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1. Introduction

Understanding the homotopy groups of the sphere, π∗(Sn), remains one of the most interesting
and difficult problems in algebraic topology. Currently, many experts in the field are approaching
this problem by using ideas and tools from algebraic geometry, commutative algebra, topological group
theory, number theory, and homological algebra. This approach is known as chromatic stable homotopy
theory and its chief focus is on an object that is referred to as the K(n)-local sphere.

My research, which is in chromatic stable homotopy theory, primarily investigates the theory of
spectra with a continuous action by a profinite group and their homotopy fixed points. Though my
research is shaped by a desire to better understand the K(n)-local sphere, my work in this area allows
me to interact with several of the branches of math mentioned above. One of the main constructions
in this theory is the homotopy fixed point spectrum, which turns out to be very useful in chromatic
theory, as illustrated in papers by Behrens, Devinatz, Goerss, Henn, Hopkins, Mahowald, and Rezk (see
[2, 1, 18, 19, 20, 23, 24]). This theory is also related to elliptic cohomology and topological modular
forms (the work of Hopkins and his collaborators) (see [1] and [26]).

Roughly speaking, a spectrum X is a collection of topological spaces {Xi}i≥0, such that each Xi

is related to Xi+1 in a nice way. Then (oversimplifying somewhat), the spectrum X has a continuous
action by a profinite group G (a type of topological group), when there is an action map G×Xi → Xi

that is continuous, for each i.
In this theory, it is often useful to do the following: (a) replace X with a better-behaved model

X ′ that is equivalent to X, in some sense; (b) take the G-fixed points of X ′, (X ′)G; and, finally, (c)
construct - and compute, if possible - an algebraic machine (more precisely, a spectral sequence) for
calculating π∗((X ′)G). The object considered in (b) sometimes turns out to be equivalent to another
object that is already of considerable interest, so that (c) yields valuable information.

This theory relies upon foundational work by Jardine and Thomason (and, to a lesser extent, Goerss
and Mitchell - see [30, 31, 32, 33, 40, 25, 34]), and, for interesting examples, a beautiful paper by
Devinatz and Hopkins ([20]) provides critical input. However, it is my thesis [16] and my paper [14]
that establish this theory and develop the language required by it.

We note that my work ([16], [14]) has shown itself to be useful: see [1, pp. 2, 26], [3, pg. 89 and the
proof of Lemma 11.3.4], [21, pg. 5 and Section 10.3], and [36, pp. 26-27]. My joint work with Mark
Behrens of M.I.T. ([4]) was used in a critical way in [2, Theorem 2.3.2] and cited by [1, Proposition
5.2.3]. Also, my paper [13] is cited by [21, Remark 8.29].

2. Doctoral work

For any n ≥ 1 and any prime p, let En be the Lubin-Tate spectrum: the homotopy groups of En are

π∗(En) = W (Fpn)[[u1, ..., un−1]][u±1],

where the complete power series ring over the Witt vectors is in degree zero, and the degree of u is −2.
Also, let Sn be the nth Morava stabilizer group - the automorphism group of the Honda formal group
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law Γn of height n over Fpn . Finally, let Gn = Sn o Gal(Fpn/Fp), where Gal(Fpn/Fp) is the Galois
group.

The objects En and Gn play a very important role in chromatic homotopy theory, mainly for the
following reason. Work of Goerss, Hopkins, and Miller (see [22, 35]) shows that Gn acts on En in a
highly structured way. Moreover, this action induces the continuous action of the profinite group Gn

on the topological module En∗, and there is a strongly convergent spectral sequence

Hs
c (Gn;πt(En))⇒ πt−s(LK(n)S

0),

where LK(n)S
0 is theK(n)-local sphere (K(n) is the nth MoravaK-theory spectrum) and the E2-term is

the continuous cohomology of Gn (see the paragraph after Theorem 3.2 for the precise definition). Thus,
En and Gn are closely related to LK(n)S

0, so that understanding En and Gn helps with understanding
the K(n)-local sphere.

At a time when the topological ring Es
n∗[[Gn]], the completed twisted group ring of En-cohomology

operations, was not well-understood, I gave a definition of it in [12], a manuscript that is cited by Hovey
in [27, pg. 202].

To describe my thesis, I need to introduce some more notation. We often use the symbol ∼= to
denote an isomorphism in the stable homotopy category. Let {MIi

} denote a collection of generalized
Moore spectra, such that these spectra form a tower MI0 ←MI1 ←MI2 ← · · · and holimi LK(n)MIi

∼=
LK(n)S

0. Also, for any closed subgroup G of Gn, let EdhG
n be the “ad hoc homotopy fixed point

spectrum” constructed by Devinatz and Hopkins in [20].
My thesis consists of three parts. Part (a) explains the theory of continuous G-spectra Z and their

homotopy fixed points ZhG, and is briefly summarized below. Part (b) shows that LK(n)(En ∧X) is a
continuous Gn-spectrum, where X is a spectrum such that the tower {πt(En ∧X ∧MIi)} satisfies the
Mittag-Leffler condition for every integer t. Also, part (c) shows that, when X is finite and G is any
closed subgroup of Gn, (En ∧X)hG ∼= EdhG

n ∧X, and the descent spectral sequence for (En ∧X)hG is
isomorphic to the strongly convergent K(n)-local En-Adams spectral sequence for EdhG

n ∧X.
Part (b) was generalized in my paper [14] and part (c) is being written up in [6] (in [6], we use

techniques that are different from those of [16]). Also, part (c) is being generalized in work in progress.
Thus, we discuss only the generalizations, in Sections 3 and 10.1.

A discrete G-spectrum is a (naive) G-spectrum of simplicial sets, such that each simplicial set is a
simplicial object in the category of discrete G-sets.

Theorem 2.1. The category SptG of discrete G-spectra is a model category, where a morphism f is
a weak equivalence (cofibration) if and only if f is a weak equivalence (cofibration) in Spt, the model
category of spectra. If X is a discrete G-spectrum, then the definition XhG = (Xf )G, where Xf is a
fibrant replacement for X in SptG, generalizes the notion of homotopy fixed points for a finite group.

If Z0 ← Z1 ← Z2 ← · · · is a tower of discrete G-spectra that are fibrant as spectra, then holimi Zi

is a continuous G-spectrum and (holimi Zi)hG = holimi(Zi)hG is the homotopy fixed point spectrum
of holimi Zi with respect to the continuous action of G. This definition of homotopy fixed points is
equivalent to the total right derived functor of fixed points, in the appropriate sense, and it agrees
with the usual definition of homotopy fixed points, when G is finite. If G satisfies a certain finiteness
condition, then we can build the descent spectral sequence.

Theorem 2.2. If G has finite virtual cohomological dimension, then there is a conditionally convergent
descent spectral sequence

Es,t
2 ⇒ πt−s((holim

i
Zi)hG).

If the tower {πt(Zi)} satisfies the Mittag-Leffler condition for each integer t, then

Es,t
2
∼= Hs

cont(G; {πt(Zi)}),
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the continuous cohomology of G, with coefficients in the tower {πt(Zi)} of discrete G-modules.

3. Homotopy fixed points for LK(n)(En ∧X) using the continuous action

Besides containing part (a) of my thesis, my paper [14] generalizes part (b) in that X can be any
spectrum. More precisely, in [14], we prove the following results.

Theorem 3.1. Let {Uj}j≥0 be a descending chain of open normal subgroups of Gn, such that Gn
∼=

limj Gn/Uj, and let Fn = colimjE
dhUj
n . Then the spectrum En

∼= holimi(Fn ∧MIi
)f is a continuous

Gn-spectrum. More generally, for any spectrum X,

LK(n)(En ∧X) ∼= holim
i

(Fn ∧MIi ∧X)f

is a continuous Gn-spectrum.

Let OGn
be the orbit category of quotients of Gn by closed subgroups.

Theorem 3.2. There is a functor P : (OGn
)op → Spt, defined by P (Gn/G) = EhG

n , where G is any
closed subgroup of Gn.

The next theorem is an application of Theorem 2.2. First, we need a definition. If G is a profinite
group and limαMα is a profinite continuous Zp[[G]]-module, then Hs

c (G;M) will be used to denote
limαH

s
c (G;Mα). In all the cases in this research statement where this expression is used, this turns out

to be continuous cohomology in a particularly nice sense (see [20, Remark 1.3] and [39]).

Theorem 3.3. Let G be a closed subgroup of Gn and let X be any spectrum. Then there is a condi-
tionally convergent descent spectral sequence

(3.4) Es,t
2 ⇒ πt−s((LK(n)(En ∧X))hG).

If the tower of abelian groups {πt(En ∧MIi
∧X)} satisfies the Mittag-Leffler condition for each t ∈ Z,

then
Es,t

2
∼= Hs

cont(G; {πt(En ∧MIi
∧X)}).

If X is a finite spectrum, then spectral sequence (3.4) has the form

Hs
c (G;πt(En ∧X))⇒ πt−s((En ∧X)hG).

4. The E2-term of the descent spectral sequence for a continuous G-spectrum

Let G be a profinite group with finite virtual cohomological dimension, and let holimi Zi be a
continuous G-spectrum. The E2-term πsπt(holimi(Γ•G(Zi)f )G) of the descent spectral sequence for
π∗((holimi Zi)hG), in general, can not be labeled in a nice algebraic way. For example, additional hy-
potheses are needed for it to be equivalent to some form of continuous cohomology. However, in [13],
we show that this E2-term is always an interesting object.

More precisely, in [13], we show that the E2-term is always built out of a certain complex of spectra,
that, in the context of abelian groups, can be used to compute the continuous cohomology of G with
coefficients in limiMi, where {Mi} is a tower of discrete G-modules (see [13, Corollary 4.4] for the
precise statement and compare this result with [13, Theorem 2.3]).

5. The homotopy orbit spectrum for a profinite group

In this brief section, we summarize the contents of [7]. Let G = limαG/Nα present the profinite
group G as the inverse limit of a collection of quotients of G by open normal subgroups. Then, given
a diagram {Xα}α of G-spectra and G-equivariant maps, such that each Xα is a fibrant Bousfield-
Friedlander spectrum and, for each α, the G-action on Xα factors through G/Nα (so that Xα is a
G/Nα-spectrum), we define the homotopy orbit spectrum XhG, where X = holimαXα.
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If G is a countably based profinite group, then, under reasonable assumptions on the diagram {Xα},
we construct a homotopy orbit spectral sequence

Hc
p(G, πq(X))⇒ πp+q(XhG),

where the E2-term is the continuous homology of G, with coefficients in the profinite Ẑ[[G]]-module
πq(X). In particular, we show that one can construct F (En, LK(n)S

0)hGn and that there is a homotopy
orbit spectral sequence

Hc
p(Gn, πq(F (En, LK(n)S

0)))⇒ πp+q(F (En, LK(n)S
0)hGn

).

6. Iterated homotopy fixed points for En

In this section, we discuss the main results of [8]. Let H and K be closed subgroups of Gn, with
H C K. Note that K/H is a profinite group. In [19], Devinatz constructs a strongly convergent
Adams-type spectral sequence

Hs
c (K/H;πt(EdhH

n ))⇒ πt−s(EdhK
n ).

Since EdhG
n
∼= EhG

n for G equal to H and K, successively, this spectral sequence looks like a descent
spectral sequence for (EhH

n )hK/H and it suggests that (EhH
n )hK/H ∼= EhK

n . When K/H is a finite group,
[19] and [20], respectively, show that these conclusions are indeed valid.

However, when K/H is not finite, it is not even known how to construct the spectrum (EhH
n )hK/H .

We have remedied this situation with the following result.

Theorem 6.1. Let H and K be as above (so that K/H need not be finite). Then the spectrum EhH
n is

a continuous K/H-spectrum. More generally, if X is any spectrum, LK(n)(EhH
n ∧X) is a continuous

K/H-spectrum.

By applying the theory discussed in Section 2, Theorem 6.1 implies that (EhH
n )hK/H can always be

formed. Also, the descent spectral sequence has the desired form.

Theorem 6.2. There is a descent spectral sequence

Hs
c (K/H;πt(EhH

n ))⇒ πt−s((EhH
n )hK/H).

Finally, we are able to show that the iterated homotopy fixed points of En behave as desired.

Theorem 6.3. There is an isomorphism (EhH
n )hK/H ∼= EhK

n in the stable category.

The above theorem extends a result of Devinatz and Hopkins (see [20, Theorem 4 and Section 6]),
which showed that the statement is valid when H has finite index in K.

7. The category R+
G is a Grothendieck site when G is profinite

Given a profinite group G, let R+
G be the category that consists of finite discrete G-sets and the

profinite G-space G itself, with morphisms being the continuous G-equivariant maps. This category
was first considered by Devinatz and Hopkins in [20], in the case of G = Gn, because it provided a
functorial way of organizing the Gn-action on En and the Gn/U -action on EdhU

n , where U is any open
normal subgroup of Gn.

In [9], I show that R+
G is a Grothendieck site, when it is equipped with the pretopology of epimorphic

covers. This result takes some work, since, if G is not finite, then R+
G is not closed under pullbacks.

Also, we show that the site R+
G does not have a canonical topology.

Since R+
G is a site, Jardine’s machinery yields a model category structure on the category of presheaves

of spectra on this site, and we note that such presheaves are useful for organizing the data associated to
a continuous G-spectrum Z, when one takes its homotopy fixed points with respect to open subgroups
of G.
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8. The content of three papers in preparation

8.1. A universal coefficient spectral sequence for discrete G-spectra. In [11], a paper in prepa-
ration, I am working towards completing a proof of the following theorem.

Theorem 8.1.1. Let X and F be discrete G-spectra, where G is a profinite group, and let E be a discrete
G-A∞-ring spectrum that is an Adams spectrum. Also, suppose that F is an E-module spectrum in the
category of discrete G-spectra. Then there is a spectral sequence

Exts
C(E∗(X), F∗+t)⇒ πt−s(MapG(X,F )),

where C is the category of graded discrete twisted E∗-G-modules, and MapG(X,F ) is the simplicial
mapping space in the category of discrete G-spectra.

I hope that computing with the above spectral sequence will be helpful for learning more about
discrete G-spectra. Also, if the above theorem is reworked in the setting of discrete G-A∞-ring spectra,
then the E2-term of the spectral sequence should be related to the obstructions for realizing a discrete
G-module as the homotopy groups of a discrete G-A∞-ring spectrum.

8.2. Continuous G-spectra and Brown-Comenetz duality. Now we describe part of the work in
[5], another paper in preparation. Let the profinite group G have a descending chain {Ni}i≥0 of open
normal subgroups, such that

⋂
iNi = {e}. Then we obtain the following result.

Theorem 8.2.1. Let Z be any spectrum and let X be a discrete G-spectrum. Then the function
spectrum F (X,Z) is a continuous G-spectrum.

For example, if X is a discrete G-spectrum, then cX, the Brown-Comenetz dual of X, is a continuous
G-spectrum. Also, when certain finiteness hypotheses on G, π∗(X), and all the π∗(XhNi) are satisfied,
there is a descent spectral sequence of the form

Hs
c (G;πt(cX))⇒ πt−s((cX)hG).

For any K(n)-local spectrum X, let ÎX be the Brown-Comenetz dual of X in the K(n)-local category
(see [28, Chapter 10]). Thus, ÎX = IMnX, where IY is the p-local Brown-Comenetz dual of the p-local
spectrum Y , and MnX is the fiber of the map X → Ln−1X. Then Theorem 8.2.1 implies that, if F
is any finite type n complex, then Î(En ∧ F ) is a continuous Gn-spectrum. Also, ÎEn is a continuous
Gn-spectrum.

We construct the descent spectral sequences for (Î(En ∧ F ))hGn and (ÎEn)hGn , and we show that
they have E2-terms that can be nicely expressed in terms of continuous cohomology. When (p− 1) - n,
we use these spectral sequences to provide strong evidence that (Î(En ∧ F ))hGn and (ÎEn)hGn are
closely related to Σ−n2

Î(LK(n)F ) and Σ−n2
Î, respectively.

8.3. Examples of totally hyperfibrant discrete G-spectra. In [8], I defined the notion of a totally
hyperfibrant discrete G-spectrum and showed that if X is such a spectrum, then

(XhH)hK/H ∼= XhK

always holds, where H and K are closed subgroups of G, with H normal in K. In [8], I used this notion
to show that (EhH

n )hK/H ∼= EhK
n , where H and K are in Gn. In [10], I extend this result to show that

((En[[Gn/L]])hH)hK/H ∼= (En[[Gn/L]])hK ,

where L is any closed subgroup of Gn.
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9. Joint work, in preparation

I briefly discuss the joint work [4], in preparation, with Mark Behrens of M.I.T. As mentioned earlier,
this work was used in [2, Theorem 2.3.2] to help prove an interesting result.

Let A be an E-local E∞-ring spectrum, where E is a spectrum such that its localization functor LE

behaves like LK(n). For a profinite group G, we study faithful E-local profinite G-Galois extensions of
A, which, basically, are defined by Rognes in [36]. Our main theorem is the following.

Theorem 9.1. Let R be a faithful E-local profinite G-Galois extension of A such that A ∼= LE(RhG).
If G has finite virtual cohomological dimension, and H and K are closed subgroups of G, then

FA(LE(RhH), LE(RhK)) ∼= LE((R[[G/H]])hK),

where R[[G/H]] has the diagonal K-action.

10. Other work

10.1. Generalizing part of my thesis. In work in progress, I will prove the following theorem. This
generalizes part (c) of my thesis.

Theorem 10.1.1. Let G be any closed subgroup of Gn and let X be any spectrum. Then

(LK(n)(En ∧X))hG ∼= LK(n)(EdhG
n ∧X).

Also, spectral sequence (3.4), the descent spectral sequence for the spectrum (LK(n)(En ∧ X))hG, is
isomorphic to the strongly convergent K(n)-local En-Adams spectral sequence for LK(n)(EdhG

n ∧X). In
particular, letting G = Gn implies that

(10.1.2) LK(n)(X) ∼= (LF (En ∧X))hGn ,

where F is any finite type n complex.

The isomorphism in (10.1.2) gives an interesting model for K(n)-localization. Also, experts believe
that the category of K(n)-local spectra is equivalent to some category C of continuous Gn-En-module
spectra, and I believe that (10.1.2) is a first step in proving such an equivalence. For example, (10.1.2)
suggests that C should be equivalent to the category of Morava modules, that is, all spectra of the form
LK(n)(En ∧X).

10.2. Other versions of Morava E-theory. Let k be any finite field that contains Fpn , so that
k = Fpmn , for some m ≥ 1. Let Γ be any height n formal group law over k. Let E(k,Γ) be the
version of Morava E-theory associated to the pair (k,Γ) by the Goerss-Hopkins theorem ([22, Section
7]): E(k,Γ) is an E∞-ring spectrum with

E(k,Γ)∗ = W (Fpmn)[[u1, ..., un−1]][u±1],

where, as before, u has degree −2. Note that E(k,Γ)∗ is a profinite abelian group in each degree.
Let G(m) = Sn o Gal(k/Fp). By functoriality of the Goerss-Hopkins construction, G(m) acts on

E(k,Γ) through maps of E∞-ring spectra. There is a recent extension of [20] by Devinatz ([17]), which
shows that the results of [20] carry over with En replaced by E(k,Γ) and Gn replaced by G(m). Then,
using this work, together with the techniques in [14], we obtain the following results.

Theorem 10.2.1. The spectrum E(k,Γ) is a continuous G(m)-spectrum. More generally, if X is any
spectrum, then LK(n)(E(k,Γ) ∧X) is a continuous G(m)-spectrum.

Theorem 10.2.2. Let H be any closed subgroup of G(m). There is a conditionally convergent descent
spectral sequence

Es,t
2 ⇒ πt−s((LK(n)(E(k,Γ) ∧X))hH).

When X = S0, there is an isomorphism Es,t
2
∼= Hs

c (H;πt(E(k,Γ))).
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10.3. The content of an archived preprint. In [36], when the group G is infinite and profinite,
Rognes does not make use of the notion of a continuous G-spectrum in his definition of Galois extension.
In my preprint [15], available at the Hopf archive, I study Galois extensions from the perspective of
continuous G-spectra. Also, assuming my conjecture that π∗(En ∧MIi

) can be realized by a discrete
Gn-symmetric ring spectrum (see Section 11.1 below), I give examples of Galois extensions.

11. Future work

In this section, I describe various problems and projects that I am interested in working on.

11.1. LnMIi
as an A∞-ring spectrum. Currently, it is known that Gn acts on En by maps of E∞-

ring spectra. However, the continuous Gn-action is only known to act by unstructured maps of spectra.
Thus, I am interested in showing that the continuous Gn-action is actually structured. As a first step,
I want to show that Gn acts continuously on En through maps of A∞-ring spectra, by showing that, in
the presentation En

∼= holimi(En ∧MIi
), each En ∧MIi

is equivalent to a discrete Gn-symmetric ring
spectrum En/Ii (that is, En/Ii is an A∞-ring spectrum such that the discrete Gn-action is by maps of
A∞-ring spectra).

Let SptG be the category of discrete G-symmetric spectra, Spta
G the category of discrete G-symmetric

ring spectra, and Spta the category of symmetric ring spectra. Then the first two categories should
be model categories such that the forgetful functor U : Spta

G → SptG and the fixed points functor
(−)G : Spta

G → Spta preserve all weak equivalences and fibrations. Thus, if X is a discrete G-symmetric
ring spectrum, then XhG is a symmetric ring spectrum.

One exciting consequence of the above is that it would immediately imply that (En/Ii)hGn ∼= LnMIi

is an A∞-ring spectrum. This would be a new and unexpected example of an A∞-ring spectrum.
To solve this problem, as a part of my doctoral work, I partially developed a version of André-Quillen

cohomology for twisted discrete associative R-G-algebras, where R is a twisted discrete commutative
G-ring. Then, to prove the existence of En/Ii, one must show that certain obstruction groups (defined
using this version of André-Quillen cohomology) vanish.

From Mark Behrens, I have learned that Mike Hopkins has an argument that might show that the
tower {LnMIi}i is an H∞-object in the category of pro-spectra, and there is the possibility that H∞ can
be replaced with E∞. Note that Fn ∧ LnMIi

is a discrete Gn-spectrum and En ∧MIi
∼= Fn ∧ LnMIi

.
Thus, perhaps one could argue as follows: (a) {LnMIi

} is an E∞-object in pro-spectra; (b) hence,
for each j, {EdhUj

n ∧ LnMIi
} is an E∞-object in the pro-category of discrete Gn/Uj-spectra (EdhUj

n

is a commutative S-algebra by [20]); and (c) thus, {colimj(E
dhUj
n ∧ LnMIi

)} ∼= {Fn ∧ LnMIi
} is an

E∞-object in the pro-category of discrete Gn-spectra. Then, using the perspective of pro-spectra, one
could say that En has a continuous Gn-E∞-ring spectrum action. Thus, there is work to be done in
understanding exactly what Hopkins’s argument proves.

11.2. The Gn-homotopy orbit spectrum of F (En, LK(n)S
0). By using the homotopy orbit spectral

sequence that I constructed in [7], it appears that, if (p−1) - n, then F (En, LK(n)S
0)hGn

can be identified
with LK(n)S

0. By using a different argument, it seems that this identification actually holds for all n
and p. In future work, I would like to make these arguments precise and thereby give a proof of the
identification.

11.3. Dualizing spectra for profinite groups and the equivalence F (En, LK(n)S
0) ' Σ−n2

En.
In [7, Appendix], I explain an insight of Mark Behrens: in the equivalence

(11.3.1) F (En, LK(n)S
0) ' Σ−n2

En
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([38, Proposition 16]), the obvious point-set levelGn-actions are not necessarily compatible (for example,
they are not compatible when n = 2 and p = 3), even though the induced actions by Gn, in the stable
homotopy category, are compatible. I would like to understand this subtlety further.

By [24, (2.10), Proposition 2.6 (1)], there is a weak equivalence ψi : En[Gn/Ui] → F (EdhUi
n , En)

that is Gn-equivariant, with Gn acting (a) diagonally on the source of this map, and (b) only on
En in the target of the map. This yields a Gn-equivariant equivalence ψ : En[[Gn]] ' F (En, En).
By understanding the equivariance of ψi when Gn acts only on EdhUi

n in the target of ψi, I should
be able to show that, after taking the Gn-homotopy fixed points of ψ, there is a weak equivalence
(En[[Gn]])hGn ' F (En, LK(n)S

0) that is Gn-equivariant. I want to show that this weak equivalence,
when pushed down to the homotopy category, is exactly the equivalence (11.3.1), with its compatible
Gn-actions (in the homotopy category). Thus, I want to understand the Gn-equivariant homotopy type
of (En[[Gn]])hGn and any possible relationship to the expression LK(n)(C ∧En), where C is a spectrum
that is non-equivariantly equivalent to S−n2

and has a Gn-action so that LK(n)(C ∧En) has a diagonal
Gn-action.

Thus far, I have approached the last goal by studying holimi(En ∧MIi
∧ ((LK(n)S

0)[Gn/Ui]))hGn ,
where the homotopy fixed point spectrum still has a Gn-action. This naturally leads one to consider
if some role is played by ((LK(n)S

0)[[Gn]])hGn ∼= holimi(LK(n)S
0)hUi . Also, one is led to wonder if, in

analogy with [37, Sections 2.5 and 5.2], it might be helpful to formulate a norm map

N : (LK(n)(En ∧ SadGn))hGn
→ EhGn

n ,

which would require the development of a notion of the dualizing spectrum for profinite groups. The
construction of N would involve using [7] and, perhaps, the work described in Section 11.2.

11.4. Homotopy fixed points for pro-objects in discrete G-spectra. My work in [14] only defines
homotopy fixed points for towers of discrete G-spectra. However, in my work [4] with Mark Behrens, for
an arbitrary pro-object {Xα}α in the category of discrete G-spectra, we define holimα(Xα)hG to be the
homotopy fixed point spectrum (holimαXα)hG of the continuous G-spectrum holimαXα. However, we
did not show that this definition makes the homotopy fixed points a total right derived functor of fixed
points, in the appropriate sense. Thus, I would like to obtain a model category structure on pro−SptG,
so that these homotopy fixed points are the correct total right derived functor. It should be possible to
do this by applying work of Isaksen (see [29]).
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