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Abstract. Let Xi,...,Xn be independent observations from Np(x, ;) and
Yi,...,Yn be independent observations from Np(,X2). Assume that X;’s and
Y;’s are independent. An unbiased estimator of 1z which dominates the sample
mean X for p > 1 under the loss function L(g,f1) = (& — p)’ S (i — p) is
suggested. The exact risk (under L) of the new estimator is also evaluated.
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1. Introduction

Let X1,...,Xn be independent observations from a p-variate normal distri-
bution with mean vector p and positive definite covariance matrix Xy, Np(u, £1).
Let Y1,...,Yy be independent observations from N,(u,¥2). Assuming that X;’s
and Y;’s are independent, we consider the problem of estimating the common mean
vector 4 when ¥; and 35 are unknown.

This problem, when p = 1, has been considered by many authors, among
them, Graybill and Deal (1959), Brown and Cohen (1974), Cohen and Sackrowitz
(1974) and Khatri and Shah (1974). These authors suggest unbiased estimators of
{4 with smaller variances than var(X), sometimes smaller than both var(X) and
var(Y ) with certain restrictions on the sample size N, where X = (1/N) Z:\f:l X;
and ¥ = (1/N) TN v,

For p > 1 case, Chiou and Cohen (1985) considered this problem with respect
to the covariance criterion. Under this criterion, between the unbiased estimators
fi1 and fiz of y, fiy is preferable to g if cov(fiz) —cov(ji1) is a positive semidefinite
matrix, where cov(-) denotes the covariance matrix. They showed that none of the
estimators, that are multivariate analogous to the ones considered in the papers
cited in the previous paragraph, dominates either X or ¥ under the covariance
criterion. Loh (1988) suggested some combined unbiased estimators for g under
the loss function Ly, i) = (u— ) (BT 4+ 35 1) (1n—/1). None of these estimators is
known to dominate either X or Y analytically. Recently, Kubokawa (1989) treated
this problem under the loss Ly, ) = (u— )’ P(p— (i), where P is a known positive
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definite matrix, and proposed a combined estimator that dominates both X and
Y.
In this paper, we evaluate the merit of an estimator through the loss function

(11) L(p, i) = (p— p)YS7 (e — ).

This loss function is chosen for mathematical convenience. Under this loss (1.1),
there are several estimators (for example, James and Stein’s estimator (1961)),
based on only one sample observations Xi,..., Xy, that dominate X. However,
note that such estimators are not unbiased and also they necessitate (to dominate
X) that p > 3. So we hope that if we use both sample observations X;’s and Y;’s,
we can find an unbiased estimator that beats X under the loss (1.1) for any p > 1.

In Section 2 of this paper, we suggest an unbiased estimator that is similar to
the one given in Krishnamoorthy and Rohatgi (1988) for p = 1 case. We compute
the exact risk of the new estimator and show that it is less than the risk of X, for
any p > 1 and N > p+ 5, under the loss function (1.1).

We discuss the features of the new estimator and a relation between the loss
(1.1) and the covariance criterion in Section 3. Numerical study (Table 1) indicates
that the relative improvement of the new estimator over X is quite significant when
tr(X1(Z; + Z2)71) is moderately large.

In the Appendix, we derive expectations of some mixtures of Wishart and
inverted Wishart random matrices (using some “matrix derivatives” results) that
are needed in Section 2. These expectations are in a more general form and, if one
is interested, moments of mixtures of elements of Wishart and inverted Wishart
random matrices can be obtained from them.

2. Main result

Consider the transformation U; = X; and V; = X;-Y;,i=1,2,...,N. Define

N N

T—-@Q/N)>S U and Sy — > (Ui—O)U; - TY.

i=1 =1

Tet V and Sy he defined similarly.

When £; and ¥, are known, it can be easily seen that i = U—~%;(2;+ %)~V
is the best unbiased estimator and hence better than both X and Y under the
loss (1.1). When X; and ¥, are unknown, replacing $1(X; + X2)~ ! by aSUS‘j],
where a is a positive constant, leads to the estimator

(2.1) fio = U — aSySy'V.

The rational for considering i, is that E(Sy) = (N —1)Z; and E(Sy!) = (N ~p—
2)~1(Z; 4+ X)" 1, and a is chosen to minimize the risk. Since E(U) = p, E(V) =0
and (Sy, Sy) is independent of (U, V), i, is an unbiased estimator of x.

We need the following lemma. to derive the risk of fi, under the loss (1.1).
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LeMMa 2.1. (i) The conditional distribution of Sy given Sv is noncentral
Wishart with n = N—1 degrees of freedom, covariance matriz Xy1.2 = L1—X1(Z1+
¥5)~1%y and noncentrality parameter Yl ASy A, where A=3%1(31+32)7". In
the standard notation Sy | Sy ~ Wp(n, X112, Zl_ll.zASVA').

(ii) E(Sy | Sv) = nZ11.0 + ASv A’

(iii) E(SyCSy | Sv)
=n(n+1)(Z11.20%11.2)
+ (n+1)(211.2CASy A" + ASy A'C¥h1.9)
+tr(C11.2)(nE112 + ASv A') + (tr CASy A') 112
+ ASVAICASVA'

where C is a matriz of constants.
ProoF. (i) Let U = (Ui,...,Un) be a p x N matrix. Noting that,
U|(Vi,...,VN) ~ N(Mpxn,InN ® Z11.2)

where M = (u+ AV4,...,u+ AVy) and A = Xq(X; + X2) 7", we prove (i).

(i) follows from (i) (for example, see Muirhead ((1982), p. 442)).

(iii) Let W ~ Wy(n,0,0 ny'). Note that W L 77 where Zisapxn
matrix whose columns Z;’s are independently distributed as N,(7;,©) and
{(m,...,mp) =nis a p x n matrix. So,

(2.2) EWCW) =E(ZZ'CZZ")
= E(}: ZiZ{CZiZ{) + E(Z Zizgczjzg) :
i=1 ij
Now
(2.3) E(Z zizzczjz;-) = 3°(6 + n)C(8 + n;m).
i#j i#j

Next, using the relation Z; 4 & + 1, where &;’s are i.i.d. as Np(0,8), we get

(2.4) E (Z Zizgczizg)

=1

=F [Z('Ei b ) (& + 1) C (& +m0) (& + Vh)']

i=1

= 2n(0CO) + tr(CO)(n8 + nn') + 26Cny’

n
+ 2/ CO + (tr Cn)O + > mimiCmir.
=1
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Combining (2.2), (2.3) and (2.4), replacing © by X1 and 77’ by ASyA’, and
after some simplification we get (iii).

We now derive the risk of fi,.

THEOREM 2.1. (i) The risk of fi, = U — aSySy,'V under the loss (1.1) is
given by

(2.5) R(u, fa)
= R(p, X)
+ (ac1/N){lan(n —1)(n+p+1) — 2n(n — p)(n —p — 3)]tr D
T2 -p)(n—p—3)
+a(2n+p+ 2)(p — 2n) — 2a(2n — p — 2)](tr D?)

+4a(3n — 2p — 1)(tr D?) + a(9n — 6p — 1)(tr D)(tr D?)
+[2(n — p)(n —p - 3) — a(4n® — (p +2)* + 2)](tr D)?
+ a(3n — 2p — 3)(tr D)3}

where ¢c; — [(n—p)(n—p—1)(n—p—3)]~! and D = (T, | ;)" 1/25, (2, | £,)1/2,

(ii) Moreover, for n > (p+4) and ao = (n—p)(n—p—-3)/((n—-1)(n+p+1))

R(p, fl,) < R(p, X)
for all positive definite matrices ¥, and 3.

PROOF. (i)

(2.6) R(p, fia) = E(fra - l")lzl—l(ﬁ'a — B
= R(p, X) — 22N~ E tr(Sy Sy ')
+ a® N7 Etr(Sy ' SyZT Sy Syt (T1 + 22)).

To get (2.6) we used the conditional expectation E(U —p | V) = £, (1 + E2) "V
and NE(VV') = (£; + X2). Using Lemma 2.1(ii), we first compute

(2.7)  Eu(SuSyt)
= E[tr E(SUS‘71 | Sv)]
=n(n—p—1)""tr(S112(51 + T2) 1) + Etr(ASy A'Sy ).

Let Q = (1 + 22) " /25y(Z1 + E2) /2 ~ Wy(n,I). Then Etr(ASvA'Sy') =
Etr(DQDQ™!) and using Corollary A.1(i), it follows from (2.7) that

(2.8) Etr(SySy') = (n—p—1)"Yntr D — tr D? — (tr D)?.
Next, from Lemma 2.1(iii), we have

(2.9) Etr(Sy SyEi Sy Syt (1 + X2))



ESTIMATION OF A COMMON MEAN VECTOR 765

= E[E tr(S;lSUZI_lSUS;l(Zl +33) | Sv)]

= n(n + DEtr[S; 11227 ' T11.257 (51 + 2))
+ (n+ 1)Etr[Sy £11.257  ASy A'SyH (51 + 22))]
+ (n+ 1)Etr[S;t ASy A'S 81125y (T + T2)]
+tr(ET 81 2) Etr[Sy ASv A'Sy (1 + £2))
+ ntr(Zf‘le,g)E tI’[S;lzn.QS;l(E1 + EQ)J
+ Etr(ST ASy A') tr[S; 211257 (51 + )
+ Etr[S; ASy A'STTASY A'SSH (S + Ba)).

Using the relations that, for any matrices F and G, tr(FG) = tr(GF) and for
symmetric matrices F, G and H of same order tr(FGH) = tr(GFH), (2.9) can
be written as

(2.10) Etr(Sy'SuyZT Sy Sy (21 + Z2))
=n(n+1)Etr[Q (D - 2D* + D*)Q™ 1]
+2(n+1)Etr[Q™%(D — D*)QD]
+(p—tr D)Etr(Q2DQD)
+n(p — tr D)Etr[Q™Y(D — D*)Q™]
+ E[tr(DQ) tr(Q(D — D*)Q V)]
+ Etr|Q*DQDQD).

All these expectations on the rhs of (2.10) are evaluated and given in the Appendix
(Corollary A.1(ii), (iii), Theorem A.2(i), (ii) and the equation (A.3)). After sub-
stituting these expectations in (2.10) and then combining the resulting equation
with (2.8) and (2.6), we get (2.5).

(ii) When a = a,, (2.5) can be simplified as

(2.11) R(p, X) — R(, fia,)
=aZesN ' n(n—1)(n+p+1)trD
+ (2n? + 8n — 2np — p? — 2p — 2)(tr D?)
—4(3n — 2p — 1)(tr D?) — (9n — 6p — 1)(tr D)(tr D?)
+ (2n% — 2np — p? — 2p)(tr D)?
— (3n —2p — 3)(tr D)3,

Since D = (1 + X)~1/2%1(%; + £3)~1/2 is a positive definite matrix with all
eigen-values greater than zero and less than or equal to unity, p > tr D > tr D? >
tr D3 > 0. Applying these inequalities along with the relation 2n? > 2np to (2.11),
it can be checked that R(p, X) — R(i, fia,) > 0 if [n(n — 1)(n+p+1) — (p* +2p+
2) — (4n — 8p —4) — p(9n — 6p — 1) — (p® + 2p)p — (3n — 2p — 3)p?*] tr D > 0 which
is equivalent to

(2.12) n3 + n?p — n(3p? + 10p + 5) + (p* + 6p*> + Tp+2) > 0.
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It can be easily shown that the lhs of (2.12) is positive when n = p + 4 and a
strictly increasing function of n for n > p + 4 and so the inequality (2.12) is true
for all n > p + 4. Thus we prove (ii).

Remark 2.1. Interchanging the roles of X and Y, it can be easily seen that

Y is inadmissible under the loss L(u, i) = (& — u)'S5 (jt — 1) for any p > 1 and
N >p+5.

Remark 2.2. Noting that R(u,X) = trD/(n + 1), it follows from (2.11)
that limp oo (R(it, X)  R(p, fia,))/R(; X) = tr D/p. Therefore, the relative
improvement of j,, over X is significant for large values of n and moderately
large values of tr D. This is also evident from Table 1.

Remark 2.3. It is to be noted that the estimator fi, in (2.1) changes under
the permutations of the observations X;’s and Y;’s because the cross-product ma-
trix Sy in fi, involves > | (X;Y/ + Y;X]). Thus, one can obtain n! distinct
estimators by permuting X;’s and Y;’s. These n! estimators can also be obtained
by just permuting Y;’s keeping X;’s fixed. We also note each of such estimators
is unbiased and has the same risk function as that of f,. Therefore, the esti-
mator [i, can be improved as follows: Let P denote the set of all permutations
on the integers 1,2,...,n and k = {i1,...,i,} be an element in P. Also let
Svim) = g1 (X5~ Yiy = V)(X; = Y5, = V) and flyx) = U — aSu Sy, V. Then,

(2.13) B =" i)/
KEP

is invariant under the permutations of the observations and an unbiased estimator
of p. Also as L(p, ) in (1.1) is a strictly convex function of [i, Jensen’s inequality
implies that

(214) L(Au” ﬂ;) < Z L(/J«, ﬂa(n))/n!'
kEP

Thus, taking expectation on both sides of (2.14) and using the fact that R(y, jis(x))

is the same for all x € P, we prove ji; dominates fio(,) for each x € P. In particular,
it dominates fi, in (2.1).

3. Concluding remarks

The estimator i} in (2.13) is itself inadmissible because it is not a function of
minimal sufficient statistics. However, the numerical comparison in Table 1 shows
that the percentage relative improvement of fi,, over X is quite significant for
moderately large values of tr D where D = £,(Z; + £5)~!. Therefore, the use of
fla, OF fi; over X under the loss function (1.1) is certainly an advantage.

We next like to point out a relation between the covariance criterion and the
loss (1.1). Consider the loss function Lr(u, i) = (i — p)'T (2 — 1) where T is an
arbitrary positive definite matrix. It is not too difficult to show that an estimator
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@ dominates b for covariance ordering if and only if it dominates b under L for all
positive definite matrices 7. Since the loss (1.1) is a particular case of Lr(u, i),
it is a slightly weaker criterion than the covariance criterion. So we do not know
whether or not fi,, dominates X under the covariance criterion.

In Table 1, the numbers with “%” are the values of 100[R(u,X) —

R, fra, )}/ R(pt, X).

Table 1. Percentage relative improvement of jiq, over X.

p=3 p=5
DN 10 20 30 DN 10 20 30
(.99,.99,.99) 32% T74% 8% (.99,.99,.99,.99,.99) 7% 56% T6%
(.9,.8,.7) 27 59 69 (.9,.9,.8,.7,.7) 7 46 76
(.7,.8,.5) 21 43 50 (.7, .6,.6,.5,.4) 5 32 41
(.1,.4,.9) 16 33 38 (.1,.1,.7,.7,.9) 5 28 36
(.5,.5,.5) 17 35 42 (.5,.5,.5,.5,.5) 5 28 36
(.1,.1,.9) 13 26 30 (1,.1,.1,.9,.9) 4 23 30
(4,.3,.2) 16 21 24 (4,.3,4,3,.2) 3 18 22
(.25,.25,.25) 8 17 20 (.25,.25,.25,.25,.25) 3 13 17
(.1,.1,.1) 3 7 8 (1,.1,.1,.1,.1) 1 5 7
p=10
DN 20 30 50

(.99,.99,.99, .99, .99, .99, .99,.99,.99,.99) 19% 47% 73%

(.9,.9,.9,.9,.9, 8,.8,.8,.8,.8) 18 41 62

(.9,.9,.9,.7,.7,.7, .6, .6, .6, .5) 16 34 51

(.5,.5,.5,.5,.5,.5,.5,.5,.5,.5) 12 24 35

(1,.1,.9,.9,.2,.2,.8,.8,.1,.9) 12 24 35

(.1,.1,.2,.2,.5,.5,.7,.7,.8,.9) 11 22 32

(4, 4,.4,.3,3,.3,.2,.2,.2.2) 7 14 20

(.25,.25,.25,.25, .25, .25, .25, .25, .25,.25) 6 11 17

(1,.1,.1,.1,.1,.1,.1,.1,.1,.1) 2 4 6
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Appendix
We first give “matrix derivatives” of some functions of matrices which are

needed in evaluating the expectations given in Section 2. “Matrix derivative” is
essentially a collection of partial derivatives arranged in orderly arrays. For more
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details and application the readers can refer to Roger ((1980), p. 82) and von
Rosen (1988).

We now define some basic tools which are needed in the sequel. For a matrix
A :px g, vec(A) denotes the pg x 1 vector obtained by arranging the columns of
A one after another in a longer column. For matrices A = (a;;) and B = (b;;),
A® B = (ai; B) is the Kronecker product. Let J,g denote the p x p matrix whose
(a, 3) element is unity and other elements are zeroes and let

P p
Iippy = Z Z Jas ® Jpa-

a=1 =1

The derivatives given in the following lemma can be found in Roger (1980)
and von Rosen (1988).

LEMMA A.l. Let X be a pxp symmetric matriz whose elements are otherwise
functionally independent. Let Y : p x p and Z : p X p be matriz valued functions
of X, and y and z be real valued functions of X. Further, let A and B denote the
matrices of constants. Then,

. oY O
(i) X = I (%;Jij ®’7sz1¢£) y YK = {

1 if k=1
if k#1

B~

where £ = {(2,j,k,1) : 1 <14,j,k,1 < p}.

L 0X 1
() O = 2lveellp)vec(ly) + I )
(i) % = (A+ A")/2
Ly 91X ax—1 , : ,
(iv) X = gl XX (provided X 1is nonsingular)
oYz)y oy 0z
) —aT*W(Z‘@Ip)JV(Y@Ip)aiX
. 0Zy 0Z Oy
(vi) 8_X_6_Xy+(Z®B_X>
.. O(AYB) Yy
(Vll) —6—}_— = (A & Ip)ﬁ(B &® Ip)
-1
(viii) aaY—X =—(Y1'® II,)S—‘};{(Y—1 ®I,) (provided Y is nonsingular)
. atr(Y) (TP eiYe) <, Y
(D{) 6X - B.X - ;(ei ® Ip)ﬁ(et ® IP)
o OWEC0) oy o
0X 0z 0X

where I, denotes the identity matriz of order p X p and e; denotes the p x 1 vector
whose i-th element is unity and others are zeroes.
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LEMMA A.2. Let S~ Wy(n,E),n>p+1. The pdf of S is given by
F(8) = ¢|S|n P2 AR 2w AS) A = (1/2)87! and
8
OF = (/A 1(8) - S1(S).

PrOOF. Use Lemma A.1(x), (ii) and (iii).

In the following theorem, we use these derivative results to compute the ex-
pections given in Section 2.
Forn > p+4,letc; = [(n—p)(n—p-1)(n—p—3)] tand ca = (n—p—1)c1.

THEOREM A.l. Let S ~ Wp(n,X) and B be a p x p matriz of constants.
Then,

(i) E(S~'BS) = (n-p-1)"'(nE~1BX - (tr B)I, — B)

(ii) B(S™2BS) = nc (tr 2" )E 71 BE+nes R 2BE —¢y (tr 1) (I, tr B+ B) —
2(c; 4 c2)27 1B — ¢[(tr S B)I, + (tr B)X ]

(iii) E(S~2BSBS) = n?[c1(tr =~ 1)Z"'BEBE 4+ ;X 2BEBY] — ney (tr=71) -
[(tr B)RY — ©-1BY2R 4+ R?%. + BSB + tr(BEB)I, — tr(EB)L71BY] —
2n¢,(2"!BL1B) — nep[(tr!B)BY + (trB)L'BY + tr(£"'BIB)I, +
2(X~!BEB) + tr(BEB)X ™! — tr(EB)S72BE — ©72BY?B] + (a1 + ¢2)[4B? +
2(tr B, — 2nE~1B2%] + (2¢; + ¢2)(tr B)B + co(tr B)?I,,.

PRrROOF. (i) We know that
(A.1) E(S7!'B) = / STIBf(8)dS = 2(n —p—1)"'AB.
§>0

Differentiating both sides of (A.1) (using Lemma A.1(vii) and Lemma A.2) with
respect to A, we get
(A2) E(ST'B®S)=n(n-p-1)"YZ'Bex)

—(n—p— 1) {vec(Ip)vec(lp) + I;p p)(B ® Ip).

Postmultiplying both sides of (A.2) by vec(I,), we get (i).
(ii) It is known that (for example, sce Haff (1979)),

(A.3) E(S72B) = 4¢,(tr A)AB + 4c3A%B.

Use Lemma A.1(vi), (vii) and Lemma A.2 to differentiate both sides of (A.3) with
respect to A. We get
(A4) E(S’B®S)
=n[c;(tr S HET!B+ 27 ?B]® T
—c1(tr Z7Y) [vec(Ip)vee(Ip) + I(p | (B ® Ip)
—2c1(Z7'B®I,) — calvec(dp)vec(lp) + lip (X7 B D 1)
— (B @ I)[vec(Ip)vec(Ip) + Ip (B ® 1),
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and now (ii) follows from (A.4).
(iii) Premultiplying both sides of (ii) by B and then proceeding as in the proofs
of (i) and (ii) we get (iii).

COROLLARY A.l. Let S~ Wy(n,I) andn>p+4.
(i) Etr(S~'BSB) = (n~p—1)"}[(n ~ 1) tr B2 — (tr B)?]
(i) Etr(S™2BSB) = [c1(np — p — 2) + ca(n — 2)}(tr B?) — (c1p + 2¢2)(tr B)?

(iiiy Etr(S"2BSBSB)
= [c1(np — 4)(n — 1) + co(n? — 3n + 4)](tr BY)
~ [e1(np — 4) + 3ca(n — 1))(tr B)(tr B?) + co(tr B)®.

THEOREM A.2. Let S ~ Wpy(n,I). Then, for a matriz of constants A,

(i) E(tr AS)(tr ST1AS™Y) = c1(n — 2)(n + 1)(tr A)% — 2¢1(2n — p — 2) tr(A?)

(ii) Etr(AS)tr(S71A2571) = ci1(n — 2)(n + 1)(tr A)(tr A?) — 2c;(2n — p —
2) tr(A3%).

Proor. Let B be a matrix of constants and 8 he a real variable. Then it is
easy to check that

_OEtr(ST1BS)e~0(r 49)
0

(A.5) E(i AS) (L5~ BS~ 1) = .
6=0

Using the derivative 9|I + 20A|™/2/00 |¢—o= ntr A in (A.5) it follows that

(A.6) E(tr AS)(trS™'BS™1)
= c1(n — 2)(n+ 1)(tr A)(tr B) — 2¢1(2n — p — 2)(tr AB)

Now (i) and (ii) follow from (A.6).
REFERENCES

Brown, L. D. and Cohen, A. (1974). Point and confidence estimation of a common mean and
recovery of interblock information, Ann. Statist., 2, 963-976.

Chiou, W. and Cohen, A. (1985). On estimating a common multivariate normal mean vector,
Ann. Inst. Statist. Math., 37, 499-506.

Cohen, A. and Sackrowitz, H. B. (1974). On estimating the common mean of two normal
distributions, Ann. Statist., 2, 1274-1282.

Graybill, F. A. and Deal, R. B. (1959). Combining unbiased estimators, Biometrics, 15, 543-550.

Haff, I.. R. (1979). An identity for the Wishart distribution with applications, J. Multivariate
Anal., 9, 531-544.

James, W. and Stein, C. (1061). Estimation with quadratic loss, Proc. Fourth Berkeley Symp. on
Math. Statist. Prob., 1, 361-379.

Khatri, C. G. and Shah, K. R. (1974). Estimation of location parameters from two linear models
under normality, Comm. Statist. Simulation Comput., 3, 647-665.

Krishnamoorthy, K. and Rohatgi, V. K. (1988). Unbiascd cstimation of the common mean of
two or more normal populations, Tech. Report, Department of Mathematics and Statistics,
Bowling Green State University, Ohio.



ESTIMATION OF A COMMON MEAN VECTOR 771

Kubokawa, T. (1989). Estimating common parameters of growth curve models under a quadratic
loss, Comm. Statist. Theory Methods, 18, 3149-3155.

Loh, W. L. (1988). Estimating the common mean of two multivariate normal distributions,
Tech. Report, No. 88-48, Purdue University, Indiana.

Muirhead, R. J. (1982). Aspects of Multivariate Statistical Theory, John Wiley, New York.

Roger, G. S. (1980). Matriz Deriwvatives, Dekker, New York.

von Rosen, D. (1988). Moments for the inverted Wishart distribution, Scand. J. Statist., 15,
97-109.



