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Regression Analysis

Tolerance Factors in Multiple and
Multivariate Linear Regressions

K. KRISHNAMOORTHY! AND SUMONA MONDAL?

'Department of Mathematics, University of Louisiana at Lafayette,
Lafayette, Louisiana, USA

?Department of Mathematics and Computer Science,

Clarkson University, Potsdam, New York, USA

In this article, an improved method of computing tolerance factors for constructing
tolerance regions in a multivariate linear regression model is proposed. The
method is based on a chi-square approximation to the distribution of a linear
function of noncentral chi-square variables and simulation. The merits of the
proposed approach and the usual simulation method considered in Lee and Mathew
(2004) are evaluated using Monte Carlo simulation. The study indicates that the
proposed approach is stable and accurate even for small samples, and better
than available methods. For constructing two-sided tolerance intervals in multiple
linear regression, coverage level adjusted one-sided tolerance factors are shown to
be better than available approximate tolerance factors. The results based on the
coverage level adjusted one-sided tolerance factors are as good as the ones based
on the exact two-sided tolerance factors in many cases.

Keywords Confidence; Content; Coverage probability; Wallis’ approximation;
Wishart Distribution.

Mathematics Subject Classification 62F25; 62J05.

1. Introduction

Tolerance limits are routinely used, among others, in acceptance sampling plan, for
setting tolerance specification of engineering products, and assessing pollution level
in a workplace. In general, tolerance intervals are used to assess the proportion
of the population within some specification limits, and one-sided tolerance limits
are used to estimate the proportion of the population below or above a threshold
value. A tolerance interval in a multiple linear regression is constructed so that it
would contain a specified percentage of all future measurements for a given set of
explanatory variable values. A tolerance interval that is constructed so that it would
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contain at least a proportion of the population with confidence 7 is referred to as
(o, y) tolerance interval or o content — y coverage tolerance interval.

Methods for constructing tolerance intervals for some continuous univariate
populations and for univariate linear regression models are widely available in the
literature (e.g., see Graybill and Iyer, 1994, Sec. 6.13). However, only limited results
are available for the multivariate case. Wald (1942) and Guttman (1970) provided
large sample approach for computing tolerance regions for a multivariate normal
population. John (1963) developed the theoretical framework for the problem
of constructing tolerance region and provided some simple approximations for
computing the tolerance factors for small samples. Using the framework of John
(1963), Krishnamoorthy and Mathew (1999) developed an approximate method
and compared it with several approximate methods including those given in John’s
article via Monte Carlo simulation. Comparison studies by these authors showed
that their approximate method is the best among other methods even though it is
not satisfactory for all situations. Their overall recommendation was to use “two-
stage simulation” (simulation involving two nested do loops) to compute tolerance
factors for all sample size — dimension configurations.

Haq and Rinco (1976), Khan and Haq (1994), Kibria and Haq (1999), and
Krishnamoorthy (2006) considered the problems of constructing tolerance region
subject to the criterion considered in Guttman’s (1970) article. Lee and Mathew’s
(2004) article seems to be one of the earlier work addressed the problem of
constructing tolerance region in a multivariate regression model with normal error
vectors subject to the probability requirements given in the first paragraph of this
section. To describe the problem, consider the multivariate linear regression model

yi=ﬁ0+Bxi+€i’ i=17""n9 (1.1)

where y; is a p x 1 response vector, X; is a known m x 1 explanatory vector, f, is
a p x 1 intercept vector and B is a p x m matrix of slope parameters. It is assumed
that €;’s are independent p x 1 random vectors with N, (0, X) distribution, where X
is a p x p positive definite matrix. Let y, be a future observation independent of y;’s
with known x,. That is,

Y, = By + Bx;, + €, (1.2)

where €, ~ N, (0, X) independently of €’s in (1.1). Let

Yp><n = (y17 R yn) and men = (Xl’ e Xn)’ (13)

and assume that the rank of X is m. In terms of these matrices, we can write the
above models with the distributional assumptions as

Y ~ N(By1, + BX, I, ® X) independently of y, ~ N, (B, + Bx,, X), (1.4)

where I, ® X is the variance-covariance matrix of the np x 1 vector obtained by
stacking the columns of Y one below another. The problem of interest here is to
obtain tolerance region for the distribution of y, in (1.4) based on the model data
(Y, X) and x,,.

The problem of constructing tolerance region for the distribution of y, in
(1.4) is similar to that of constructing tolerance region for a multivariate normal
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distribution except that in the former case the tolerance factors depend on x,
and the known design matrix, whereas in the latter case the tolerance factors
do not depend on any data. Noting this similarity and following the idea of
Krishnamoorthy and Mathew (1999), Lee and Mathew (2004) developed two
approximate methods for the present problem. Their simulation studies showed
that neither of the approximate method dominates the other for all (n, p)
configurations. They recommended a two-stage simulation for situations where their
approximations are not satisfactory.

This article is a followup work by Lee and Mathew (2004) and Krishnamoorthy
and Mondal (2006). Specifically, using a chi-square approximation for the distribution
of a linear combination of independent noncentral chi-square random variables,
Krishnamoorthy and Mondal (2006) proposed a single-stage simulation for
computing tolerance factors for a multivariate normal population. Their simulation
studies indicated that this single-stage simulation is more stable and accurate than
the two-stage simulation for computing tolerance factors for a multivariate normal
distribution. We extend the single-stage simulation to the present setup, and evaluate
its merits and other approximate methods using Monte Carlo simulation.

This article is organized as follows. In the following section, we give
some preliminary results and describe the tolerance region in multivariate linear
regression. In Sec. 3, we outline the exact method of computing tolerance factors
in multiple linear regression by Wald and Wolfowitz (1946) and two approximate
methods. We also study the accuracies of the tolerance intervals based on coverage
level adjusted one-sided tolerance factors which are easier to compute than the
exact two-sided factors by Wald and Wolfowitz approach. In Sec. 4, we present two
approximate methods due to Lee and Mathew, and a new single-stage simulation
approach for computing tolerance factors in the multivariate linear regression
model. In Sec. 5, the validity of the approximate methods are judged by comparing
them with the exact ones for multiple linear regression; for the multivariate case,
the merits of the proposed approach and the two-stage simulation are evaluated by
Monte Carlo simulation. Some concluding remarks are given in Sec. 6.

2. Preliminaries and the Tolerance Region

For the sake of completeness and convenience, we shall give some preliminaries
along the lines of Lee and Mathew (2004).
Let

ln 17! 1
=-Yx, y=-Yy, and P=(I,—-1,1,), 2.1
ngx y ngly an < -1, ) 1)

i

where x,’s and y,’s are as defined in (1.3). The least square estimators of B and f,
are given, respectively, by

B=YPX(XPX)"' and B,=y - Bx. (2.2)

Let A denote the residual sum of squares and cross-product matrix based on model
(1.1). Then

A = (Y — B, — BX)(Y — §, — BX)
= Y[I, — PX'(XPX')"'XP]Y/, (2.3)
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where P is as defined in (2.1). Furthermore, y, B and A are independent with

1 ~
yNNp(ﬁo+Bi,;Z>, B~ NB, (XPX)™"), and A~W,(n—m—1,%),
(2.4)

where W, (n —m — 1, X) is the Wishart distribution with df = n —m — 1 and the
scale parameter matrix X. Let us assume that n — m — 1 > p so that A~ exists with
probability one. R

As the predictor of y, is f, + ﬁxh =y+ ﬁ(xh —X), and 'HlyhlA is an unbiased

estimator of X, we would like to construct the tolerance region of the form

Vi flys — ¥ - B(x, — 0] A [y, — ¥ - B(x, — 0)] < k(x,)}, (2.5)

where f = n —m — 1 and the tolerance factor k(x,) is to be determined subject to
the content and coverage requirement. Let the independent random quantities

V~W,(f.1,), q~N,0,d°L,), and z~ N,(0,1), (2.6)
where
1
d* = <— + cz) and ¢ = (x, — X)) (X'PX)"'(x, — X). (2.7)
n

Using the distributional results in (1.4) and (2.4), and invariance argument, Lee and
Mathew (2004) showed that the tolerance factor is a function of d?, say, k(d?), and
satisfies

Pov{P[fz—q)V ' (z—q) < k(d®)[q, V] = o} = . (2.8)

Furthermore, using the fact that the quadratic form in (2.8) is invariance under
orthogonal transformation, it can be easily verified that (2.8) is equivalent to

Pufere ST <
i=1 i

N L} > } — 2.9)

where f=n-m—1, 2=(z,...,2,), ¢=(q,---,9q,), and L =diag(l,,...,1)),
ly > --- > 1, are the eigenvalues of V.

3. Tolerance Factors in Multiple Linear Regression

In general, it is difficult to obtain explicit expression for k(d?) satisfying (2.9) or
evaluate numerically except for the case of p = 1 (multiple linear regression). In the
following, we shall outline some methods for computing k(d?) in the multiple linear
regression model.
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3.1. An Exact Method
For p = 1, the probability requirement in (2.8) simplifies to

Y
Ph,V<Pz<(Z VCI) <k

where z ~ N(0, 1), g ~ N(0, d*), and V ~ y7/f with f =n —m — 1. It can be easily
seen that the problem is equivalent to the one for computing tolerance factors
for a normal distribution; the only difference is that for the normal case g ~
N(0, 1/n*) whereas in the present problem it follows N(0, d?). Therefore, the
tolerance factor k(d?) can be computed following the lines of Wald and Wolfowitz’s
(1946) approach. The Fortran program due to Eberhardt et al. (1989) uses Wald and
Wolfowitz’s approach for computing the tolerance factors for a normal distribution.

Even though k(d?) can be computed (for the case of p = 1) using Wald and
Wolfowitz’s integral equation, we present a slightly different version of their integral
equation as follows. For convenience, let k = k(d?). It is easy to see that the
expression in (3.1) can be written as

h, V) > oc) =7, 3.1

P,y (®(q+ VkV) — d(qg - VkV) = 0) =, 3.2)

where @ is the standard normal cumulative distribution function (cdf). Note that,
for fixed y, ®(y + x) — ®(y — x) is an increasing function of x. Therefore, O(y +
x) — ®(y — x) > o if and only if x > r, where r is the solution of the equation ®(y +
r)—®(y—r) =a So ®(q+VkV) — ®(q— VkV) > o if and only if VkV > r or

V> % It is not difficult to check that the solution of

D(g+r)—P(g—r) =« (3.3)

is given by r* = y{ ,(¢*), where ;, () denotes the «th quantile of a noncentral chi-
square distribution with df = m and the noncentrality parameter 6. Thus, (3.2) is

equivalent to
2 (2
71..(q)
alr(v= 25209 |-

or, equivalently,

1> (o (D) q’
5 /_OOP<X~" > — exp 37 dqg =y, (3.4

where f =n —m — 1 and d? is defined in (2.7). It should be noted that Wald and
Wolfowitz’s integral equation is the one in (3.4) with i ,(¢*) replaced by r?, where
r is the solution of the equation ®(q+ r) — ®(¢ — r) = «. As we already noted,
r=,/ ;{i[x(qz), and it can be easily computed using available function routines (e.g.,
CSNIN in IMSL). Therefore, for programing convenience, we prefer (3.4) to Wald
and Wolfowitz’s integral equation.



Downloaded By: [Krishnamoorthy, K.] At: 17:05 20 February 2008

Tolerance Factors in Multiple and Multivariate Linear Regressions 551

3.2. Wallis’ Method

Wallis (1951) derived an approximation to the tolerance factor for the multiple
linear regression by extending Wald and Wolfowitz (1946) method for the univariate
normal distribution, and is given by

n—
ky (d?) = —5—— + = -

4 2
_1 2 4 (ZZH - 3) 2
e I B R s (3.5)
n—m—1;0 E 2 24

The above approximation is satisfactory only when d” is small. Lee and Mathew
(2004) proposed the following approximation which is a special case of two
approximations given for the multivariate linear regression (see Sec. 4.1), and is
given by

1+d* ,

kll(dz) = mXI,iFe,n—m—l,‘y" (36)

where e = (1 + d*)*/d*, 6 = dz[m— ”9d4+6dz+3] and F, is the yth quantile of an

S A ; 2d2+1 my,my,y
F distribution with dfs m, and m,.

3.3. Coverage Level Adjusted One-Sided Tolerance Factors

Exact tolerance factors based on noncentral ¢ percentiles are available to compute
one-sided tolerance limits for the response variable in multiple linear regression.
This one-sided tolerance factor with an adjustment to confidence level can be used
as an approximation to the factor for constructing two-sided tolerance limits. In
particular, we consider one-sided tolerance factor with confidence level (1 4 7)/2
(instead y) as an approximation to k(d). That is,

ki (d)~dxt, , iz (%”) (3.7)

where 7, ,(3) denotes the pth quantile of a noncentral ¢ distribution with df = m
and noncentrality parameter 0.

4. Tolerance Factors in Multivariate Linear Regression

We shall first present the two approximations to the tolerance factor k(d?) by Lee
and Mathew (2004), and then we describe the new approach.

4.1. Lee and Mathew’s Approach

Lee and Mathew (2004) proposed two approximations, namely, k,,(d*) and k;,(d?)
for the factor k(d?) satisfying (2.9). To express them, we first need to define the
following quantities. Let

p(1+d2)2 d4
e="——", f=—7,
d* 1+ d?

5 d2|:d2(p +2)+/d*(p+2)*+ (2d*+ Dp(p + 2)}
- 2d* + 1 :

and
4.1)
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Then

(n—m—1Def

) = =+

OV mp.y» (4.2)

where ;(fw denotes the ath quantile of a noncentral chi-square distribution with df
= p and noncentrality parameter §. To express the second approximation k,(d?)
by Lee and Mathew, let

dpn—m—p—1(n—m—p)—12(p—1)(n—m—p—2)

2= 3n—m—-2)+pn—m—p—1) ’ 43)
_n—-m—p=2 .
€ = ey — 2 .
Then
(n — 1)ef2
kp(d?) = — 2y e 44
o) = e T F (44)

It is easy to check that k;;(d?) and k;,(d?) are the same when p = 1, and is given
in (3.6).

4.2. Two-Stage Simulation

Lee and Mathew (2004) simulation studies show that there is no clear-cut winner
between the two approximations, and neither of them is satisfactory for all
situations. They recommended the following two-stage simulation for the situations
where their approximations are not satisfactory.

Algorithm 4.1. For a given d*>, n —m — 1, p, « and y:
Fori=1,m,
generate a q ~ N,(0,d’I,) anda V~ W, (n —m —1,1,)
For j=1,m,
generate a z ~ N,(0, 1))
compute @, = (n—m —1)(z—q)V~'(z - q)
end j loop
compute 7; = 100ath percentile of the Q;’s
end i loop

The 100yth percentile of the T;’s is a Monte Carlo estimate of the tolerance factor.

4.3. The New Method

The new method is essentially the one in Krishnamoorthy and Mondal (2006), and
it can be described as follows. Using Imhof’s (1961) approximation to a linear

function of noncentral chi-square random variables, Krishnamoorthy and Mondal
(2006) showed that

i (Zl ql)2 ( 2 1 4.5
—a) + ¢, approximately, 4.5)

i=1
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where

P 1 P2 3
=% j_123anda=2, (4.6)

2
j 2
EER 5

Using the approximation (4.5), we see that the inner probability inequality in (2.9)

holds
Plr( 20 -a+e) <k

The probability inequality in (4.7) holds if and only if k(d?) > f(\/g G2, —a)+c),
where y2 , denotes the ath quantile of the y distribution, and hence it follows from
(2.9) that an approximation to the tolerance factor k(d?) satisfies

Pua(=m=0( 20 -0+ a) <k@) = @“8)

To compute k(d?) using Monte Carlo simulation, we need to generate only
the eigenvalues /,...,1, and ¢f, ..., g,. It follows from (2.6) that 47, ..., g, are
independent and identically distributed as d*y; random variable. Using these results,
we can obtain Monte Carlo estimates of k(d?) as shown in the following algorithm.

q. L} > o, (4.7)

Algorithm 4.2. For a given n, p, d*> = (1/n+ ¢?), o« and 7:

Fori=1, NR
generate g ~ d*yi, ..., q, ~ d*y;
VvV~ Wp(n—m— 1,L)
compute the eigenvalues [, ..., [, of V

compute ¢, ¢,, ¢; and a using (4.6)
et T, = (n—m—1)(,/2 (2, —a) +¢)
end i loop

The 100yth percentile of the 7,’s is a Monte Carlo estimate of the tolerance
factor k(d?). We also note that the only difference between Algorithm 2 of
Krishnamoorthy and Mondal (2006) and the above algorithm is that in the former
q? ~ xi/n and the df associated with V is n — 1 whereas in the latter g> ~ d*;} and
the df associated with Vis n — m — 1.

5. Monte Carlo Evaluation of the Approximations

For the case of p = 1, we first compare the approximate factors with the exact ones
based on the integral equation in (3.4). We computed (1) the exact tolerance factors,
(2) the coverage level adjusted one-sided tolerance factors in (3.7), (3) the ones based
on Algorithm 4.2, (4) the approximate factors k;,(d?) in (3.6) by Lee and Mathew
(2004), and (5) the approximate factors due to Wallis (1951) for n —m — 1 = 10.
Mee et al. (1991) and Lee and Mathew (2004) argued that, in practical applications,
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the values of d” range from 0 to 1. So we compared the factors for d*> = .1, .3, .5, .8,
and 1. These factors are reported in Table 1 for all combinations of («, y) from the
set {.9, .95, .99}. We see from Table 1 that all methods, except the one based on the
one-sided tolerance factors, are producing factors close to the exact ones for small
values of d?. For d* > .3, the factors k;,(d?) are larger than the exact ones and the
Wallis factors are much smaller than the exact ones. In general, Wallis’ tolerance
intervals are expected to be very liberal, and the ones by Lee and Mathew are very
conservative. The factors based on Algorithm 4.2 seem to be very satisfactory for
all values of d°. Considering simplicity and accuracies, the coverage level adjusted
one-sided tolerance factors seem to be the best for values of d? > .3. We also made
comparisons when n — m — 1 = 20 and 40. These values are not reported here (they

Table 1
Comparison of the exact and approximate tolerance factors in multiple linear
regression n —m — 1 = 10

p=.90 p=.95 p=.99

s s Y
d*> Methods .90 .95 .99 .90 .95 .99 .90 .95 99

249 277 345 295 329 409 386 430 535
229 256 321 283 315 392 387 428 5.30
248 276 342 294 328 408 386 430 537
249 277 345 29 329 410 3.87 431 536
247 275 341 294 327 406 386 429 533

3 273 308 390 321 360 455 414 462 580
264 299 382 315 354 448 413 461 577
272 304 387 320 360 451 416 466 584
277 311 393 325 365 460 415 4.66 588
269 299 371 318 354 439 414 460 570
5 296 336 431 344 388 495 436 489 6.18
290 331 428 340 385 492 435 488 6.16
293 332 428 343 387 495 440 494 6.26
302 343 438 349 396 507 437 496 635
288 320 397 339 376 467 435 484 6.00
.8 325 372 485 373 424 547 464 524 6.67

322 370 484 370 422 546 464 523 6.66
322 371 486 372 424 548 471 533 6.80
333 382 497 378 435 565 464 533 693
313 348 431 3.64 405 503 462 513 637
342 394 517 390 446 578 481 544 6.96
340 393 516 3838 444 577 480 544 6.96
339 391 514 390 444 577 489 554 7.10
350 4.05 531 395 457 599 479 554 727
328 364 452 379 422 523 477 530 6.58

NP W= N WD, N WD~ O W= O W —

1. Exact; 2. One-sided tolerance factor with confidence (1 + y)/2; 3. New Method; 4. Lee-
Mathew; 5. Wallis’ method
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are reported in Mondal, 2007) because the performances of the methods are similar
to those for the case of n —m — 1 = 10.

For p > 2, we shall compare the factors based on Algorithms 4.1 and 4.2.
We computed the tolerance factors using Algorithm 4.2 with NR = 100,000. The
chi-square random numbers are generated using IMSL subroutine RNCHI, the
chi-square percentiles are computed using IMSL subroutine CHIIN and Wishart
random matrices are generated using an algorithm similar to the one due to
Smith and Hocking (1972). The eigenvalues of the generated Wishart matrices are
computed using IMSL routine EVLSF. We do not include the approximate factors
ki (d?) and k,(d?) in our comparison studies because Lee and Mathew simulation
studies show that there is no clear-cut winner between them and none of them is
satisfactory for all situations.

Table 2
Mean and standard deviation of tolerance factors based on 10 repetitions; A2.
Algorithm 4.2 and Al. Algorithm 4.1 n—m—1=12

p=4 p=17 p=10
(o, 7) Method d> Mean SD CP Mean SD CP Mean SD CP
(.90,.90) Al Jd 02332 022 0.896 7581 0.71 0.898 50840 18.90 0.896
A2 123,67 006 0901 7656  0.19 0900 515.34 295  0.899
Al 43027 039 0.899 9699 190 0.899 643.83 19.15 0.905
A2 4 3073 007 0903 97.79 040 0902 647.87 243 0.905
Al 9 4190 0.54 0903 131.07 248 0903 83828 27.80 0.899
A2 9 4184 0.16 0902 131.11 0.30 0903 832.53 522 0.898
(.90,.95) Al d 02755 025 0950 95.66  1.33 0950 815.77  40.55 0.951
A2 10 2813 007 0955 9715 036 0953 82636 454 0952
Al 4 3727 075 0952 12459 3.05 0950 101820 50.05 0.948
A2 4 3722 014 0952 12599 036 0952 103927 10.11 0.951
Al 9 5196 088 0948 171.71 4.34 0952 138514 93.68 0.954
A2 9 5212 026 0948 171.76 0.80 0.952 1352.61 10.65 0.951
(.95,.90) Al 13072 045 0.907 10090 1.73 0908 713.53 2246 0.895
A2 1 31.08 0.05 0910 100.60 0.22 0.907 709.99 542 0.894
Al 4 39.10 051 0901 12580 2.63 0901 872.01 27.32 0.897
A2 4 3933 0.08 0904 12589 0.53 0901 866.97 5.61  0.897
Al 9 5150 1.01 0.896 16323 221 0.903 109481 2472 0.901
A2 9 5172 0.2 0.897 163.07 0.85 0.903 1089.33 629  0.900
(.95,.99) Al 105475 149 0990 229.03 11.27 0.992 3533.88 285.05 0.991
A2 1 5514 047 0990 22737 2980 0.992 341330 78.62 0.991
Al 4 7324 184 0.990 29491 20.11 0.991 421020 47571 0.987
A2 4 73.03 051 0.990 291.60 3.026 0.990 4217.53 13692 0.987
Al 9 10236 396 0.992 39745 17.33 0.990 5343.09 453.81 0.990
A2 9 10211 0.52 0.992 39249 4.015 0989 5350.78 93.37  0.990
(.99,.90) Al 1 4852 0.53 0900 161.16 2.53 0.897 118489 45.02 0.901
A2 .1 4870 0.10 0.901 161.61 0.61 0.897 1188.74 9.26  0.901
Al 4 5955 091 0.900 193.38 3.57 0.897 1383.84 43.09 0.907
A2 4 5944 0.16 0.899 194.65 0.74 0900 140038 825  0.909
Al 9 7462 105 0901 24226 3.58 0.895 1671.66 52.87 0.889
A2 9 7456 028 0.900 240.22 0.67 0.893 1680.70 13.76  0.889

Average Al 73.4 147 286
CPU in Sec. A2 5.5 9.4 17.5
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Our preliminary simulation studies showed that the coverage probabilities of
the tolerance regions based on Algorithms 4.1 and 4.2 are comparable, and they
are in general close to the specified nominal level. So, it is of interest to compare
Algorithms 4.1 and 4.2 with respect to speed and accuracy. We recorded the CPU
time to judge the speed, and computed the standard deviation of the factors based

Table 3
Tolerance factors k(d?) based on Algorithm 4.2 when confidence levels are
7 = .90, y, = .95, and y; = 0.99

o=.90 o=.95 o=.99

d? 71 72 73 71 72 73 1 72 73

n—-m—1=12,p=2
0.1 10.53 1250 1786 14.06 16.74 2404 2230 26.71 38.94
02 11.56 1381 19.79 1535 1844 2690 24.18 29.05 42.60
0.3 1263 1526 2237 16.65 20.16  29.33 2592 3134 4642
04 1372 1668 2498 17.73 21.49 3172 27.82  33.74 50.64
0.5 1477 1814 2750 19.06 23.29 35.28 29.38 3591 54.08
0.6 1579 1949 2997 20.34 2491 38.20 30.78 37.70 57.15
0.7 16.75 20.75 32.03 21.58 26.80 41.20 32.33 39.88 60.91
0.8 17.83 22.18 3521 2258 28.14 4392 3398 42.04 63.98
09 18.87 23.64 3754 2369 29.55 45.65 3510 4348 67.00
1 19.82 2486 3947 2498 3136  49.26 36.58 4548 70.39

p=3
0.1 1636 1929 2744 2123 2524 36.73 32.54  39.20 58.52
02 1794 21.37 31.00 23.14 27.72  40.80 35.51 4287 64.40
0.3 19.52 2340 34.65 2507 30.10 45.10 37.89  46.22 69.81
04 21.14 2549 38.07 2695 32.73 48.86  40.58  49.52 75.84
0.5 2268 2761 4136 28.80 35.01 5295 4281 5242 79.96
0.6 24.07 29.38 4489 30.65 37.55 58.03 45.09  55.57 84.66
0.7 2566 31.71 4856 3235 39.85 61.91 4744  58.20 89.45
0.8 2724 33.69 5192 34.10 42.37 66.39 49.74 61.71 96.77
0.9 28.89 3575 5589 3586 44.36 69.49 51.69 64.01 99.67
1 3044 38.03 5993 3749 46.69 73.22 53.88 66.85 104.94

p=4
0.1 2402 2852 41.63 30.66 36.79 5498  46.75 56.67 86.92
0.2 2645 3149 46.89 33.58 40.38 60.88 50.37 6144  95.55
0.3 28.71 3458 51.37 3636 44.09 67.18 5430 66.82 102.66
04 30.71 3722 56.05 3899 47.21 72.34 5772 7128 111.24
0.5 3323 40.53 62.66 41.88 51.31 79.22 61.23 7555 117.99
0.6 3528 4323 67.08 4425 54.57 85.85 64.34  79.65 125.16
0.7 37.66 4650 7281 46.86 57.85 91.58 67.88 84.37 134.62
0.8 3981 49.15 7698 49.11 60.74 97.80 70.80  88.30 13945
09 42,10 5232 83.58 51.71 6438 101.44 73.82 92.07 147.39
1 4425 5521 8894 5423 67.60 10691 76.68 96.37 154.52

(continued)
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Table 3
Continued
o=.90 o=.95 o=.99
d? M1 72 73 M1 72 73 M1 72 73

n—m—1=20;p=2
0.1 8.31 9.34 11.92 1097 1235 1585 17.24 1948 25.15
0.2 9.21 10.50 13.68 12.10 13.77 18.03 18.79 21.44 28.18
03 10.15 11.70 1569 1324 1527 2035 2035 2348 31.22
04 11.05 1287 17.62 1434 16.82 2292 21.76 25.22 34.29
0.5 1198 14.15 19.67 1542 18.16 25.06 2329 27.20 37.20
0.6 1294 1542 21.77 1644 1943 27.05 2451 28.82 39.85
0.7 1378 16.57 2349 1746 20.77 29.26 2580 3048 42.19
0.8 1469 17.69 2546 1849 22.05 3142 27.15 3217 44.76
09 1563 1898 27.14 1944 2342 3339 2834 33.62 47.36
1 1648 20.00 2931 2046 2478 3560 29.69 3546 50.07

p=3
0.1 1190 1323 1653 1522 1699 2134 2270 25.52 32.47
02 13.17 1477 1894 16.72 18.86 24.14 2480 28.07 36.60
03 1446 1645 21.51 1821 20.67 27.17 2693  30.80 40.71
04 1575 18.08 2434 19.73 2273 3045 2892 33.25 44.39
0.5 1694 19.77 2680 21.25 2458 3325 30.79 35.70 48.21
0.6 1829 2144 2940 22772 2653 3621 32.60 37.87 51.93
0.7 19.62 2319 32,17 2416 2828 39.01 3442 40.26 55.36
0.8 20.87 24.62 3432 2546 30.01 4180 3629 4243 58.40
09 2203 2621 3692 2696 31.78 44.12 37.80 44.59 61.53
1 23.18 2786 39.78  28.39  33.67 4748 39.61 46.77 65.63

p=4
0.1 1582 17.58 21.75 19.84 2214 2772 29.06 32.52 41.30
02 1747 19.53 2479 21.79 2450 31.18 31.63 35.76 46.45
03 19.14 21.63 28.02 2380 27.03 3537 3429 38.97 51.31
04 20.84 2381 3130 2574 29.37 3879 3699 4234 56.29
0.5 2252 2595 3468 27.66 3198 43.14 3923 45.25 61.08
0.6 2425 28.05 38.01 29.60 3420 4634 41.67 48.42 65.14
0.7 2582 30.15 4154 3146 36.68 4999 4390 51.04 69.33
0.8 27.56 3222 4441 3327 38.89 53.85 46.18 53.96 74.70
09 29.06 3427 4740 3516 4134 5711 4839  56.87 78.81
1 30.73 3644 5098 3698 43.62 60.56 50.23 59.21 81.56

p=>5
0.1 2035 2252 2778 2512 2797 3492 3625 40.50 51.59
02 2241 25.09 31.69 2771 31.10 39.54 3946 44.57 58.03
03 2456 27.66 3586 30.18 3428 4454 4274 48.52 64.36
04 2669 30.35 3984 3252 37.06 4884 4587 52.69 70.23
0.5 2886 33.17 4420 3506 4031 5394 48.99 56.54 76.34
0.6 30.85 3572 4830 3735 4319 5893 51.83  60.07 81.63
0.7 3299 3831 5239 39.73 46.23 63.05 5487 63.87 88.33
0.8 3501 40.72 5563 4197 49.02 67.64 5770 67.12 92.16
09 37.14 43,58 60.22 4440 52.03 71.44 60.25 70.58 97.47
1 39.23  46.21 6451 4643 5466 7645 6297 7403 102.62
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on 10 repetitions to appraise the accuracies. Specifically, for a given (o, 7y, n —
m — 1, p), we computed tolerance factors using Algorithm 4.2 with NR = 100,000
(Algorithm 4.1 with m; = m, = 5000), and repeated the simulation 10 times. The
average and standard deviation of the factors of these 10 repetitions are given in
Table 2. We observe from Table 2 that, on average basis, both methods produce
approximately the same factor with coverage probabilities close to the nominal
level. However, the standard deviation of the factors computed using Algorithm 4.1
is at least four times as large as the standard deviation of the factors based on
Algorithm 4.2. This clearly implies that Algorithm 4.2 is not stable, and the factors
based on it are heavily depending on the initial seed used for the simulation.
Furthermore, average CPU time for Algorithm 4.1 is approximately 14 times as
large as that of Algorithm 4.2 (see Table 2). Thus, Algorithm 4.2 is more stable and
faster than Algorithm 4.1, and so the former is certainly preferable to the latter to
compute tolerance factors for practical use.

6. Concluding Remarks

In this article, we have shown that available approximate tolerance factors
in multiple linear regression are satisfactory only for small values of d>. The
tolerance factors based on Wallis’ method are unsatisfactory, and the one by
Lee and Mathew (2004) are conservative for d*> >.3. The factors based on
Algorithm 4.2 are slightly conservative when the values of 4> are large. Our
recommendation for the multiple linear regression case is that to use the exact
approach for constructing tolerance factors if accuracy is important. If d°? >
0.5, then coverage level adjusted one-sided tolerance factors can be used. The
required noncentral ¢ percentiles (to compute the one-sided tolernace factors) can
be obtained using the online calculator by the Department of Statistics, UCLA,
at the website http://calculators.stat.ucla.edu/cdf or by the PC calculator that
accompanies the book by Krishnamoorthy (2006) computes the one-sided limits
and exact tolerance intervals for a normal distribution. This calculator is available
at http://www.ucs.louisiana.edu/~kxk4695. For the multivariate linear regression,
the simulation method given in Algorithm 4.2 seems to be the only satisfactory
approach for constructing tolerance factors. Even though the method based on
Algorithm 4.2 is computationally involved, it is as simple as other procedures once
it is programed.

It is not feasible to tabulate tolerance factors for all values of (n — m — 1, p, d?).
The tolerance factors based on Algorithm 4.2 with NR = 100,000 are given in
Table 3 for n — m — 1 = 10 and 20, and some values of p. These factors are provided
so that they can be used as benchmarks for future results.
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