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ABSTRACT. A complete orthonormal system of functions in L2(—o0,00) is
used as a basis function in a Fourier-Galerkin spectral technique for comput-
ing localized solutions. The Sixth-Order Generalized Boussinesq Equation is
featured whose solutions comprise monotone shapes (sech-es) and damped os-
cillatory shapes (Kawahara solitons). Localized solutions are obtained here
numericall and shown to agree quantitatively very well to the known analyti-
cal and/or numerical ones. The rate of convergence and truncation error are
thoroughly examined.

1. Introduction. In the recent years a number of physical problems have fre-
quently led to boundary value problems in infinite domains. These are the cases
when no boundary conditions are specified at certain points, but rather the solu-
tion is required to possess a summable square over the infinite domain. Then the
solution is said to belong to the L?(—o0,0) space. A typical example is furnished
by the soliton solutions of different nonlinear evolution equations or generalized
wave equations. Difference and FEM numerical methods are faced with formida-
ble difficulties when applied to problems in L?(—o0,00). It suffices to mention the
inevitable reducing of the infinite interval to a finite one which introduces artificial
eigenvalue problems the latter being irrelevant to the original infinite domain. It
can happen that each of the finite-domain approximations has only a trivial solu-
tion, while the original problem possesses a nontrivial one or vice versa. Sometimes,
the finite-domain problem has a solution only for some denumerable set of intervals
of its characteristic length.

One of the ways to surmount these difficulties is to use a spectral method with ba-
sis system of localized functions which automatically acknowledge the L?(—o0, c0)
condition.

From the known spectral techniques we choose the Galerkin method (for the col-
location and/or tau-method see, e.g., [6, 3]). The Galerkin method has the advan-
tage of simplicity of the implementation in comparison with the spectral collocation
method or tau-method. This turns out to be crucial for the construction of fast and
efficient numerical algorithms. The only problem is that a Galerkin techniques re-
quire explicit formulas expressing the products of members of the CON system into
series with respect to the system. For instance, the Hermite functions and Laguerre
functions do not possess that kind of explicit relation. The first system for which
a product formula was derived was proposed in [8]. A Galerkin technique based
on the said system was developed in [11] and applied to KdV and KS equations
with quadratic nonlinearity. It has been recently applied to 2D problems in [10].
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Recently the technique has been extended to equations with cubic nonlinearity [7].
In a sequence of papers Boyd [2, 4] showed a general way of constructing CON
systems in L?(—o00,00) by means of coordinate transformation to finite interval
and use of Chebishev polynomials (see [3] for references). In the present paper we
further develop the technique with application to higher-order equations and/or for
solitary waves with oscillatory shapes.

2. Posing the problem. Consider the Sixth-Order Generalized Boussinesq Equa-
tion (6GBE) which was treated in [12]:

Ut = ’qum + (uz)z:t + /Bu:tzzz + 6u:t:t:t:t:tz . (1)

From physical considerations one shows that the sixth-order dispersion coefficient
is always positive § > 0. Without loss of generality we set § = 1. The coefficient
B of the fourth-order derivative can adopt an arbitrary value (positive, negative,
or zero). The case 8 = 0 is thoroughly investigated theoretically in [5]. Fourier-
Galerkin numerical scheme for § = 0 is developed in [1]. For this reason we will
limit ourselves in the present work to the cases f = £1.

For the localized solution one has the the following condition which plays the
role of a boundary condition,

o0
/ u?(z;t)dr < oco. (2)
—0o0

We consider the stationary waves in the moving frame &€ = z — ¢t. Then (2)
yields the asymptotic b.c., namely

u™(t,z) 50, for & +oo, n=0,1,.. (3)

After integrating (1) twice, and acknowledging the asymptotic boundary condi-
tions (3) one arrives at the following nonlinear ODE

M+ eu® + Buge + ugeee =0, A=v2—¢c*. 4)

Models, similar to equation (4) can also be obtained for the moving-frame solu-
tion of the Fifth-Order Korteweg-de Vries equation (see [13, 5, 15])
As shown first by Kawahara [13], the dispersion relation for eq.(4) reads

K*+ B2+ A=0, e, K= %(—5 + /2 —4)) . (5)

Equation (5) shows that the classification of the stationary solutions should be based
on criteria which define the asymptotic behavior of the tails. These criteria depend
on the values of A and 3. Before proceeding to the description of the numerical
method we mention that scaling the independent variable does not change the
nature of the boundary value problem in L?. Then upon introducing ¢ = (n we
render the above problem to the following boundary value problem

6 o0
A + eu® + g“nn + Fummn =0, / u?(n)dn < 400, (6)

—00
where the primes stand for differentiation with respect to 7. The additional param-
eter ( is crucial for the optimization of the method. It’s introduction allows one to
bring in concert the typical length scales of the employed system of functions and

the length-scale of the support of the sought localized solution.
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3. The Complete Orthonormal (CON) system. The system

1 (iz—1)"

Pn:ﬁma n=0,1,2,.. (7)
was introduced by Wiener [14] for the purposes of time-series analysis. The signif-
icance of (7) for nonlinear problems was demonstrated in [8], where the product
formula was derived

Pntk — Pn—k
Pk = "5 = 8
and the two real-valued subsequences of odd functions S,, and even functions C),
were introduced, namely

Pn + P—n-1 Pn — P—n—1
S = , C = . 9
Using (8) one easily shows that the products of members of the real-valued
sequences are expanded in series with respect to the system as follows (see, [8]):

1
ChCr = ——[ Crors1 —Crgr —Crt +Crr_1], 10
I Wer [ Crtr +k K k1] (10)

1
SpSr = ——[ Cyp —Cpake +Crpy — Crzi—1] 11
k 2@ [ +k+1 +k k k 1] ( )

1
SpCr = ——[-S, + Spak + Sn—k — Sn—k—1] - 12
k 2@ [ +k+1 +k k k 1] ( )

Generalization of these product formulas to the case of triple products can be
found in [7].
For the second and fourth derivatives of the basis functions one has (see [8, 9])

00 )
C;Ll = Z Xm,ncm , S;{ = Z Xm,nsm 5 where
m=0 =0

n(n—1 n+1)(n+2
Xm,n = _¥6m,n72 + n26m,n71 - %f)ém,n+2
2+ C2n+ 12+ (n+1)2
— ( i ( ) Smn + (M4 1)20mnt1 (13)
o0 o0
C" = Y wmnCm,  SI"= wmnSm,  where
m=0 m=0
n(n—1)(n—2)(n—3 nin —1)2(n —2
B P (. PR
n(n —1)(Tn? — Tn + 4) n?(7n? +5)
- 4 6m,n—2 - f(sm,n—l
35nt + 70n° + 8512 + 50n + 12
+ 3 Om,n
(n+1)2[7(n + 1)% + 5] (n+1)(n+2)%(n +3)
— B 6m,n+1 - D) 6m,n+3
(n+1)(n+2)[7(n+1)2+7(n+1) +4]
+ 4 6m,n+2
n+1)(n+2)(n+3)(n+4

123



4. Algebraic system for the coefficients. The problem admits even functions
as solutions and hence we develop the sought solution u into series with respect to
the subsequence of functions C,, only, namely

= Zancn(n) . (15)
n=0

Then

UH(’?) = Z Z ame,nCn(n) ) ”” Z Z amwm,nCn (), (16)

m=0n=0 m=0 n=0

UQ(’?) = i i iam1amzﬁm1mz,ncn(n)a where (17)

m1=0 mo=0 n=0

— 1 1
Bnk,m = 2\/%[ m,n+k+1 + 6m n+k + 6 Jn—k| — Sgn(|n - k| - 5)6m,[|n—k\—%]]

Introducing (15), (16), and (17) into (6) and combining the terms with the like
orthonogal functions C,,, we obtain the following infinite nonlinear algebraic system
for the unknown coefficients a,,:

(o)

Z |:C64wmn+ :;an"‘)\é n:| am — Z Z amlam26m1m2n_0 (18)

mi1= Umz 0

In the numerical calculations, a truncated version of the above system is used where
the infinity is replaced by N.

5. Algorithm. In order to avoid the trivial solution we consider the re-scaled
vector of unknowns a; = ad; (where a is unknown parameter) and impose a con-
dition on the first coefficient, say ao = —1, which makes the system for coefficients
overposed. In order to avoid this problem the equation for ag should not be used
alongside with the rest of the algebraic equations when solving them for a;. Rather,
it becomes an equation for determination of «, namely

N
1. . B J g def
o = 5 Aag — Z am(C_2Xm,0 + me,O) , = Z Z am1am25m1m27 .
m=0 m1=0 ms=0

The nonlinear system is solved by means of semi-implicit iterative scheme. When
the nonlinear term is evaluated the coefficients are treated as known quantities from
the previous iteration, namely a7, @™ and then the linear system with pentadiagonal
matrix is solved for the “new” iteration designated by a;, a:

N N N

Z[éwmn + éiXm n+ Am n]am —ea” Z Z aml m26m1m2,k = 0 (19)

mi1= 0m2 0

d:g Aag — Z An(CQXm0+C4WmO) , U=¢€ Z Z &:lnl mzﬂmlm%o'
m=0 m1=0 ms=0

(20)
In order to control the rate of convergence and to avoid divergence when the
process is started from a very rough initial approximation, a relaxation is applied
according to the ubiquitous formulas
artt = wa; + (1 —w)al, " =wa+a™(1 - w), O<w<l.
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6. Numerical Results for the Stationary shapes. As has already been men-
tioned the presence of higher-order derivatives makes the phenomenology of the
model richer. In particular, the localized solutions form two distinct classes with
different asymptotic behavior of the shape at infinity. One of the classes consists of
the ubiquitous monotone sech-like shapes while the second comprise shapes whose
behavior at infinity is of a damped oscillation (called Kawahara solitons).

One of the main purposes of the present work is to examine the performance of
the proposed Fourier-Galerkin technique for the case of non-monotone shapes. In
order to reduce the dimension of the parametric space and to make the investigation
more focused we set v =1 and § = —1.

6.1. Monotone Shapes. As shown in [12] the monotone shapes appear for 8 <
—2v/X with A > 0. For example, if § = —1, the condition for having monotone tails
ise>4/1— %62 ~ 0.8660254. For this case, an analytical solution is available for
one particular value of the phase speed, namely

_lo5p2 i€ /=B [, 36,
uan(€) = T59 55 5¢Ch (2 ] ld=yr - gt R 08812, (21)
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F1cure 1. Dependence of |a,| on n for the monotone case as com-
puted with ( = land N =70. +: ( =1, N =69; x: {( =4,
N = 29. Solid line: a,, = 0.085exp[—0.127n]. Dashed line a,, =
0.08 exp [—0.44n].

The analytical solution (21) allows us to examine the practical issues of the
spectral approximation under consideration, e.g., the speed of convergence and the
truncation error. The first problem we attack is calculating the monotone solitary-
wave shape for ¢ = 0.88712. The result obtained is in very good quantitative
agreement with the analytical solution (21). In Figure 1 we show the dependence of
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the absolute value of a coefficient on its number n. The decay is clearly exponential
with n which is readily verified analytically for a solution of type (21). One sees
that the convergence of the series (rate of decay of |a,| = e™"") is exponential. The
best-fit approximation gives for the exponent the value kK = —0.127.

Now we are able to show the utility of the scale factor . The idea is that for
adequately selected ¢ the support of the sought localized solution can be brought
in concordance with the typical length scale of the employed CON system. Indeed,
testing different scales ¢ showed that there is a significant impact of the latter on
the way the algorithm performs. In the same Figure 1 we present |a,(n)| also for
¢ = 4. The difference is dramatical. The best fit for the exponent of the decay of the
coefficients with n is now £ = —0.44 which means that the exponential convergence
is 3.5 faster for ( = 4 in comparison with { = 4.

Apart from the rate of convergence, the next most important characteristics of
a spectral method is the truncation error. It allows one to estimate the accuracy
with which the solution is obtained as a function of xz. When an analytical reference
solution is available (which is the case of monotone shapes) then the truncation error
is calculated as the difference between the spectral solution and the analytical one
at each spatial position x. When an analytical solution is not available one has to
calculate the solution with very large number of terms and to use these calculations
as a reference (see, Subsection 6.2).

-100 -80 -60 -40 -20 0 20 40 60 80 100

FIGURE 2. Pointwise truncation error for monotone shapes with
different scaling factors. Solid line: 10%e(z) for ¢ = 4, N = 29.
Dashed line: 107e(z) for ( =1, N = 69

In Figure 2 we present the pointwise truncation error for the case { =1 (dashed
line) and ¢ = 4 (solid line). One sees that in the first case the error is of order
of 10™*. This outlines the accuracy of the truncated solution with N = 39. For
better accuracy one is to use twice as many terms. But then another shortcoming
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arises connected with the accumulation of round-off error when the function u(n) is
evaluated from the series (15), i.e., managing to keep the total number N+1 of terms
smaller is a valid objective when developing the spectral technique. This means that
finding the optimal ¢ has not only theoretical significance, but a profound impact on
the practical results as well. The pointwise truncation error for { = 4 (as presented
in the Figure by the solid line) is of three orders of magnitudes smaller than the
error for ( = 1. So that, one sees indeed that the proper choice of ( is of crucial
importance for the overall accuracy and the practical efficiency of the method.

6.2. Damped Oscillatory Shapes (Kawahara solitons). For —2WV/A < B <
2v/A, damped oscillatory shapes appear. For 3 > 0 (say # = 1) and X > %,82 the
wave number k from (5) is a complex number, k = k, £ ik;. Then the asymptotic
behaviour of the solution at infinity is

u = sin(k;z + d)e *r®.

which means that the localized solutions are damped spatial oscillations.

This class of subcritical waves were first discovered by Kawahara numerically in
the Fifth-order KdV equation. In Figure 3 the Kawahara solitons are depicted for
different values of c¢. For reasonably small ¢ the damped shapes are well localized
(the support of the solution is rather small) and the developed here algorithm is
very efficient for their calculation for wide variety of scale factors. The assessment
of the truncation error and other issues of the approximation are addressed in a
manner similar to the case of monotone shapes.

For |3? — 4|)\|| < 1 (or which is the same, 4|\| = 3? + £2) the behavior of the
solution changes drastically in the sense that it is no longer well localized and now
the support L becomes rather large according to the following formula

—B tie € 1
=+ e —— krg ’ L~ L
FEEV T 228 £ >

In the case of moderate lengths of the support L, the scaling parameter, ¢, served
merely to optimize the method, to make the convergence faster. In the case of long-
length support, the solution cannot be obtained without tuning (. We demonstrate
here the specifics of the technique for this extremely hard case. This way we outline
the limits of applicability of the method. The dependence of the solution on the
scaling parameter, (, is demonstrated in Figure 4.

It is seen that for smaller ¢ < 2 the full complexity of the tails cannot be resolved
and this in its turn affects even the calculated magnitude of the soliton in the center
of coordinate system. The number of accurately resolved oscillations in the tails of
the solitary wave increases with increasing (. ¢ = 32 allows a full resolution of the
energy containing part of the wave. One sees that increasing ¢ twice (from 16 to 32)
has a very small quantitative impact on the solution in its energy containing part.
Obviously, there is convergence with respect to ¢ to the solution of the problem.
This result is central to the present work and shows that the selected CON system
of functions is a very effective basis function not only in the case of solutions of
monotone shapes, but also for solutions with decaying oscillatory tails which are
encountered for equations containing higher than the second derivatives.

Turning to the problem of truncation error we mention that for the case of
damped oscillatory shapes, an analytical solution does not exist. Hence we calculate
the solution using 140 terms (N = 139) terms in the series and consider this solution
in liew of an analytical one. Then the error function is defined as the difference
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F1cURE 3. Damped oscillatory shapes for different phase speeds:
—-=-=-c=08—-—-—¢c=08------ c=0.5;———~
c=02, ———c=0.1,—— ¢ =0.01.
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FIGURE 4. Solution for the Kawahara soliton for ¢ = 0.86 obtained
with NV = 39 and different scaling parameters: — - — - — ( = 2;
------ (=4;————: (=8 ———(=16; —— ( = 32.
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between the above “more accurate” spectral solution and the spectral solution with
the current number of terms.
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FIGURE 5. Pointwise truncation error for poorly localized Kawa-
hara solitons (¢ = 0.86) as calculated with scale factor ( = 32.
Solid line: 10%e(x) for N = 69. Dashed line: 10%e(z) for N = 39

Once again we focus on the hardest case of poorly localized damped oscillatory
shapes for ¢ = 0.86. We take for the scaling parameter the above selected value { =
32 which takes care of the problem of poor localization. The pointwise truncation
error for this case is presented in Figure 5. The error for N = 39 is of order of
10~2 while for N = 69 it is of order of 10~%. This means that provided that the
proper scale factor ( is found, the solution is rather robust with respect to the total
number of terms in the truncated series.

Conclusions. In the present paper a Fourier-Galerkin spectral technique is devel-
oped for calculating localized solutions of nonlinear equations containing fourth-
order derivatives. As a basis is used the complete orthonormal (CON) system
previously proposed in the authors works. A scaling parameter is introduced which
allows a fine-tuning and optimization of the technique proposed.

A typical physical example where the higher-order derivatives are important is
the equation to which are reduced the Sixth-Order Generalized Boussinesq Equation
and/or Fifth-Order Korteweg-de Vries equation for stationary propagating localized
solution are sought. The localized solutions of this problem are known to form
two distinct classes: monotone (sech-like) shapes and damped oscillatory shapes
(Kawahara solitons).

Iterative algorithm is devised for solving the truncated version of the algebraic
system for the coefficients of the Galerkin series. Numerical experiments with dif-
ferent number of terms are conducted for different values of the scaling parameter.
These experiments establish the practical convergence of the method and indicate

129



an exponential decay of the coefficients with the increase of their number (expo-
nential convergence).

The global truncation error is assessed via comparison to an analytical soliton
solution for the monotone shapes. Since an analytical solution is not available for
the damped oscillatory shapes, a solution with larger number of terms (say 70) is
used as a reference. It turns out that the truncation error can be reduced to 10~°
in both cases with number of terms as little as 30. For the extreme case of poorly
localized damped oscillatory shapes, a number of 140 terms is needed to achieve
reliable approximation. A practical approximation can be obtained even with as
little as 10-15 terms in the truncated series. This demonstrates the efficiency of
the proposed technique both for monotone shapes and for shapes with decaying
oscillatory shapes. The latter is of importance for the future application of the
CON system used in the present work.
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