in (8). The probability inequality in (10) holds if and

q,l] > B, (10)

only if ¢ > (n — 1)( 2(p—a)+ cl), where . ; denotes the fith quantile of the
x> distribution, and hence it follows from (5) that an approximation to the tolerance

factor c satisfies
Pa(0-0({2@-a+a) =c) = (1

Noticing that ¢,’s are independent with g> ~ x?/n and [;’s are the eigenvalues of V,
the following algorithm can be used to compute the tolerance factors.

Algorithm 2. For given n, p, 8, and y:

Fori=1,m,
generate g; ~ yi/n, j=1,...,pand V.~ W,(n — 1, 1)
compute the eigenvalues [y, ..., [, of V

compute ¢, ¢,, ¢; and a using (8)

set T, = (n — 1)( 2(x2—a) +cl>
end i loop

The 100yth percentile of the 7,’s is an approximate tolerance factor c.

We used the above algorithm with m; = 100, 000 runs to compute the tolerance
factors. The chi-square random numbers are generated using IMSL subroutine
RNNCHI, the chi-square percentiles are computed using IMSL subroutine CHIIN
and Wishart random matrices are generated using an algorithm similar to the
one due to Smith and Hocking (1972). The eigenvalues of the Wishart matrices
are computed using IMSL routine EVLSF. The tolerance factors are presented in
Table 1 for p = 2(1)10, = 0.90, 0.95, 0.99, y = 0.90, 0.95, 0.99, and various sample
sizes ranging from 2p + 1 to 1000. The tolerance factors for omitted sample sizes can
be computed using the following interpolation: Suppose that the tolerance factor
for the sample size n, is not listed in the table, and the factors a, for n, and a; for
ny are listed, where n, < n, < ny. Then, the factor a, for n, can be interpolated by
(nya, + nyas)/(ny + ny) if n, — n; < ny — ny; by (nya, + nya;)/(n, + ny) otherwise.
As an example, when p = 2, f = 0.90, and y = 0.95, the reported value for n = 37
is 6.99. The interpolated value for n = 37 using the tolerance factors for n = 35 and
n =40 is given by (40 x 7.09 + 35 x 6.84)/(40 4 35) = 6.97 which is very close to
the reported value 6.99 (see Table 1, p = 2).
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Table 1
Tolerance factors
B
7 =0.90 7 =0.95 7 =0.99
n 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99
p=2

5 41.61 57.10 9562 6681 9349 1554 199.6 289.4 476.9

6 2600 36.18 60.57 38.33 53.36 89.96 90.53 124.8 209.2

7 19.88 27.23 4517 2727 37.59 62.77 54.45 76.82 125.1
8 1631 2236 36.89 21.35 29.46 48.77 37.93 52.76 87.86
9 14.16 19.36 31.56 17.94 2493 40.53 30.06 41.70 69.66
10  12.69 17.20 28.30 15.78 21.40 34.93 24.51 34.26 57.48
11 11.63 1567 2573 14.12 19.15 31.65 21.13 29.49 48.88
12 10.82 14.61 23.82 12.88 17.52 28.85 18.77 25.87 43.43
13 10.19 13.75 22.28 12.01 16.31 26.54 17.09 23.44 38.56
14 9.70 13.02 21.09 11.35 15.27 24.83 15.53 21.55 35.25
15 9.30 1245 20.18 10.77 14.53 23.63 14.52 20.02 32.92
16 891 12.03 19.24 10.23 13.86 22.35 13.55 18.52 30.51
17 8.63 11.56 18.57 9.89 13.27 21.44 12.90 17.56 28.50
18 841 11.22 1795 9.53 12.75 20.61 12.31 16.79 27.25
19 8.17 10.92 17.48 9.24 12.37 19.90 11.72 16.04 26.30
20 7.99 10.67 17.02 8.98 12.08 19.33 11.33 15.35 25.18
21 7.81 1043 16.62 8.71 11.72 18.76 11.03 14.82 24.13
22 7.66 10.21 16.33 8.55 11.38 18.30 10.71 14.34 23.22
23 7.54 10.01 15.94 8.34 11.17 17.82 10.31 13.93 22.50
24 7.40 9.86 15.65 8.20 10.91 17.45 10.04 13.55 21.89
25 7.29 9.72 15.39 8.02 10.70 17.13 9.74 13.17 21.03
26 7.20 9.56 15.11 7.92 10.56 16.78 9.61 12.81 20.72
27 7.11 9.43 1494 7.81 10.38 16.50 9.35 12.60 20.13
28 7.03 9.31 14.75 7.67 10.22 16.25 9.18 12.38 19.72
30 6.88 9.09 14.37 7.49 9.96 15.77 8.89 11.84 19.07
32 6.74 8.92 14.10 7.32 9.70 15.36 8.59 11.43 18.34
35 6.58 8.71 13.70 7.09 9.40 14.84 8.29 10.99 17.61
37 6.48 8.57 13.50 6.99 9.25 14.58 8.11 10.66 17.14
40 6.36 8.40 13.18 6.84 9.00 14.26 7.84 10.38 16.55
45 6.20 8.16 12.79 6.63 8.72 13.68 7.50 9.96 15.71
50 6.07 7.99 12.47 6.45 8.49 13.33 7.27 9.59 15.11
60 5.87 7.72  12.03 6.21 8.14 12.74 6.89 9.08 14.27
70 5.74 7.52  11.69 6.02 7.90 12.31 6.64 8.72 13.66
80 5.62 7.37 11.47 5.89 7.72 11.99 6.42 8.44 13.14
90 5.55 7.26 11.25 5.79 7.58 11.77 6.29 8.23 12.83
100 5.48 7.16 11.10 5.70 7.46 11.60 6.15 8.07 12.56
150 5.27 6.87 10.62 5.43 7.10 10.98 5.77 7.55 11.68
200 5.15 6.72  10.37 5.30 6.91 10.67 5.57 7.29 11.25
300 5.03 6.56 10.10 5.14 6.71 10.33 5.36 6.99 10.77
500 4.92 6.41 9.86 5.00 6.51 10.03 5.17 6.72 10.35
103 4.81 6.27 9.64 487 6.34 9.75 4.98 6.49 9.98
o 4.61 5.99 9.21 4.61 5.99 9.21 4.61 5.99 9.21
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Table 1
Continued.
B
y =0.90 y =0.95 7 =10.99
n 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99
p=3
7 44.05 60.13 99.03 62.21 87.59 146.6 143.4 200.5 345.3
8 3136 4292 70.71 4231 5847 97.34 84.29 1149 196.1
9 2527 3444 5551 3275 44.62 73.80 58.13 80.07 134.7
10 21.53 2898 46.75 26.76 36.77 59.42 43.66 60.54 99.65
11 18.94 2533 4049 23.11 31.06 50.45 35.71 49.24 81.87
12 17.07 22.72 36.37 2049 27.50 44.04 30.16 41.42 68.30
13 1575 20.87 33.13 18.64 24.78 39.68 26.43 35.62 58.05
14 1471 1938 3049 17.03 22.79 36.29 23.60 31.87 52.30
15 1390 18.29 28.70 15.88 21.25 33.67 21.50 29.06 47.21
16 13.19 17.34 27.05 15.12 19.88 31.40 20.06 26.78 42.99
17 1270  16.59 2574 1429 18.92 29.79 18.68 24.67 39.85
18 12.19 1591 2475 13.77 17.98 28.29 17.50 23.17 37.69
19 11.81 1535 23.76 13.16 17.29 27.03 16.72 22.04 34.92
20 11.44 1489 2293 12.76 16.61 25.92 15.80 21.02 33.10
21 11.15 1453 2222 1235 16.16 24.93 15.16 20.13 31.72
221090 14.12 21.68 12.01 15.62 24.19 14.61 19.31 30.58
23 10.65 13.75 21.14 11.68 15.23 23.42 14.12 18.57 29.34
24 1046 13.44 20.60 11.46 14.87 22.82 13.70 18.00 28.10
25 10.28 13.20 20.16 11.20 14.49 22.24 13.36 17.44 27.23
26 10.07 13.01 19.75 10.95 14.17 21.68 12.95 17.16 26.56
27 991 1277 1942 10.79 13.91 21.32 12.75 16.58 25.70
28 9.78 12.62 19.08 10.60 13.65 20.90 12.43 16.18 25.10
29 9.65 1239 18.74 1043 13.43 20.48 12.17 15.83 24.62
30 9.54 1224 18.56 10.29 13.26 20.08 11.92 15.51 23.97
32 9.33 1193 18.08 10.03 12.85 19.60 11.49 14.88 23.07
34 9.13 11.73 17.59 9.79 12.55 19.05 11.20 14.47 22.24
35 9.07 11.58 17.40 9.68 12.43 18.78 11.06 14.28 21.84
37 8.93 11.38 17.09 9.48 12.18 18.32 10.72 13.88 21.12
40 8.73 11.08 16.63 9.23 11.84 17.83 10.42 13.42 20.43
45 8.47 10.77 16.04 894 11.39 17.10 9.99 12.79 19.35
50 826 10.49 15.61 8.70 11.07 16.52 9.63 12.25 18.48
60 795 10.07 1493 8.32  10.59 15.70 9.10 11.59 17.27
70 7.75 9.81 14.49 8.08 10.22 15.13 8.75 11.11 16.46
80 7.60 9.58 14.12 7.90 9.98 14.71 8.48 10.77 15.92
90 7.48 942 13.87 7.75 9.77 14.39 8.30 10.46 15.48
100 7.39 9.29 13.65 7.64 9.62 14.13 8.14 10.27 15.13
150 7.09 8.90 13.02 7.28 9.14 13.37 7.66 9.62 14.09
200 6.93 8.70 12.70 7.08 8.89 12.99 7.40 9.28 13.57
300 6.77 8.48 12.36 6.89 8.64 12.59 7.14 8.94 13.02
500 6.63 8.29 12.07 6.72 8.40 12.24 6.90 8.64 12.55
10° 6.50 8.13  11.81 6.56 8.21 11.92 6.68 8.36 12.15
) 6.25 7.81 11.34 6.25 7.81 11.34 6.25 7.81 11.34

(continued)
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Table 1
Continued.
B
v = 0.90 v =0.95 y = 0.99
n 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99
p=4
9 4566 61.37 1004 60.55 82.66 137.3 116.9 162.0 277.9
10 3542 4798 76.80 4578 61.74 100.8 79.56 110.6 182.6
11 2991 39.58 63.01 3695 49.83 80.79 59.47 81.04 1354
12 2578 3414 53.89 31.34 41.86 67.02 47.50 63.83 106.3
13 23.14 3048 4795 2749 36.41 57.85 39.95 54.29 87.76
14 21.16 27.61 43.16 24.79 32.63 51.58 34.42 46.79 76.57
15 19.63 2552 3946 22.52 29.59 46.44 30.48 41.23 65.74
16 18.36 23.89 36.67 20.93 27.40 42.71 27.76 37.54 59.81
17 17.38 2245 3446 19.69 25.53 39.87 25.44 34.01 53.95
18 16.59 2135 3270 18.58 24.10 37.31 23.75 31.28 49.67
19 1591 2047 31.06 17.71 23.01 35.27 22.33 29.06 46.70
20 15.33 19.67 29.70 17.00 21.95 33.41 21.09 27.55 43.45
21 1488 18.92 28.60 16.33 21.15 31.99 20.09 26.32 41.14
22 1442 18.40 27.53 15.85 20.33 31.01 19.14 24.93 38.69
23 14.04 17.86 26.68 1530 19.64 29.65 18.39 24.11 37.17
24 1370 17.37 26.02 14.92 19.06 28.74 17.64 22.92 35.44
25 1339 1698 2530 14.54 18.55 27.83 17.21 22.21 34.01
26 13.13 16.65 2470 1422 18.10 27.05 16.79 21.46 33.01
27 12.89 1634 24.13 1391 17.69 26.43 16.27 20.91 31.85
28 12.67 16.04 23.66 13.66 17.33 25.86 15.86 20.36 30.97
29 1248 1574 2325 1341 16.92 25.21 15.54 19.73 30.15
30 1230 1547 2281 13.19 16.65 24.71 15.19 19.44 29.29
31 12.14 1526 2242 1299 16.44 24.28 14.86 18.91 28.69
32 1196 15.07 2213 1277 16.17 23.85 14.65 18.59 28.00
34 11.70 14.66 21.47 1248 15.69 23.12 14.07 17.93 26.78
35 11.58 14.52 2128 1230 1544 22.81 13.92 17.51 26.24
37 1135 1421 20.72 12.06 15.13 22.19 13.47 17.07 25.36
39 11.17 1395 20.33 11.80 14.78 21.59 13.24 16.71 24.71
40 11.08 13.81 20.07 11.71 14.65 21.38 13.02 16.36 24.28
45 1071 1332 1927 11.26 14.07 20.42 12.40 15.63 22.87
50 1041 1294 18.66 1091 13.58 19.62 11.96 14.98 21.83
60 9.99 12.37 17.75 1041 1291 18.56 11.26 14.02 20.27
70 9.71 1199 17.14 10.07 1245 17.81 10.82 13.43 19.28
80 949 11.71 16.68 9.81 12.11 17.28 10.47 12.94 18.60
90 9.33 11.49 16.32 9.61 11.86 16.87 10.20 12.61 18.01
100 9.19 11.31 16.07 9.47 11.65 16.55 10.02 12.35 17.59
150 8.81 10.80 15.26 9.01 11.05 15.62 9.41 11.54 16.36
200 8.61 10.54 14.84 8.78 10.75 15.15 9.11 11.16 15.76
300 8.40 10.27 14.43 8.53 10.43 14.67 8.78 10.73 15.10
500 822 10.04 14.08 8.32 10.15 14.25 8.50 10.39 14.58
103 8.06 9.84 13.79 8.13 9.92 13.90 8.26 10.07 14.12
o) 7.78 9.49 13.28 7.78 9.49 13.28 7.78 9.49 13.28
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Table 1
Continued.
B
7y =0.90 7 =0.95 7 =0.99
n 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99
p=>5
11 4724 6295 101.9 59.98 81.75 133.2 104.1 143.8 239.0
12 38.87 51.63 81.56 48.00 64.25 104.7 76.16 107.5 172.3
13 3346 44.15 69.42 4030 53.53 85.88 59.84 82.14 134.6
14 29.75 38.87 60.59 3522 45.86 73.40 50.51 67.97 1094
15 27.00 3510 5395 31.37 41.01 64.45 43.32 57.63 93.16
16 2490 32.08 4930 2849 37.16 57.62 38.61 50.67 81.16
17 23.19 29.85 4533 2622 3422 52.84 34.67 45.64 72.26
18 21.89 28.01 4220 2450 31.74 48.56 31.50 41.58 65.68
19  20.77 26.55 39.94 2324 29.87 45.23 29.40 38.17 59.65
20 19.88 25.18 37.82 2195 28.27 42.65 27.43 35.77 55.86
21 19.12 2418 36.01 2097 26.81 40.43 25.74 33.51 51.46
22 1843 2327 34.57 2020 25.65 38.38 24.56 31.71 48.99
23 17.82 2244 33.19 19.47 24.67 37.01 23.28 30.03 46.07
24 17.34 21.78 32.05 18.87 23.76 35.48 22.43 28.71 43.80
25 1691 21.15 31.07 18.28 23.02 34.22 21.68 27.49 41.76
26 1648 20.60 30.15 17.76 22.42 33.07 20.84 26.71 40.13
27 16.12 20.17 29.41 17.35 21.78 32.07 20.26 25.67 38.60
28 15.80 19.72 28.64 1699 21.22 31.22 19.61 24.85 37.39
29 15.51 19.33 28.01 16.57 20.81 30.42 19.13 24.14 36.33
30 1526 1899 2746 1626 20.32 29.62 18.63 23.59 35.00
31 15.00 18.67 2693 16.00 19.94 29.11 18.29 22.96 34.05
32 14.81 18.32 2649 1577 19.64 28.50 17.84 22.53 33.24
34 1438 17.80 25.60 1526 18.97 27.49 17.16 21.62 31.66
35 1423 17.57 2520 15.07 18.68 26.99 16.87 21.20 31.14
37 1391 17.15 24.55 14.66 18.19 26.14 16.41 20.49 29.94
39 13.61 16.81 2393 1437 17.74 25.45 15.97 19.88 28.88
40 1349 16.65 23.64 1423 17.55 25.08 15.73 19.59 28.38
41 1340 16.48 2343 14.10 17.36 24.86 15.57 19.35 27.96
43 13.16 16.19 2297 13.84 17.03 24.27 15.25 18.83 27.15
45 1299 1594 22.59 13.62 16.76 23.80 14.93 18.43 26.56
47 12.82 1572 2220 13.42 1647 23.38 14.67 18.14 25.99
50 12.61 1541 21.71 13.13 16.12 22.84 14.34 17.64 25.17
60 12.03 14.67 20.54 1249 15.24 21.44 13.41 16.47 23.32
70 11.65 14.16 19.74 12.02 14.65 20.49 12.83 15.69 22.09
80 11.35 13.77 19.17 11.70 14.23 19.83 12.44 15.11 21.16
90 11.14 13.50 18.73 11.46 13.89 19.32 12.12 14.71 20.52
100 1098 13.29 18.38 11.27 13.64 18.90 11.87 14.39 19.96
150 1047 12.61 17.38 10.69 12.89 17.75 11.13 13.42 18.50
200 10.22 1230 16.89 1040 12.52 17.20 10.75 12.94 17.80
300 9.96 1197 1640 10.10 12.14 16.63 10.37 12.48 17.10
500 9.74 11.69 15.98 9.84 11.82 16.15 10.04 12.07 16.49
10° 9.56 11.46 15.64 9.63 11.55 15.76 9.76 11.71 15.98
o 9.24 11.07 15.09 9.24 11.07 15.09 9.24 11.07 15.09

(continued)
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Table 1
Continued.
B
y = 0.90 y=0.95 y = 0.99
n 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99
p=6
13 49.14 65.00 102.9 60.62 80.55 129.9 93.69 132.5 211.6
14 4200 5504 8579 50.67 66.82 105.9 74.33  103.3 167.2
15 37.14 48.01 7438 43.65 57.03 89.89 61.79 82.15 1354
16 3337 4297 6580 38.75 50.31 78.30  53.33 70.23  112.3
17 30.59 3927 59.46 34.89 45.17 69.41 46.81 61.10 98.40
18 2841 3628 5478 31.96 41.34 63.03 41.63 55.03 86.47
19 26.59 3397 50.80 29.83 38.19 58.20 37.68 49.80 78.08
20 2521 31.84 47.62 28.04 35.65 53.96 35.11 45.75 70.81
21 24.09 3035 4496 2641 33.63 50.57 32.89 42.35 65.01
22 23.03 2891 42.66 2528 31.98 47.42  30.83 39.54 60.51
23 2213 2770 40.62 2424 3045 45.19 29.08 37.32 57.11
24 2145 2675 39.08 23.33 29.33 4320 27.81 35.69 53.53
25 20.80 2588 37.56 22.47 28.24 4142 26.62 33.77 50.78
26 2020 25.10 36.26 21.79 27.25 39.88 25.62 32.28 48.51
27 19.69 2438 3515 21.19 26.33 38.38 2449 31.03 46.16
28 19.24 23.77 3418 20.61 25.62 37.23  23.73 30.01 44.50
29 18.81 23.22 33.33 20.08 25.01 36.16 23.01 29.08 43.17
30 1845 2275 32.57 19.69 24.34 3522 22.52 28.13 41.47
31 1811 2226 31.75 19.25 23.89 34.30 21.96 27.36 40.40
32 1781 21.87 31.19 1890 23.37 33.56 21.32 26.71 39.09
33 1751 21.49 30.54 18.53 22.89 32.69 20.95 26.00 37.89
34 1724 21.15 2994 1831 22.48 32.18 20.46 25.52 37.11
35 17.03 20.85 2945 17.99 22.08 31.50 20.10 24.96 36.14
36 1678 20.52 29.00 17.71 21.74 31.00 19.79 24.44 35.38
37 16.58 20.24 28.57 1743 2140 30.37 19.48 24.09 34.75
39 1622 19.75 27.81 17.04 20.89 29.43 18.85 23.22 33.32
40 16.04 19.53 2743 16.86 20.60 29.07 18.59 22.86 32.76
41 1590 19.33 27.09 16.66 20.36 28.59 18.36 22.64 32.31
43 1560 1899 26.54 16.35 19.93 28.00 17.91 21.96 31.35
45 1536 18.63 26.00 16.05 19.56 2736 17.51 21.41 30.39
47 15.13 1832 2550 1578 19.17 2684 17.12 20.93 29.67
50 14.83 17.94 2486 1546 18.75 26.07 16.74 20.35 28.63
60 14.08 1698 2338 14.58 17.61 2433  15.62 18.90 26.34
70 13.57 1632 2235 14.00 16.86 23.15 14.86 17.95 24.83
80 13.22 1585 21.65 13.61 16.32 2234  14.36 17.26 23.79
90 1295 15,51 21.12 13.30 1592 21.73  13.98 16.77 22.95
100  12.73 1523 20.68 13.04 15.61 21.23  13.69 16.39 22.35
150 12.10 1442 1946 12.34 14.70 19.84 12.79 15.25 20.61
200 11.79 14.02 18.87 1198 14.25 19.19 12.35 14.70 19.82
300 11.49 13.62 18.29 11.63 13.80 18.53 11.91 14.14 18.99
500 11.22 1329 17.81 11.33 1342 1798 11.54 13.68 18.31
10> 11.00 13.03 17.41 11.08 13.12 17.54 11.22 13.28 17.77
o0 10.64 13.03 16.81 10.64 13.03 16.81 10.64 13.03 16.81
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Table 1
Continued.
B
7 =0.90 y =0.95 y =0.99
n 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99
p=1

15 51.23  66.65 103.8 61.40 80.43 128.3 90.29 1229 203.0

16 4497 58.13 89.60 52.54 68.46 106.8 74.08 100.3 161.6

17 40.20 51.78 78.75 46.46 59.84 93.27 63.19 84.16 1353

18 36.84 4693 70.77 41.70 53.98 82.53  55.89 73.53  116.3

19 34.06 43.07 64.51 38.16 49.04 74.68 49.41 65.17 1014
20  31.77 40.10 59.81 3542 45.23 68.24  44.43 58.53 91.20
21 2999 37.66 5580 33.07 42.22 62.69 41.20 53.23 82.34
22 2847 3569 5225 3140 39.58 58.71  38.49 49.32 76.21
23 2723 34.00 49.74 29.73 3742 55.32 3598 46.22 70.11
24 26.10 32.57 4729 2842 35.63 5245 33.84 43.32 65.76
25 2520 31.26 45.03 2725 34.12 4990 32.28 40.96 61.93
26 2437 30.19 4341 26.37 32.73 47.68  30.76 39.15 58.21
27 23.67 29.26 41.77 2541 31.58 4588 29.52 37.24 55.39
28 23.07 2835 4047 24.64 30.51 44.03 28.63 35.69 52.57
29 2242 27.60 39.28 24.03 29.67 42.58 27.56 34.46 50.58
30 2194 2686 38.18 23.39 28.78 41.31  26.77 33.40 48.85
31 2147 2629 37.16 22.82 28.11 40.15 25.93 32.33 47.06
32 21.06 2572 36.31 22.36 2743 39.03 2522 31.44 45.56
33 20.68 2523 3549 2191 26.87 38.09 24.66 30.56 44.13
34 2034 2474 3475  21.50 26.30 37.13  24.16 29.87 42.84
35 20.04 2431 3402 21.15 2581 36.44 23.62 29.08 41.70
36 19.69 2392 3344 20.79 2532 35.75  23.07 28.50 40.75
37 1946 2355 3290 2046 2490 35.02  22.73 27.96 39.81
38 19.20 23.22  32.37 20.18 24.57 3439  22.28 27.31 39.19
39 1895 2288 31.88 19.93 24.18 33.83 21.96 26.87 38.19
40 18.74 22.66 31.40 19.65 23.83 33.28  21.57 26.34 37.35
41 1852 2236 3098 1940 23.50 32,76 21.32 26.03 36.79
42 1832 2211 30.58 19.19 23.24 32.32 21.07 25.63 36.16
43 18.15 21.86 30.22 18.97 22.97 31.86  20.69 25.30 35.54
45 17.83 2147 29.55 18.58 22.46 31.09 20.26 24.61 34.54
47 17.53 21.05 2896 18.24 2197 30.40 19.82 24.00 33.52
50 17.15 20.56 28.16 17.84 21.43 29.49  19.25 23.26 32.20
60 16.19 19.33 26.25 16.73 20.03 27.32 1791 21.44 29.52
70 15,55 18.51 25.02 16.04 19.08 2590 16.96 20.30 27.70
80 15.10 17.93 24.13 1549 1845 24.86  16.35 19.47 26.35
90 1475 17.49 2349 15.15 17.95 24.11  15.85 18.84 25.43
100 14.50 17.16 2296 14.84 17.57 23.55 15.50 18.40 24.67
150 13.73 16.18 21.50 1398 16.47 2191 14.44 17.05 22.73
200 13.35 15.71 20.80 13.55 15.95 21.14  13.94 16.41 21.76
300 1298 1525 20.13 13.13 1542 20.37 1343 15.78 20.86
500 12.66 14.85 19.58 12.78 14.99 19.76  13.00 15.25 20.11
10 1241 1455 19.13 1249 14.64 19.26 12.64 14.80 19.48
o 12.02 14.07 18.48 12.02 14.07 18.48 12.02 14.07 18.48

(continued)
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Table 1
Continued.
i
7y =0.90 y =0.95 y=0.99
n 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99
p=28
17 53.56 68.78 1054 62.26 81.00 126.8 88.26 117.3 188.4
18 47.72 60.86 92.02 54.69 70.45 109.1 74.26  100.1 157.9
19 4332 5488 82.67 4940 6291 96.63 64.52 84.73 1335
20 3998 50.30 75.07 44.87 57.24 86.43 57.52 75.15  119.2
21 3730 46.86 69.02 41.28 52.55 78.55  52.09 67.36  105.0
22 3509 4379 6429 38.69 48.85 72.38 47.63 61.25 95.05
23 3323 4139 60.05 36.43 45.63 67.41 44.53 56.56 86.84
24 31.67 39.22 5696 3443 43.09 63.19 41.50 52.77 80.32
25 3031 37.50 54.05 3290 41.03 59.83  39.24 49.52 74.41
26 29.18 3593 51.52  31.57 39.18 56.91 36.99 46.91 69.88
27 2820 34.62 4943 3031 37.54 54.13 3532 44.45 65.71
28 27.28 3343 4758 2931 36.18 51.97 3383 42.63 62.72
30 2583 3146 4441 27.54 3381 48.19 31.29 39.22 57.23
31 2524 30.69 43.14 26.83 32.80 46.64 30.38 37.62 54.81
32 24.64 2996 42.00 26.13 31.97 4529  29.70 36.59 52.92
33 2415 29.26 40.86 25.61 31.12 4395 28.86 35.37 51.16
34 2370 28.64 3992 25.05 3047 42.76  28.05 34.53 49.58
35 2329 28.08 39.14 2455 29.77 41.82  27.39 33.72 47.86
36 2285 27.65 38.30 24.10 29.18 40.73  26.79 32.72 46.77
37 2250 27.13  37.55 23.69 28.65 39.95  26.22 32.11 45.77
38 2217 26.772 36.86 23.32 28.20 39.06 25.70 31.37 44.42
39 2185 2633 36.22 2295 27.65 38.54 2519 30.73 43.21
40 21.59 2593 3569 22.63 27.28 37.77  24.78 30.06 42.52
43 20.85 2498 34.09 21.76 26.13 36.00 23.72 28.83 40.09
45 2042 2440 3330 21.25 25.56 35.03 23.13 27.92 38.71
47 20.03 2395 3257 20.87 24.99 34.11  22.56 27.18 37.70
50 19.54 2329 31.57 20.29 24.24 33.06 21.92 26.27 36.14
55 18.89 2243 30.28 19.56 23.29 31.56 2091 25.04 34.22
60 1835 21.76 29.22 18.94 22.50 30.33  20.19 24.04 32.76
65 1793 21.20 28.41 18.48 21.89 29.42  19.61 23.28 31.47
70 17.57 20.75 27.71 18.08 21.37 28.63 19.11 22.65 30.54
75 17.26  20.37  27.15 17.74  20.96 2798 18.69 22.15 29.71
80 17.00 20.04 26.64 17.45 20.57 2742  18.36 21.65 28.98
90 16.59 19.51 25.86 17.00 19.99 26.56  17.77 20.95 27.91
100 1626 19.09 25.25 16.62 19.53 25.86 17.36 20.42 27.07
150 15.34  17.94 2354 1560 18.24 2396 16.10 18.86 24.79
200 14.89 17.38 22.73 15.10 17.63 23.05 15.51 18.12 23.72
300 1445 16.83 2194 14.61 17.02 22.19 1493 17.40 22.68
500 14.09 16.38 2130 14.21 16.53 21.48 14.44 16.79 21.84
10° 13.80 16.03 20.80 13.88 16.13 20.93  14.03 16.31 21.16
o0 13.36 15,51  20.09 13.36 15.51 20.09 13.36 15.51 20.09
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Table 1
Continued.
B
v = 0.90 v =0.95 y=0.99
n 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99
p=9
19 55.67 7096 106.8 63.69 82.04 125.8 86.61 114.4 180.6
20 50.24 63.78 95.05 5696 73.48 110.6 75.73 97.05 1544
21 4636 58.07 86.46 51.65 65.86 98.97 66.83 86.55 134.7
22 4298 5399 78.89 47.77 60.58 89.66  59.96 77.31 120.5
23 40.37 5038 73.29 4448 5582 82.70 54.64 70.10 107.3
24 3822 4728 68.60 41.67 52.48 76.86  50.42 64.76 97.92
25 3627 44.88 6433 3955 49.00 71.96 47.30 59.88 90.97
26 3474 4274 61.19 37.58 46.73 67.61 4444 56.33 83.92
27 3331 4097 58.11 3596 4443 63.92 42.21 53.11 79.11
28 3224 3928 5579 3447 42.57 61.20  40.00 50.23 73.83
30 30.22 36.75 51.55 32.17 39.49 56.10 36.92 45.73 66.73
31 29.38 3561 49.89 31.18 38.10 53.98 35.58 4391 63.68
32 28.59 34.61 48.32 30.38 36.98 52.33  34.62 42.32 61.02
33 2797 3378 47.05 29.58 3592 50.46  33.33 41.05 58.62
34 2735 3299 4567 2890 35.06 48.99 32.47 39.81 56.91
35 2677 3226 44.61 2828 34.12 4770 31.53 38.71 54.71
36 2630 31.60 43.50 27.69 33.42 46.36  30.76 37.67 53.28
37 2581 31.02 42.60 27.10 32.77 4537 30.10 36.67 51.75
38 2540 3046 41.83 26.63 32.14 44.40 29.48 35.85 50.25
39 25.00 29.95 4097 2620 31.56 43.43  28.92 35.07 49.07
40 24.62 2946 40.29 2578 30.97 42.61 28.35 34.32 47.93
43 23.68 2824 3837 2471 29.55 40.46 26.92 32.48 44.90
45 23.14 27.57 3730 24.11 28.80 39.12  26.09 31.41 43.45
47 22.66 2693 3637 23.57 28.08 38.12 2548 30.55 41.99
50 22.08 26.15 3516 2291 27.20 36.76  24.62 29.46 40.33
53 2155 2550 34.13 2232 2648 35.61 2392 28.42 38.76
55 2124 25.07 33.60 21.94 26.04 3493 23.51 27.92 37.79
57 2097 2476 33.05 21.65 25.60 3436 23.06 27.42 37.06
60 20.58 2427 3231 21.24 25.06 3348 22.55 26.76 36.11
65 20.06 23.59 3127 20.67 24.32 32.39 21.87 25.80 34.63
70 19.62 23.03 30.50 20.17 23.71 3146 21.22 25.04 33.40
75 19.27 22,57 29.81 19.77 23.18 30.70  20.80 24.45 32.49
80 18.95 22.19 29.21 1941 22.77 30.01 20.39 23.93 31.72
90 18.44 21.55 2830 18.86 22.06 28.98 19.72 23.10 30.49
100 18.07 21.05 27.57 1845 21.53 28.21 19.20 22.43 29.49
150 16.95 19.68 25.55 17.23 20.01 26.00 17.76 20.64 26.89
200 1643 19.04 24.62 16.65 19.30 2498 17.10 19.79 25.65
300 1591 1840 23.72 16.08 18.61 23.97 16.41 18.98 24.46
500 15.50 17.89 23.00 15.62 18.04 23.18 15.86 18.31 23.54
100 1517 17.49 2244 1525 17.59 22.57 15.40 17.78 22.80
0 14.68 1692 21.67 14.68 16.92 21.67 14.68 16.92 21.67

(continued)
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Table 1
Continued.
i
7y =0.90 y =0.95 y=0.99
n 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99
p=10
21 57.86 72.95 108.9 65.22 83.56 127.5 84.98 111.5 176.3
22 53.09 66.50 98.19 59.10 7495 112.5 75.72 98.22 151.6
23 4924 6146 89.83 5451 68.75 102.1 68.13 87.52 1353
24 46.06 57.17 82.67 50.67 63.55 93.82  62.31 79.21  121.5
25 4342 5357 7721 4731 59.19 86.36  57.51 72.93  109.7
26 41.24  50.75 7242 4472  55.61 80.65 53.74 67.53 101.3
27 3934 4826 68.67 42.52 52.61 75.81  50.40 62.77 94.31
28  37.69 46.13 6521 40.64 49.96 71.61 47.62 59.54 87.26
30 35.07 42.62 59.78 37.52 45.89 64.96 43.03 53.44 71.57
31 3398 41.18 57.64 36.23 44.13 62.34 41.17 51.44 73.88
32 33.06 3994 5543 3507 42.61 60.21  39.95 48.87 70.83
33 3213 38.76 53.67 34.07 41.39 57.67 38.58 47.12 67.81
34 3135 37.81 5220 33.20 40.18 5591 37.24 45.75 65.22
35 30.68 36.80 50.72 32.38 39.05 54.25 36.13 44.15 62.70
36 2999 3594 4948 31.60 38.06 52.86  35.16 43.01 60.35
37 2947 3520 48.18 30.90 37.20 51.39  34.33 41.78 58.66
38 28.87 3450 47.10 30.34 36.37 50.24 3341 40.69 57.05
39 2835 33.88 46.14 29.75 35.69 48.94 32.72 39.68 55.19
40 27.92 3326 4522 29.20 34.89 4792 32.03 38.69 53.68
43 26.71 31.77 4292 27.89 33.22 45.17 30.43 36.43 50.30
45  26.05 30.88 41.57 27.13 32.26 43.69 29.38 35.21 48.29
47 2547 30.13 4047 2646 31.38 4237 28.62 34.00 46.69
50 2471 29.16 38.97 25.60 30.33 40.69 27.50 32.76 44.46
53 2405 2835 3770 2491 29.39 39.29  26.59 31.65 42.70
55 2370 27.86 37.01 24.51 28.82 38.55 26.12 30.98 41.61
57 2335 2745 3634 2413 28.39 37.77  25.68 30.36 40.77
60 2291 26.87 3550 23.63 27.74 36.77  25.07 29.69 39.61
63 2250 2636 34.77 23.16 27.19 36.00 24.52 28.83 38.49
65 2226 26.03 3430 2290 26.81 3546 24.23 28.52 37.89
67 22.06 2577 3392 22.66 26.51 35.00 23.92 28.10 37.32
70 21.74 2539 3335 2231 26.09 3434 23.51 27.58 36.51
75  21.31 24.84 3251 21.85 25.52 3344  22.89 26.83 35.48
80 2094 2438 31.82 21.44 2497 3270  22.45 26.24 34.53
90 20.33 23.61 30.74 20.78 24.16 3149 21.66 25.27 33.02
100 19.87 23.06 2991 20.26 23.54 30.54  21.06 24.50 31.91
150 18.56 21.44 27.58 18.85 21.79 28.04 19.42 22.43 28.91
200 17.96 20.69 2649 18.20 20.96 26.85 18.63 21.49 27.54
300 1736 1996 2547 17.54 20.16 2574 17.88 20.56 26.26
500 16.89 19.39 2467 17.02 19.53 24.86 17.26 19.82 25.22
10°  16.52 1894 24.05 16.60 19.03 24.18 16.76 19.23 24.42
o0 1599 18.31 2321 1599 18.31 23.21 15.99 18.31 23.21




Improved Tolerance Factors 475

3. Accuracy Studies

To appraise the accuracies of the tolerance factors computed using Algorithm 2,
we shall compare them with the exact ones (e.g., see Odeh, 1978) for the univariate
case. For 3 < n < 10, the exact tolerance factors and the approximate ones are given
in Table 2. Comparison of these values clearly indicate that the tolerance factors
based on our new approximation method practically coincide with the exact ones
for sample sizes as small as three.

To appraise the validity of the approximate tolerance factors for p > 2, we
estimated their coverage probabilities using the following algorithm.

Algorithm 3. For given n, p, f and y, let ¢ be the tolerance factor computed using
Algorithm 2.

Fori=1,m,
generate au~ N,(0,17)anda V ~W,(n—1,1,)
For j=1,m,
generate ay ~ N,(0,1,)
compute Q; = (n—1)(y —u)’V-'(y —u)
end j loop
Let P; be the proportion of the Q;’s that are greater than ¢
IfP,>psetK,=1;elseset K, =0
end i loop

5= %1 > ' K; is a Monte Carlo estimate of y.

The accuracy of the tolerance factor is determined by the closeness of $ to
the actual value y. To understand the validity of the tolerance factors in Table 1,
we estimated coverage probabilities of some arbitrarily selected tolerance factors
using Algorithm 3 with m; = m, = 5000. The estimated coverage probabilities are
rounded to two decimals and they are reported in Table 3. We observe from
Table 3 that the estimated coverage probabilities are in complete agreement with
the corresponding confidence levels for all the cases considered.

Table 2
Approximate and exact tolerance factors for p =1
Y 0.90 0.95
p 09 0.95 0.99 0.9 0.95 0.99
n App. Exact App. Exact App. Exact App. Exact App. Exact App. Exact

582 579 6.81 6.82 885 882 833 831 982 979 12.56 12.65
417 4.16 489 491 636 637 536 537 636 634 8.17 822
348 350 4.15 414 542 539 432 429 503 508 6.61 6.60
314 314 372 372 487 485 3.72 373 441 442 576 5.6
290 291 345 346 452 451 338 339 403 402 525 524
275 275 326 327 428 427 315 3.16 374 375 487 4.89
263 264 3.13 313 410 4.09 298 299 355 355 462 4.63
255 255 3.02 3.03 396 396 285 286 339 339 443 444

O O 0NN B W

—_
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Table 3
Monte Carlo estimate y of the coverage probability of the tolerance factor ¢
(n,7, 8. ¢) 7 (n,7, B, c) y (n,7, B, ¢) y
p=2

(5,.90,.90,41.61) .90  (9,.90,.95,19.36) .90  (8,.99,.95,52.76) .99

(6,.99,.90,90.53) .99  (11,.95,.99,31.65) .95  (7,.95,.90,27.27) .95

(7,.95,.95,37.59) .95 (12,.99,.90,18.77) .99  (9,.95,.95,24.93) .95
p=3

(7,.95,.90,62.21) .95 (11,.99,.99,81.87) .99  (12,.90,.90,17.07) .90

(17,.90,.95,16.59) .90  (16,.99,.90,20.06) .99  (13,.99,.99,58.05) .99

(32,.90,.90,9.33) .90  (45,.95,.95,11.39) .95  (90,.99,.90,8.30) .99
p=06

(13,.90,.90,49.14) .90  (18,.99,.99,86.47) .99  (20,.99,.95,45.75) .99

(28,.90,.95,23.77) .90  (15,.99,.95,82.15) .99  (16,.90,.99,65.80) .90

(39,.90,.90,16.22) .90  (25,.99,.95,33.77) .99  (21,.95,.95,33.63) .95
p=23

(17,.99,.90,88.26) .99  (19,.95,.95,62.91) .95 (21,.90,.90,37.30) .90

(23,.90,.99,60.05) .90  (23,.99,.99,86.84) .99  (25,.95,.90,32.90) .95

(35,.95,.90,24.55) .95 (100,.99,.90,17.36) .99  (65,.99,.99,31.47) .99
p=10

(21,.95,.90,65.22) .95 (23,.90,.90,49.24) .90  (25,.99,.99,109.7) .99

(27,.90,.95,48.26) .90  (30,.95,.99,64.96) .95 (28,.95,.95,49.96) .95

(53,.95,.90,24.91) .95 (55,.99,.90,26.12) .99 (150,.95,.95,21.79) .95

To understand the errors of the estimates of the tolerance factor, we computed
variance estimate using 50 repetitions. That is, for a given (n, p, f§, ), we computed
tolerance factors using 50 repetitions, each consisting of 100,000 runs. The standard
deviation (SD) of the 50 estimated tolerance factors is used to understand the
variation in the estimates. The standard deviations of the estimates based on
Algorithms 1 and 2 are presented in Table 4. For a given (n, p, f5,7), we also
present the corresponding tolerance factor reported in Table 1, and the one given in
Krishnamoorthy and Mathew (1999). It is clear from Table 4 that, for all the cases
considered, the SDs of the new estimates are smaller than the SDs of the estimates
based on Algorithm 1.

4. Concluding Remarks

Although the proposed approach for computing tolerance factors for a multivariate
normal distribution involves both approximation and simulation, our simulation
studies along with Krishnamoorthy and Mathew’s (1999) comparison studies
showed that this new approach seems to be the best among all the available
methods. In general, we found that the tolerance factors based on our approach
are very satisfactory for any combination of f and y provided n > 5p; for
(B, 7)=1(0.90,0.95) or (8, y) =(0.95, 0.90), a sample size of at least 4p will guarantee
accurate tolerance factors. We also tabulated tolerance factors for practical
content-confidence levels for application purposes. For other cases, Algorithm 2 can
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Table 4
Averages and standard errors of the Monte Carlo estimates of the tolerance factors
Algorithm 2 Algorithm 1
p nooy B Estimate’ Mean> SE?> Estimate? Mean* SE*
2 10 099 095 34.26 3420 0.344 — 33.35  2.498
2 16 090 099 19.24 19.25 0.036 19.05 19.06  0.523
2 30 099 099 19.07 19.05 0.057 — 19.14  0.609
2 40 090 0095 8.40 8.40 0.011 8.29 8.31 0.075
3 10 099 0.90 43.66 43.83  0.367 — 42.78  3.770
320 090 0.90 11.44 11.46 0.020 11.24 11.23  0.124
3 30 095 095 13.26 13.28 0.019 12.94 13.04 0.146
390 090 0.99 13.87 13.87 0.005 13.97 13.99  0.081
5 20 090 0.99 37.82 37.79  0.057 37.10 37.40  0.605
5 30 095 095 20.32 20.34  0.024 19.86 20.01  0.187
5 38 099 0.90 16.18 16.16  0.031 — 1590 0.226
5 60 099 0.90 13.41 1343 0.017 — 13.34  0.145
7 15 090 099 103.8 1039  0.284 — 103.6 2.378
7 28 090 095 28.35 28.33  0.031 27.87 2791  0.358
7 35 095 099 36.44 36.41 0.048 36.84 36.36  0.467
7 120 095 0.95 17.00 17.01  0.006 — 17.03  0.071
10 25 090 095 53.57 53.64 0.083 — 52.43  0.523
10 35 099 090 36.13 36.16 0.052 — 3558 0.575
10 60 095 099 36.77 36.79  0.024 — 37.10  0.191
10 100 0.99 0.99 31.91 31.91 0.022 — 32.62 0.385

'Reported in Table 1.

>The average and standard error are computed using 50 repetitions of simulations, each
consisting of 100,000 runs.

3Reported in Krishnamoorthy and Mathew, 1999.

4The average and standard error are computed using 50 repetitions of simulations, each
consisting of 1200 by 1200 runs.

be coded easily in Fortran with IMSL libraries or in SAS to compute tolerance
factors.

Finally, we like to note that Lee and Mathew (2004) considered the problem
of constructing tolerance regions in a multivariate linear regression (MLR) setup.
These authors used the approach by Krishnamoorthy and Mathew (1999) for
computing tolerance factors. Even though the covariance matrix in a MLR setup
involves the design matrix X, it is plausible that our approach can be used to find
more accurate tolerance factors. We are currently investigating this problem, and
plan to submit the work elsewhere.

Acknowledgments

The authors are grateful to a reviewer for providing some useful suggestions and
comments.



478 Krishnamoorthy and Mondal

References

Chew, V. (1966). Confidence, prediction, and tolerance regions for the multivariate normal
distribution. J. Amer. Statist. Assoc. 61:605-617.

Cox, D. R., Reid, N. (1987). Approximations to noncentral distributions. Can. J. Statist.
15:105-114.

Eberhardt, K. R., Mee, R. W., Reeve, C. P. (1989). Computing factors for exact two-sided
tolerance intervals for a normal distribution. Commun. Statist. Simul. Computat. 18:397—
413.

Fuchs, C., Kenett, R. S. (1987). Multivariate tolerance regions and F-tests. J. Qual. Technol.
19:122-131.

Fuchs, C., Kenett, R. S. (1988). Appraisal of ceramic substrates by multivariate tolerance
regions. The Statistician 37:401-411.

Guttman, 1. (1970a). Statistical Tolerance Regions, Classical, and Bayesian. London: Griffin’s
Statistical Monographs.

Guttman, I. (1970b). Construction of fS-content tolerance regions at confidence level y for
large samples from the k-variate normal distribution. Ann. Mathemat. Statist. 41:376-400.

Hall, 1. J., Sheldon, D. D. (1979). Improved bivariate normal tolerance regions with some
applications. J. Qual. Technol. 11:13-19.

Imhof, J. P. (1961). Computing the distribution of quadratic forms in normal variables.
Biometrika 48:419-426.

John, S. (1963). A tolerance region for multivariate normal distributions. Sankhya, Ser. A
25:363-368.

Krishnamoorthy, K., Mathew, T. (1999). Comparison of approximation methods for
computing tolerance factors for a multivariate normal population. Technometrics 41:
234-249.

Krishnamoorthy, K., Mondal, S. (2005). Letters to the editor. J. Amer. Statist. Assoc.
Submitted.

Lee, Y.-T., Mathew, T. (2004). Tolerance regions in multivariate linear regression. J. Statist.
Plan. Infer. 26:253-271.

Odeh, R. E. (1978). Tables of two-sided tolerance factors for a normal distribution. Commun.
Statist. Simul. Computat. 7:183-201.

Patnaik, P. B. (1949). The noncentral chi-square and F-distributions and their applications.
Biometrika 36:202-232.

Siotani, M. (1964). Tolerance regions for a multivariate normal population. Ann. Instit.
Statist. Math. 16:135-153.

Smith, W. B., Hocking, R. R. (1972). Wishart variates generator (Algorithm AS 53). Appl.
Statist. 21:341-345.

Zhang, J. (2005). Approximate and asymptotic distributions of chi-squared-type mixtures
with applications. J. Amer. Statist. Assoc. 100:273-285.





