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In the homotopy category HoT op

(1) KU, (X)=[X, ZxBU], 7ZxBU=KU

(2) KO, (X)=[X, Zx BO], 7 x BO = KO

e KU represents the topological K-theory of complex vector bundles...
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Representability — ‘homotopy category HoTop’ (in topology).
In algebraic geometry, what is a good notion of homotopy

Morel and Voevodsky (~ 1999): the A-homotopy theory

[X, KU] — HomHoTop(Xa KU)'
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Examples:
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rk . GWp(C) — Z
(F,i7): OWH(R) — Z BT

~ 7 if ¢ even
(rk, det) : GWy(F;) — Z@F;/quz = 4

7. ® 7/27 it q odd
\
CWo(Z) — GWH(R)=Z &7

GWH(Q) — GWy(R) & @, Wo(Fy)
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e  Hornbostel (2005) For a field F' of char # 2
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e  The Al-Representability Theorem (2010): If GrO is H-space,

GWn(X) — HomH.<F>(Sn N AXV_|_7 QTO)

It should help:

— Atiyah-Hirzebruch sp. seq. for hermitian K-theory

— the cohomology operations.



The Al-Representability Theorem and Consequences.

. Lpg, Lpg : H(R) — HoTop

X— XR), X~ X(C)



The Al-Representability Theorem and Consequences.

. Lpg, Lpg : H(R) — HoTop

X— XR), X~ X(C)

=  Corollary 1: For Log : H(R) — HoTop

LptKh = GrO(C) ~ Z x BO(R) ~ K0P



The Al-Representability Theorem and Consequences.

. Lpg, Lpg : H(R) — HoTop

X— XR), X~ X(C)

=  Corollary 1: For Log : H(R) — HoTop

LptKh = GrO(C) ~ Z x BO(R) ~ K0P

—>  Corollary 2:

LK = GrO(R) ~ Z x Z x BO(R) x BO(R)
~ KO x KOp
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o AP Sets = the category of simplicial sets

— algebraic model for Top

. A%PSets = {A contra. functors> Sets)

o In A% Sets the well-known notions of topological homotopy theory
have descriptions that can be adapted in a wide variety of contexts (in
algebraic geometry, in particular).

e  Thereisaset W of morphisms in A°?Sets, called weak equivalences,
with the property there is an equivalence of categories

APSets]W1] «—— HoTop
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o In algebraic geometry, the appropriate category is
APPShv(Sm/F)

— the category of ‘simplicial presheaves of sets” on the category Sm/F
of smooth F-schemes. This is analogue of the category T'op.

. APPShv(Sm/F) ={Sm/F contra. functors, AP Sets}

— We have (full and faithful),  Sm/F C A°’PShv(Sm/F)

o In this category there is a set of morphisms W1, the set of

Alweak equivalences. For example, X x Al — X isin Wyi1. And, the
analogue of the category HoTl op is

APPSho(Sm/F)Wy1~ Y = H(F)
— The homotopy category of smooth F-schemes [MV (1999)].

. AP PShve(Sm/F)Wy1™1 = He(F)
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o m, n >0 Grp(n, H™) — smooth F-scheme

— open subscheme of Grassmannian Grg(n, 2m) over F.

. Grp(n, H™)(R)
=rk n nondegen proj factors of H(R).
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. .. Grp(n, H™) — Grp(n, H™)
. colimit Grp(n, H®).
° Let Grp(N, H®) =]1,>0Grp(n, H>).

o addition of hyperbolic plane

 Grp(N, H®) 25 Grp(N, H®) ...

. colimit in A’ PShv(Sm/F)
— grO0.
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o R = a comm ring, Sp = a category.

o Objects: (M, ¢)

l

M C H*(R), a f.g. proj factor s.t. ¢ (= h|ps) is nondegen.

o Sp = a symmetric monoidal category

. 8}5183 = Px(R),  afunctor Sp — Px(R).
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Outline of Proof @ The Simplicial Presheaf Kh.

e X cSm/F, KMX) = NPy(T(X, Ox))

o K" = the connected component of 0.
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e Grp(N, H®)(R) = ObSp — K"(R)

. aro L xch
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o Commutative diagram in Al-homotopy category
BO——"——K}

| |

GrO—" Kch

i |

a Nz-s(wgﬁlgm) LCLJ\M;SGWO

o Theorem: columns Al-fibrations.

o Theorem: ~ is Al-weak equivalence.

o Theorem: ( is an isomorphism.

o make Al-fibrant replacement, compare homotopy groups

° Theorem: If GrO is H-space, then

fiis Al-weak equivalence.






